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Introduction 


The cross section for the production of a scalar meson by nucleon absorbing 
a photon was first ‘calculated by Nordheim and Nordheim,” and Yukawa and his 
co-workers.” They obtained merely rough results. An exact expression of the 
differential cross section for the production of positive scalar and pseudoscalar 
mesons by the same process was first obtained by the present author,” but the 
result for the total cross section was still approximate. The later and recently 
published theoretical results were still either approximate or qualitative. 

The recent advance of the laboratory and cosmic-ray experiments requires 
the detailed conclusion of theory. Therefore the present paper is, as a supplement 
to the previous paper,” intended to give the theoretical conclusion in detail to 
the differential and total cross sections for the process 7+P—>N+4+27*, y+N-P4+7, 
and 7+P—+P+7° according to the scalar and pseudoscalar meson theories. 

The present calculation is based on the customary perturbation method 
partly using the method of unitary transformation and (e¢g)* terms only are taken 
into account, The pure perturbation method of A” gives the same result. A 
calculation according to the modern covariant formalism of Tomonaga and 
Schwinger has recently been begun to include higher order terms by Koba, 
Kotani end Nakai®though the final result has not yet been obtained. 


§ 1. Interaction Energy 


The Lagrangian function of a system which consists of nucleons, charged 
scalar or pseudoscalar mesons, and photons is given by 


L= (42) 7\(E,* Ey— E* E— 2U*U) —(QU* + Q*U) 


+ pp (PE* +.P* E—P,E,*— Py* £o) + Lincteon+ photon (1.1) 
where 
E=—grad U +ieAU, E,=0U /at+ieA,V (1.2) 
O=¢,0'ct0., P=ee'tp,0¢, Pr=se't# for scalar mesons (lida) 


O=f'ctpy, P=fy'cod, P=fl'tp, for pseudoscalar mesons (1.3b) 
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¢ is the wave function of nucleons, U is the scalar or pseudoscalar wave function 
of mesons, A, and A are the scalar and vector potentials of photons (A,=9), Zn 
&» f; and f, are the coupling constants,* 2 is the mass of a meson, the units are 
so chosen that 4=c=1, and the dagger means Hermitian conjugate matrix or 
operator. Other notations are all usual. When we consider neutral mesons the 
similar expression is to be added appropriately omitting ¢-terms. 

By the Legendre transformation of this Lagrangian function we have the 
Hamiltonian operator of the system as follows: 


H=H"+H"+H'+A"+A ++i 
+second degree terms in the coupling constants (1.4) 


where the upper suffices 7, m, and ¢ mean nucleons, mesons, and photons, 
respectively. The interactions are given by 


Hm =e\ p's (A,— 9,0.4) $ (1.5a) 
Ip ha ar A(U'tgrad U—U grad U")+A,(U'F—UF')} (1.5b) 


Hem=|(QU'+ QU) +—-|(Pgrad U'+P" grad U+P E+ PIF) (150) 
UL 


Home| PU'—P'U 
A( PU) (1.5d) 


where F'/4z is the canonical conjugate of U, and the integral signs mean the 
space integrals. If we define HY, and S (a skew Hermitian operator) by 


Hy=H" +H™ (1.6a) 


sat PiU+ Pw 
: (PiU + PO") (1.6b) 


we have, by virtue of the commutation relations which are satished bv ¢, U, and 
f, the following relations : ; 


H™=H,+[H,S] 


(1.7a) 
A™ =(H™ S| + HS] (1.7b) 

where the square bracket denotes the commutator, H, is given by 
H,=|(R'U+RU?) (1.8a) 


R= 
Q for scalar mesons 


R= (f/f) Q, fo=fit (2M/)fr, for pseudoscalar tire: (1.8b) 


3) Bs . 
v2 J in A is equal to g or f in the present paper. 
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and M is the mass of a nucleon. 
We now transform the Hamiltonian into the form (exp S)Hexp(— S). 
This transform is, by dint of (1.7), represented as follows: 


Hal VHP eee + ™ Ei, 
+higher degree terms in the coupling constants (1.9) 


Thus we have the first degree interaction, between nucleons and mesons, of the 
scalar or pseudoscalar type only.*9" Further if we once again transform the 
Hamiltonian (1.9) into the form (exp S,)Hexp(— 5,) where S, (a skew 
Hermitian operator) is defined by 


H,S]=H, (1.10) 
the transform then takes the following form : 
H=H* +H" +H +H" +H” 4+[(S,A")]4+[S7™] 


+higher degree terms in the coupling constants (EEL) 


§ 2. Differential Cross Section 


We consider the processes (i) 7+/—>N+2%", (ii) y+N—-P+x-, and (iii) 
7¥+P—>P+x where 7, P, NV, and z denote a photon, a proton, a neutron, and a 
meson respectively, and the nucleon is assumed to be initially at rest. The upper 
suffices+, —, and o mean positive, negative, and neutral mesons respectively. 
The general expression of the differential cross section for the process was 
obtained in 4. It is given by 

do=2n SY) |Q)? EIVAE/E, (2 
where &,, E, and W are the energy of the incident photon, the emitted meson, 
and the recoil nucleon respectively, 2 is V/27 times the matiix element of the 
interaction energy, >) means the sum over spin indices of the recoil nucleon, 
the upper bar denotes an average over polarizing diiections of the incident 
photon and initial spin states of the nucleon, and V is the volume of the nor- 
malization space. 

Since we are interested only in (cg)? or (ef)* terms the process is due to 
[S,H™] and (S,#™*] in (1.11), and 272/V is equal to the matrix element of 
[S,(4™+H™)] between the initial and final states. If we calculate on the basis 
of the original expression of the Hamiltonian given by (1.4) as was carried out 
in A, the result is exactly the same. 

Positive mesons. For the process 7 +P>NV+ z+, after the spin summation 


over the intermediate states we have 2 of (2.1) as follows : 


* The equivalence of the pseudovector coupling to the pseudoscalar one was already known in 


A so far as our process was concerned, 


510 G. ARAKI 


ee ee (A,—-/: ol) p, oe = ar (2.2a) 
<Sewy, weal 2ME, 2M(£,—£) +f 
of { Epadne , ate ___} (2.2b) 
esa 2ME, 2M(E,—£) + 


where the suffices s and ps distinguish the cases of scalar and pseudoscalar mesons, 
the expressions on the right are the abbreviation of their matrix elements betwee 
the initial and final spin states of the nucleon, e and Zl are the polarization (unit) 
vector and momentum of the incident photon respectively, and & is the momentum 
of the emitted meson. The first term comes from [.S,H™] and the second comes 
from [S,H”“]. It can be shown that (2.2b) is just the same as (2.10) of A. 

The differential cross section can be obtained according to the method which 
was already explained in A. The exact expressions of it were given by (2.17) 
and (2.23) in A. It can be written in the following form: 


da} =a$,de/e," dO, = Ay Gye / Eq" (2.3) 
ra 4) ; = ns CA i = 42 24 
see a M ) ms = 23, fs fi L ; ( ) 
e—&°/2 » (e°—6)sin*6 
pty 4 py Cm sin" (2.5a) 
p E, ( 5, +8/2—8)° 
os /2 pee ° (e°—6*) sin?@ (2.5b) 
5 2(e,+6/2—e)° 
e =E/M 6=£,/M 6=p/M (2.6) 


where @ is the angle between directions of the incident photon and the emitted 
meson, and the relation between @ and £ was given by (2.3) of A. 


Negative Mesons. For the process 7+V—+P+z-, 2 of (2.1) is given by 


or =~ JG. (eselvok+E—20), ake _) 27 
VEE 2ME— pe 2M Ej—E) +72 Puig 
De |e (4, CRT Ey sere —_ 
: VEE \ 2ME— et 2M(A—E) +e ty 


The first term comes from [S,4™] and the second comes from [S.A]. The 
former is different from whereas the latter is the same as those in the positive 
meson case except for its sign. 

We can change the numerators of the first terms into the form in which 


those of the positive meson case are involved.* Making use of the commutation 
relation 


(ce) (ak) + (ak) (e) =2ke, (2.8) 


* The author thanks Messrs. Koba, Kotani and Nakai for their valuable discussion in this point. 


\ ada 
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the conservation relations l=p+k and M+A=IV4+£#, and the Dirac equations 
ps=1 and p,op+Mp,=Wp respectively for the wave functions of the initial and 
final states of the nucleon, we get 


p,e(0,0k + E—2M) = (4,— 9,00) poe + 2khe (2.9a) 
ioe(p,ok + EZ) =(£,—9,01)i0e + 2kep, (2.9b) 


where p is the momentum of the nucleon in the final state. Fiom (2.2), (2.7) 
and (2.9) we can find the following relation: 


=(3)-- (Ga) si 2.10) 


The differential cross section can therefore be obtained by multiplying a 
square of this ratio into do*: 


Gyan alesean) an 
da*/s \da*/ps e—o/2 E— pe /2M 

Neutral Mesons.. For the process y+ P—>P+2", [S,H™] only is responsible, 
and 2 is given by a sum of the first terms of (2.2) and on 


0; = 26 _| (Z,—p,50) p,de __pide(pohk+ B—2M) (2.12a) 
VEE 2ME, 2ME— pp" 
Q= cf? {(E—pcljise _ 1e(p,ok +£) 2.12b 
He eee (2.12b) 
VEE 2ME, ME — p+" 


where [°=f:°+ (2M/p)f.’, and /%, ge, fie, and f° are the mass of neutral meson, 
the constants of the scalar, pseudoscalar, and pseudovector couplings of neutral 


mesons with nucleons respectively. 
If we change their form by making use of the relations given by (2.9) we 


can find the following relation: 


-(<) etd =) _ 2M Ly>—F) + (2.13) 
Q+/s L2*/ ps 2ME— je 


Therefore the differential cross section can be obtained at once by multiplying a 
square of this ratio into do*: 


iia eas 2 and Ey+ 2/2M—-E ’ 214 
~)= wat =( ) ( E—pe/2M ) ( ) 


e— 0/2 
where H=p, £°=Sn fr=fy and f=fe are assumed. 
Negative or Neutral to Positive Ratio. For 0=90°, by virtue of the rela- 
tion between @ and & which was given by (2.3) of 4, the ratios given by (2.11) 
and (2.14) become 


(23) _(1+4,/MY\ (2.15a) 
da*)o-m \1— 2/2? 
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dat) o=80 mre — e/ /2M? 


For p/M=286/1840 the numerical values of these ratios are given by the 


following table : 


fo 0.20 0.24 0.28 0.32 0.36 0.5 1 

E, in Mev 188 226 263 301 339 470 940 
(do- |da*)9=90 1.48 1.58 1.68 1.79 1.90 2.30 4.10 
(do? [da*) 9 =90° 0.046 0.065 0.087 0.113 O142 0268 1.05 


The relation of the angular distribution and the negative to positive ratio with 
experiment was already discussed by Brueckner and Goldberger,” and Koba, 
Kotani and Nakai.” 


§ 3. Total Cross Section 


The maximum and minimum values of £ was given by (2.19) of A. The 
total cross sections can be obtained by integrating the differential cross section 
from the minimum £ to the maximum £& where sin@ is replaced by a function 
of £ according to the relation given by (2.5) of A. The differential cross sections 
consist of two terms as is seen from (2.5), (2.11), and (2.14). Corresponding 
to them we have the total cross sections which consist of two terms: 


ot =a,jé+ + (4—8")y*} (3.1a) 
o; =a,{6- + (4—2) x} (3.1b) 
a= ay{o+ (4—6*) x} (3.1c) 
Ope = Ays(F* —B°n*) (3.2a) 
O7,= Ay ($-—5*y) (3.2b) 
Fp, = Aye (3° — 67") (3.2c) 


The terms containing é’s are the integrals of the first terms, and those containing 


y's are the integrals of the second terms. €’s and 7 y's are obtained by elementary 
integrations of the first and second terms as Panete 


e+ = 20. +8, — 6/2) 


e,(1+2))° os 
= (1/e) log ¥ (3.3b) 
et 2(143¢,+6/2) 
ee ek dull) / 
Sele €)(1+2¢,)° a 


7° = 1 (+0*/2) log O26} /e,? (3.4a) 
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9 ={ (@— 4/2) log O- —2¢}/e," (3.4b) 
7? ={(1+e,—87/2) log ¥ —20}/e,* « (3.4c) 
where y in &° and 7? has to be understood as #4, and 
C=V © —F/2)°-e (3.5) 
g+—* ni B/2A+L 

e+ &/2-€ (3.3) 

(ee Eee Pi : 
= ase. yD (3.6b) 
_1lt+e,— &/24+C (3.6 ) 
3.6¢ 


1+¢,—0/2—€ 
The eens energy is given by (&),=$+0/2. o’s all vanish at this 
encigy- If y's are expanded in power series in ¢ their first terms are proportional 
to C. Therefore in the immediate vicinity of threshold o’s are equal to ¢’s. 
Their first terms in power series in ¢ are given by 


(GaAs Ses oD 
ge eae ie 
eS ea) 


All of them are proportional to 1/2 power of the excess energy over the threshold. 
The ratio of the production of negative to positive mesons near threshold is 


given by 


(o-/o*) = (o-/o*) p= + p/M)° (3.10) 
If we adopt p/M=286/1840 we have a~/o*=1.33 for the threshold, whereas we 
have ¢-=o* in the limit 1/—>oo. Therefore we can not consider the nucleon to 


be infinitely heavy even near threshold, as was considered by Foldy.” 
The ratio for the production of neutral and charged mesons near threshold 


is given by 
(a°/o*) = (0°/5*) p= (p/M)?=0.024 (3.11) 
86/1840 are assumed. This is very small. The 


reason is that the production of neutral mesons is due to [S,/7 ") only. 
In order to examine the behavior of a(€) in the high energy region, we 


consider their asymptotic expressions. If we omit all small terms for large &% 


we have 


where a=a, p= and p/M=2 
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rept le \ (1 5 7 _2)} (3.12a) 
oi a,{ 2e, a e,2 o$ BE 

= me 8 (4-5 Se } 31 
a; sti we log 2e,+ “alles aa 1) (3.12b) 
as | 2 (log 2, — =)+ = (log 2e, —2)} (3.12c) 

0 0 

at = tye/ (24,) (3.13a) 
O7g= Aye (lO ep) /€, (3.13b) 
a, = dy, (log 2e,—3/2) /é, (3.13c) 


where the latter terms in (3.12) are due to 7's and the terms containing €s are 
only retained in (3.13). The approximation of these asymptotic expressions is 
sufficient for ¢, larger than about 50 (i.e. about 50 Bev of photon energy). 
(3.12a) and (3.13a) agree with (2.22) and (2.24) of A, but not with the results 
of Nordheim and Nordheim,” and Yukawa and others.” 

The dependence of the total cross section on the energy of incident photons 


Fig. 1. Total Cross Section for the Production of Scalar Mesons by Photons. (unit of ¢= 


10-29 cm?) 


—> Ops 
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Fig. 2. Total Cross Section for the Production of Pseudoscalar Mesons by Photons. 
(unit of ¢=10-% cm?) 


1 5 — £, 10. ) Bey 


Fig. 3. Ratios of Total Cross Sections for Photon Energy smaller than 10 Bev. 
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Fig. 4. Ratios of Total Cress Sections for Larger Energy of Incident Photons. 


is shown in Figs. 1 and 2 for photon energy smaller than 10 Bev according to 
(3.1) —(3.6). The numerical values of constants which are used for the evaluation 
are given by ?=1/137, g°=0.2, w=286m, and JJ=1840m where m is the mass 
of an electron and g is equal to f,+ (4/2.17)f,. The numerical value of g* was 
known to be between 0.14 and 0.5 from the binding energy of deuteron. The 
above mentioned value is presumably adopted because the value seems to be 
nearer to 1.4. Further we assume g,=g for the scalar meson though we have 
no basis which determines the value of ¢,. According to these assumptions we 
have a,=1.00x lO“ cm? and a,=1.66x 10-% cm’. Therefore the total cross 
section for scalar mesons is far smaller than that for pseudoscalar mesons. 


The qualitative distinction of the energy dependence between scalar and 
pseudoscalar cases is that the maximum of the former is steeper and o? is less than 
a; and o, throughout this region of photon energy whereas the maximum of the 
latter is obtuse and a}, surpasses 9,4 at about 1.8 Bev of photon energy. The occur- 
rence of the last phenomenon can also be seen by comparing (3.13a) with (3.13c). 
Further it can be seen from (3.12) that o° surpasses @f too at higher energy. 


‘\Vttamee 
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This really occurs at about 10 Bev, as will be seen from Fig. 4. 

The distinction is more evident when we compare the two cases as for the 
ratios of negative or neutral to positive mesons. The ratios are plotted in Fig. 3 
for photon energy smaller than 10 Bev. We see that the ratio for pseudoscalar 
mesons is larger than the correspoding ratio for scalar mesons and (a°/o*),, is 
even larger than (o-/o*), in the region of photon energy larger than 4 Bev. 
On the contrary, we saw in the previous section that there was no difference 
between scalar and pseudoscalar mesons as for the ratios of differential cross 
sections. 

The ratios for larger energy of incident photons are plotted in Fig. 4. 
(o-/o*), again surpasses (o°/s+),, at about 110 Bev of photon energy. As is 
seen from (3.12) and (3.13), (o-/o*), and (o°/o*), ultimately coincide with 
(a-/o*),, and (0°/s*),, respeetively, but they can not approach each other unless 
the energy of incident photoas becomes very large. 


§ 4. Infinitely Heavy Nucleon 


In order to know the formal nature of the result and to compare it with 
other author’s we consider a limit of infinitely heavy nucleon in this last section. 
Of course, MW is finite in fact, and we can not apply the result of this section to 
the actual case. 

When J becomes infinitely large the distinction due to the charge of mesons 
disappears, and (3.1) and (3.2) reduce to 


gent Le E+vVvVE2- 2 We 
ga is “£1\'{ 2 LR al ele gg en sf 4.1 
a, =9; =2n( iF Ee log E,— Vv Fe — pe E? es L ( ) 
Be io) LEN peers APE hte Pat evel 
$e ay 2 a pa loo oe SIEM wl 4.2 
Gps — Tps n( Lv ) {( es, +r zi) Vv Ey — ft Ee Os AE V Ee 2 (4.2) 
T= =O (4.3) 
When 4,—p is very small compared with yp, (4.1) and (4.2) reduce to 

lye 2) ACL 1 a re oy 4.4 
oar 4a( je 35) (4) Sa 
tN ee oe : 
of, =05,=4n(“/) bbs VE 2 — pe (4.5) 

pe’ £y 


The cross section (4.1) is the same as Nordheim-Nordheim’s result” and (4.1) 
and (4.2) just agree with Foldy’s result.” The energy dependence of (5.7) and 
(3.8) is not the same as that of (4.4) and (4.5). In the former case both vary 
as 1/2 power of the excess energy over the threshold whereas in the latter case 
go, varies as 3/2 power and ao,, varies as 1/2 power. This disagreement is due to 
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the fact that a, varies as 1/M when Jé>co whereas apy approaches to a non- 


vanishing limit as is seen from (2.4). 
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He thought he saw a Banker’s Clerk 
Descending from the bus : 

He looked again, and found it was 
A Hippopotamus : 

“Tf this should stay to dine”, he said, 
“ There won't be much for us!” 


These whimsical lines of Lewis Carroll* forcibly come to my mind as. I 
begin writing this essay and glance back at the vicissitudes which our ideas 
about mesons have been undergoing in rapid succession as a result of the ex- 
perimenters’ ‘looking again” at the tracks in their cloud chambers and emulsion 
plates. This bewildering development may at times drive theorists to the feeling 
of despondency expressed in the last line of the poem, although the complementary 


’ 


statement “this is too much for us” might seem even more appropriate. 
Nevertheless, it is remarkable—and it must give Professor Yukawa legitimate 
satisfaction—to see how his original conception of the meson field as the mechanism 
of nuclear interactions has emerged unscathed from the turmoil. Post festum it 
is easy, of course, to discover good reasons for this, and perhaps a bit pedantic 
to point them out. The most fundamental is doubtless the simple and direct 
connexion of the meson field conception of nuclear forces with the relationship 
of complementarity between field and particle, finding its quantitative expression 
in the formula which defines the range of the interaction transmitted by the field 
in terms of the mass of the associated particle. Yukawa’s assumption that the 
transmission of the force is effected by a single quantum, and that consequently 
the mesons have integral spin, though not the only one that suggested itself at 
the time, was certainly the most straightforward, and it has now been fully 
vindicated by the Berkeley results. The alternative possibility was a theory in 
which the interactions are transmitted ‘by pairs of quanta: in view of its unat- 
tractive features, its elimination will probably be felt as a relief by theoretical 


physicists. 


* Lewis CARROLL, Sylvie and Bruno, chapter VII (1889). 
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This does not mean, however, that all is well in meson theory. Its diver- 


gences have not yielded to the methods of renormalization and regularization 
which have lately proved so powerful in electrodynamics. It may well be that 
the root of the enhanced difficulty lies in the essentially non-linear character of 
meson theory, exemplified by the, prepoaderance of multiple processes of meson 
production at very high energies. It is even conceivable that. the —= of 
non-linearity remain predominant in nuclear interactions, and in particular (as 
suggested by Teller) essentially determine the saturation properties of these 
interactions. 

The present trend of empirical evidence about nuclear forces, although perhaps 
not so definite as one might wish, does not seem to me to point to such a 
radical conclusion. The consequences of meson field theory in the linear approxi- 
mation have not yet been sufficiently explored beyond the static case, and recent 
work seems to indicate that study on such lines is certainly worth while. I think 
we ought not to allow ourselves to be frightened by the pertinacious divergences 
encountered at every step: any rough and ready cut-off procedure will at any 
rate give us the general orientation that we want in the first instance. 

As regards the question how far results obtained by cutting-off divergent 
integrals can be trusted, some calculations on the deuteron problem may be 
relevant. In this case, one may ask whether the cut-off of the static potential 
can be regarded as a roughly correct way of accouting for the effect of non-static 
corrections at small distances. Now, this rather optimistic surmise has been 
strikingly confirmed by a more accurate discussion of the »o-static effects on the 
basis of Van Hove's representation of the interaction in momentum space, which 
includes the second order terms in the nucleon velocities. It appears that in this 
particular instance even a severe cut-dff of the static potential leads to the same 
qualitative picture as the more exact treatment. 

These calculations disclose a somewhat unexpected property of the type of 
interaction defined by meson fields. It is found that, in marked contrast with 
the case of a “well” shape of the nuclear potential discussed by Rarita and 
Schwinger, the non-central part of the interaction contributes relatively little to 
the binding of the ground state. This property, the consequences of which have 
not yet been examined in detail, may be expected to contribute to the elucida- 
tion of some obscure points, such as the effect of non-central couplings on the 
saturation properties of nuclear binding. This is only one of several features of 


the interaction between nucleons which have been recognized to depend critically 
on the shape of the nuclear potential. 


In fact, the data concerning the low ener 


gy states of tue two-nucleon system, 
derived from the study of the sc 


attering of neutiois and protons by protons and 
of the diffraction of very slow neutrons, yield interesting information in this 
respect. When these data are analyzed by the ingenious method due to Schwinger, 
it is found that owing to their comparatively low accuracy, they can be fitted in 
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principle to any type of potential. But if the well shape is used, quite different 
ranges (and depths) must be assumed for the effective potentials corresponding 
to the *S and *S states; if, however, a potential of the meson type is assumed, 
it is possible to account for all data with a single range constant for the *S and 
1§ states. This result certainly provides a strong argument in favour of a shape 
of poteatial characterized by a long “tail”, ie. a relatively slow decrease at 
large distances. Quantitatively, the range value derived from the data on the 
assumption of a meson potential is in good agreement with the mass value of 
'the 2-mesons. 

The conclusions regarding the form of nuclear interactions, deduced from the 
properties of two-nucleon systems, may have an important bearing on a problem 
of great interest which is still sud fudice, namely, the form of the interaction 
between two a-particles. It is known that this property is also very sensitive to 
the “tail”? of the two-nucleon potential. According to the more or less abrupt 
decrease of the latter at large distances, the predominant interaction between the 
a-particles is of the complicated charge exchange type or of the simpler Van der 
Waals form. A detailed investigation of the problem in the light of the preced- 
ing considerations would well repay the trouble. 

A further important result of the above-mentioned analysis of the data on 
two-nucleon systems is the -onfirmation of the charge-independence property of 
the nuclear interaction, at . y rate for the 1S states. From the point of view of 
mesoa theory, this implies the necessity of postulating the existence of neutral 
mesos of the same kin as the charged ones. A consequence of the coupling 
of such neutral meson> to nucleons, early pointed out by Sakata and Tanikawa, 
is their spontaneous decay within an extremely short time into 7-rays. The bril- 
liant experimental confirmation at Berkeley of these theoretical predictions is a 
triumph for the meson field idea hardly less resounding than was at the time the 
first discovery of the (wrong) mesons in cosmic radiation. It has indeed far- 
reaching implications, not only with respect to the occurrence of negative protons, 
but also regarding the spin of the 7-mesons. In fact, we are now in a position 
to state definitely that the neutral mesons hitherto observed, and consequently at 
least part of the charged mesons, have the spin zero. 

Whether there are also z-mesons of spin one is a vexed question, about 
which we are still very much in the dark. It is sometimes stated that their 
existence is unlikely, since the divergences of meson field theory are so much 
wo1se in the case of spin one than in that of spin. zero. This reminds me 
of the man who had dropped his latchkey in a dark alley, but was looking for 
it in the illuminated area round a lamp post, since that was the only place where 
one could see anything. In a more solemn mood, this is the occasion to quote 
Fresnel’s phrase: ‘‘ La nature se joue de nos difficultés analytiques”. — l’ailing 
more or Jess direct evidence on the spin of the charged mesons observed either 
in cosmic radiation or at Berkeley, the only thing to do is to look for hints on 
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this point in the analysis of nuclear forces from the point of view of meson 
ry. : 
fais oe treatment of the deuteron problem on the assumption of a static potential 
of the form predicted by meson theory (with the inevitable cut-off at small 
distances) leads to a value of the strength ratio between the cept) and non- 
central parts which can be obtained only with the help of a mixture of fields of 
spins zero and one. This argument is admittedly rather weak in view of the 
cut-off, and the investigation of the problem using the more accurate velocity- 
dependent interaction has not yet progressed sufficiently far to give evidence on 
the question. As regards the data on neutron-proton scattering at high energies, 
it has only been ascertained up to now that no interaction resulting from a 
mixture of meson fields of spin zero can possibly account for them; but it is not 
yet known whether an admixture of spin one mesons would improve the situation. 

There is, however, one feature of nuclear forces which has lately come into 
prominence and which might be relevant to the question of the meson spins. It 
has been recognized that the kind of shell structure of the stable nuclei, revealed 
by the occurrence of configurations with “ magic numbers” of protons or neutrons 
corresponding to enhanced stability, finds its simplest interpretation on the as- 
sumption that strong spin-orbit couplings between the constituent nucleons are at 
play. It has also been pointed out that a coupling of this type seems necessary 
to account for the scattering of very fast protons by protons. Now, there is only 
one type of meson field, the vector field, which can give rise to a sufficiently 
large spin-orbit interaction. If, moreover, further investigation confirms the present 
indications as to the relative smallness of the contributions from the axial dipole 
couplings, it would be conceivable that an admixture of vector meson field would 
just make itself conspicuous by a large spin-orbit interaction. 

I am aware tnat the preceding review of the problems confronting the meson 
theory of nuclear forces must give the superficial impression that there is much 
more of perhaps reckless hope and surmise in it than of actual achievement. 
Behind this haze of speculation about future research, one should not, however, 
lose sight of the fundamental fact that, in a period of most exciting and unexpected 
discoveries, Yukawa’s original conception of the meson has afforded the most 
reliable guidance for the unravelling of the new evidence and the firmest founda- 


tion for the building-up of its interpretation. Besides, meson theory is only 
fifteen years old, and is this not the age of growth and of promise ? 
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The Yukawa theory of nuclear forces’? has led to many successes and, 
owing to the present state of quantum theory, to some difficulties. Among the 
successes one remembers first the existence of the z-meson and the possibility of 
describing the spin dependency and the saturation of nuclear forces by means of 
simple vector fields or pseudo-scalar fields. Among the difficulties we mention 
the divergence of the interaction at small distances of the nucleons and the 
impossibility of getting the correct mass defect for heavy nuclei when one takes 
the constants of the Yukawa field from the mass defect of light nuclei.” Fur- 
thermore, the existence of closed neutron and proton shells in the nucleus” and 
the behaviour of the cross section for elastic collisions of nucleons at very high 
energies indicate, that the Yukawa potential is not correct at small distances of 
the nucleons. 

These difficulties cannot be really solved yet; but the recent progress in 
quantum theory of wave fields® shows so clearly the way towards the solution of 
these problems, that it may be worth while to discuss this way, even if it is 
still too early to work it out in the mathematical details. 

In the relativistic quantum theory of wave fields we have learned, that the 
divergent results arise from the singularities in the commutation function. There- 
fore the correct theory will have to start with a regular commutation function. 
This starting point leads to a number of problems, which have been dealt with 
recently in many papers.” We mention the most important results: The wave 
function that obeys a regular commutation rule, corresponds necessarily to several 
different types of elementary particles, not only to one type. This implies, that 
nucleons interact, as Bhabha” has suggested, not only by means of 7-mesons but 
also by other types of particles, in such a way, that the singularity of the force 
at small distances will disappear. Furthermore, the two coordinated wave func- 
tions, that obey the regular commutation rule, cannot be hermitian conjugates in 
the ordinary sense.» This leads probably to a change in the hamiltonian _for- 
malism in the range of the “ smallest length” J, (4,~10-* cm), which corresponds 
to a lack of point-to-point causality, again tending to wash out singularities of 


the field. 
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y have disappeared. The potential 


; ; : 
Thereby already many of the difficulties m er gene lg 


i cer 
inside a nucleus will now be rather smooth, 


i nucleon 
potential. As a result there will be only small forces acting upon a mu 


will 
inside a nucleus; it is only at the surface of the nucleus that the nucleons 


. } . ll 
be pulled back into the nucleus by strong forces. This explains quite naturally 


i in the 
the existence of separated neutron and proton orbits and closed shells in 


nucleus. 

The order of the closed shells can be understood, according to Haxel, Jensen, 
Suess” and Géppert-Mayer,” from a strong spin-orbit coupling of every nucleon. 
Gaus” has shown that this strong spin-oibit coupling results under certain conditions 
immediately from the vector-meson theory of Yukawa. Therefore one may at 
this point conclude from the experiments, that at larger distances of two nuc- 
leons the symmetrical vector meson theory with the mass of the z-meson will 
probably give a fairly good approximation, while at smaller distances the higher 
masses will come into play and the deviations from the hamiltonian formalism 
will make the definition of a potential rather doubtful, as it was expected long 
ago from the concept of the “ smallest length.”” 

The existence of neutral mesons, possibly of the scalar type, may produce 
forces without the property of saturation. This would explain naturally the 
rather large mass defects of heavy nuclei as compared to the mass defects of 
light nuclei. The observed saturation would then, as Teller” has suggested, 
probably be brought about by the non-linear interaction terms in the field equa- 
tion, which prevent the Yukawa field to increase above a certain value 

Another difficulty for the vector-meson theory was the sign of the quadrupole- 
moment of the deuteron, which seemed to favour the pseudo-scalar rather than 
the vector theory. The quadrupole moment of the deuteron is determined by the 
tensor force, which depends strongly on the potential at small distances; the 
mass defect and the spin-orbit coupling depend more strongly on the outer part 
of the potential function. Therefore the higher masses and the deviation from 
Hamilton formalism may be decisive for the quadrupole moment of the deuteron, 
while the mass defect and the spin-orbit coupling are mainly produced by the 
vector field of the normal z-mesons. 

Finally the cross-section for elastic collision of very fast nucleons will 
decrease more rapidly with increasing energy than one would expect from the 
Yukawa potential = and the corresponding tensor potential. One may express 
this mathematical result by stating, that the introduction of the “ smallest length” 
/, in the primary commutation function leads also to a “ largest force”’ of the 


- 7-2 ea salt Ac 
order ¢,° (or in ordinary units 72) so that a momentum transfer of much more 
"0 


than 7, in an elastic collision will be a rather rare event. The collision of very 
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energetic nucleons will instead as a rule lead to the creation of new particles, 
first of 7-mesons and at still higher energies of‘ other masses. The quantitative 
question at which energies the deviations from the simple Yukawa _ potential 
appear cannot yet be solved. 
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§1. Introduction and Summary. 


In relativistically invariant quantized field theories the following conditions 
are fulfilled in the normal cases of half-integer spin connected with exclusion 
principle (Fermions) and of integer spin connected with symmetrical statistics 
(Bosons). 

1. The vacuum is the state of lowest energy. So long as no interaction between 
particlés is considered the energy difference between this state of lowest 
energy and the state where a finite number of particles is present is finite. 

2. Physical quantities (observables) commute with each other in two space-time 
points with a space-like distance. (Indeed due to the impossibility of signal 
velocities greater than that of light, measurements at two such points cannot 
disturb each other.) 

3. The metric in the Hilbert-space of the quantum mechanical states is positive 
definite. This guarantees the positive sign of the values of physical pro- 
babilities. 

There seems to be agreement now about the necessity of all three postulates 
in physical theories. In earlier investigations” I have shown that in the abnormal 
cases of half-integer spin connected with symmetrical statistics and of integer spin 
connected with exclusion principle, which do not occur in nature, not all of the 
three mentioaed postulates can be fulfilled in a relativistically invariant quantized 
field theory. In this older formulation of the theory for the abnormal cases the 
postulate (1) was violated for half-integer spins and the postulate (2) for integer 
spins, while postulate (3) was always fulfilled. Meanwhile Dirac? had directed 
he attention to the possibility of mathematical theories in which the postulate 
(3) is abandoned in favoar of more general indefinite metrics ia the space of 
quantum states. In this theory the sum of all probabilities which is conserved 


1) For the spin values 1/2 and 0: Ann. de I'Inst. Poincaré 6 (1936), 1387. 


For higher spin values: Phys, Rev. 58 (1940), 716; Compare also my report: Rev. Mod. Phys. 
15 (141), 208: in the following quoted as “I”, 
I heeds Tiirac, Proce, Roy. Soc £ 


. . : A, 180 (1942), 1; Compare also my report: Rey. Mod. Phys. 
1S (i135, 15, which in the foliowing is quoted as “II”, 
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in the course of time contains in general also negative terms (‘ negative pro- 
babilities’”?) and the square of “ self-adjoint” operators (which replace the her- 
mitian operators of the usual theory) can also have negative expectation values. 

Recently Feynman in his “‘ theory of positrons”’,”» which does not use directly 
the concept of field quantization but more intuitive methods (which he proves to 
be equivalent with the former) made the important remark, that the abnormal 
case of Bosons with spin 1/2 and also of Fermions with spin 0 could be treated 
in a way similar to the normal case. Considering the effect of an external 
electromagnetic field (which can produce and annihilate pairs of positive and 
negative particles) on the initial vacuum, he derived however for the probability 
that the vacuum is left unchanged a value larger than unity in the abnormal 
case—in contrast to the expected value smaller than one for the normal case. 
In this paper it is shown for spin 1/2 (§2 and 3) and for spin 0 (§ 4) that 
Feynman’s treatment of the abnormal cases is equivalent to a different mathemati- 
cal formulation of the field quantization than which I earlier took into considera- 
tion: The new form of the theory for the abnormal cases preserves the postulates 
(1) and (2) (and also covariance of the theory with respect to charge-conjuga- 
tion) but violates the postulate (3) introducing “ negative probabilities ” for 
states with an odd number of negative particles present. Feynman’s result of a 
probability larger than one for the vacuum in such theories is then immediately 
understandable as the excess above unity of this probability has to compensate 
the negative probability of states, where one pair is generated. The non-physical 
character of these negative probabilities for the abnormal cases is also stressed 
by the circumstance that the vacuum expectation value of the square of the 
integral of a component of the current over a finite space-time region becomes 
negative in these cases (compare §3, eq. (A 48) and (B 49)). In the é- 
approximation these vacuum expectation values are indeed very closely connected 
with the value of the deviation from unity for the probability of the original 
vacuum in an external electromagnetic field. 


§2. Spin 1/2-particles (spinor fields) without interaction. 


We start with a spinor field ¢,(x) and its adjoint field #,(#) satisfying the 
Dirac equation (in natural units #=c=1) 


(2+ m)$=0, (1) 
Ox, 
and 
Hr m)=0, (2) 
Ox, 
1) R. P. Feynman, Phys. Rev. 76 (1949), 749, see especiclly p. 756, compare alw. 1), Rivicy, 


Helv. Phys. Acta .22 (1949). 
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where as usual 
Pr +77 =24,, - 
The general solution can be decomposed in proper vibrations corresponding to 


plane waves according to” 


$= BB lu Qa errs? ORD}, (3) 
$= A, BE Wa\ +. ORO). (4) 


The connection between the operators a(x), u,(k), @-(2) with the hermitian 
conjugates” of $,(x), (2), v-(4) respectively we are still leaving open but for 
the c-numbers a7(#), 6:(£) we assume as usual for every & 


av=a" A, F=6* 7. (5) 
In the four dimensional scalar product (4,4) the fourth component of &, is 
always defined to be 4,=t0o=+ivV#42. We are normalizing the c-numbers, 
a, 0% according to 
Saka=s,, DoA=a,, (6) 


for all values of &. Then, from the Dirac-equation there follow also the other 
relations 


Saa=— (Pe —m) a. (7) 
r 20 

ror 1 v 
Do 6665 = ie (—77*4,—m) as - (8) 
Lg L400 


From this one gets the connection with Schwinger’s functions 


Sol) =(7"5-— m) das SB@)=(PZ— m) 42), 


by the equations 


] = 
re x aan *a—2)) — — iS (x x’) — —+(S-iS) (a—2’) F (9) 


if as * 
oy x Bn Bre Chea) — —iS5 (4-2!) = — 7 (Sis) (x—2’). (10) 


1) a eq. (84), (85), (86) and p. 224 below. On the rightside of the eq. (86) Lic. read+es 
instead of —a@& in the expression for Dd axe, 
2) ze PP 


An asterisk always means the conjugate com 


for operators. The spin indices are dropped if possible without ambiguities. 


J. Schwinger, Phys. Rev. 74 (1948), 1939; 75 (1949), 651; 76 (1949), 790. We are using 
here as much as possible of Schwinger’s notations. 


plex for c-numbers and the hermitian conjugates 
3) 
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For all theories considered we define the energy or Hamiltonian in absence of 
interaction as 


E=—(g 18% 2 =|7 peo 
$7 ay x d(7 ae = m) ode, (11a) 
or also 
(oy Obit obese 
B= + pdes = \(— 28 ; 

Side ( wet +m Wid r (11b) 
which gives according to (4), (5), (6) 

E= tyl,—UpUr) « 

pa o (t,t, —U, 0p) (12) 


The canonical commutation laws 


OAS a ot 
Es. ae ’ Es Sagan ae 
[z, yJ=-1%%, (x, g]=--1%! (13) 
are in view of (4) equivalent to 
[Z, uJ]=—ou,, [£, v-]=—2,, (14a) 
[Z, #,|=+i,, [E, |= + ?,. (14b) 


In agreement with the independence of different proper vibration we fulfil (12), 
(14) by assuming 
[tps U,|=—UyD re, [thy Urs ti, |= +21,0 755 (15a) 
[U-Dry Us]= + UO 705 [2,0-, D.J= —7Ore, (15b) 
[ti,u,, V,]=[tptr, 6,\=[8-0 U]=[0,%-, @,]=0. 


To illustrate the properties of charge conjugation we use Schwinger’s matrix C 
defined by” 
paypt=— CYC 
(16) 
CCH leQ ae Cl 
and choose 6,¢~“* as the charge conjugate solution to a,e*”™ according to 
b=Ca, b=C~'a. (17) 


We reserve, however, a change of sign in the usual. connection between the 
charge conjugate field operators ¢.!(x) with the original adjoint Y.(+) for the 
abnormal case to which we shall later return. Here we note the relation 


1) This matrix is different from the one denoted by C in I. In my earlier paper, Ann. de 1’Inst. 
Poincaré 6 (1936), 109, Schwinger’s matrix C is denoted by 47°. Applied to a matrix the 
notation 7’ means the transposed, * the conjugate complex and + the hermitian con jugate matrix. 
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(C7S*(—1£)C)as= —Ssa(*)s (18) 
(C7S-(—2) OC)a=— Sit (2), 

or also 
(C7S(—2) C) a= —Sre(#)s (19) 
(C7AS(—2) eae=+ S52); (20) 


satisfied by Schwinger’s S-functions. 
A) The normal case (exclusion principle). 
In order to facilitate the comparison with the abnormal theories we first 
briefly collect some known formulas for the normal case of spin 1/2-particles 


obeying the exclusion principle. One assumes first 


Up=U,*, Up=0;*, (A 21) 
and hence 
g=$r7, (A 22) 
moreover in agreement with (15a), {15b) 
{try @,*}={0,, o,* }=6,,, (A 23) 


and all other anticommutators between these operators are zero. 
Hence : {Pa(x), $s(2’) }=—iS.(4—2’). (A 24) 


Dirac’s idea of holes is expressed by the assumption that the particle numbers 
are defined by 


N,* = U,* Up; hence 1—N,*=1,u,*, (A 25) 
N,- =0,* Up, * 1—N,- =7,2,*, 
or, in other words, one assumes for the vacuum 
(aa) =O, (ty *},== 1, (A 26) 
and 
(v,*e,)_9==0; (v,0,*)9= 1. 
As the energy '(12) with help of (A 21), (A 25) takes the form 
cae w (V,*+N,-—1), (A 27) 


the used definition of the particle numbers agrees with the condition that the 


vacuum has to be the state of lowest energy. From (4), (9), (10) and (A 26) 
one obtains immediately 


(Ha(2) Ps (2") po #525 (x— 2") 5 (Ds (2") a(x) )o= —iSe(x—2"'), 
([Pa(4), $n(2)])o=—SQ (x—-2’). (A 28) 
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The anticommutator (A 23) and the vacuum expectation values (A 26) are 
invariant with respect to charge conjugation if we define the latter by 


u,! = Ury al =Ur" sy 
(A 29) 


Uv, = Uyy wns = up 
which correctly interchanges V*+ and N~- according to (A 25). As this trans- 
formation according to (4) and (17) is equivalent to 

Y=C¢, #=C-Y, (A 30) 


this latter transformation preserves also the anticommutator (A 24) and the 
vacuum expectation values (A 28). This can also be proved directly by deriv- 


ing from (A 30) with help of (16) the relations _ 
PII) =— (CBSO Ce eke 
Ps (2) fa’ (4) = — (CYA) PA) Oar, 


and therefore 

{Po (x), Pp! (2’) $= — (CLP (2), H(A") OM p= — (CNG), $A) IO dos, 
[te (2), Fy! Y= = (CB), $@NIC*) ag = + (CAL), BAVC) se 
The comparison of this result with (18), (19), (20) leads directly to the charge 
invariance of (A 24) and (A 28). 

In order to obtain an expression of the current which changes its sign for 
the transition to the charge conjugate quantities we notice first that in a quantized 
field theory the two quantities ¢.(7),(2’) and —¢,(#')¢.(¥) differ only by a 
c-number. Therefore one can replace the expression of the c-number theory 
for the current, namely 7, (7) =zeP(2)7,.9(4) by 


je) =—E{p.(2), Ys (+) rhe (A 33) 


(A 32) 


as was first proposed by Heisenberg.” For the total charge one gets then indeed 
9=[(—dA@)ate= LES ((uku lore) = Qe —ME). (A 34) 


In order to ensure the relation 

ju (4) = —Ju(*)s (A 35) 
for every space-time point one has, however, to avoid a certain ambiguity in 
the value of the commutator [¢.(x), ¢p(2’)] in the case of equal space-time 
points x=2! by defining the limiting process x’—x. Now it follows from (A 32) 
‘and (16) that the charge conjugates of [¢.(*), Pa(x’) Whe and [fu(2"), P(x) he 
are —[$.(2'), fs(%) Ifa and —[¢.(*), ¢s(2') Ika respectively. 


1) ZS. f. Phys. 90 (1934), 209. 
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The sum of both expressions has therefore the required property of just changing 


i j i re define 
sign under charge conjugation. If we therefo 


[Ye(x), Pp(2)]=lim &([pa(e+8), F(e—F) +429), Ga(7+€)]), (A 46) 


we are sure of (A 35) (as this relation then even holds before one goes to the 


limit ¢—0), which also ensures 


{Fu(*) o=9, (A 37) 


in view of the charge invariance of all vacuum-expectation values. 

Finally we notice that an introduction of the-commutator in the expressions 
(11) or (12) for the energy (analogous to the expression’ (A 33) for the charge) 
does not change the total zero-point-energy and can therefore be omitted. 

B) The abnormal case (Bose-statistics). 


In case of Bose-statistics the commutators instead of the anticommutators 
between field-quantities have to become c-numbers and this can be done in 
accordance with (13)-(15) only by putting 


[ers ,|=8res [P-t]J=—d, (B 23) 


and all other commutators between these operators equal to zero. From this it 
follows in view of (4) that 


[Pe(x), s(2") = —iS.3(4—2"). (B 24) 
But from now on different assumptions are possible. One way is to retain the 
connection (A 21), (A 22) between ¢, #, 3 and ¢*, u*, v* respectively. This 
would lead to 

N,* = tir, N,* +1=4,ii,, 

iV, SO. N,- +1=%,%,, 


where the W’s have the eigenvalues 0, 1, 2«-. The energy given by (12) 
becomes 


E=So(N,"-N,), 


while the charge becomes 
Q =e| frp" rae pa (V,* +N," —1). 


This means the existence of particles with negative energy which all have the 
same sign of charge, so that their number stays always constant, or in other 


words, there is no pair generation and annihilation. 
that the state (called ‘0’) 


stable, although it c 


This has the consequence 
in which all particle numbers vanish remains theoretically 


! an hardly be considered as ‘vacuum’ in such a theory due 
to the existence of the negative energy states. 
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The expectation values of the bilinear expressions of the field quantities in 
this ‘zero state’ are given by 


(Gp (2") $a(*) do=9, 


hence 


(ta(4) Pa(4") o= (1 Pa(%)» Pa(2”) bpo= —7Sen(¥—2'). 
As all particles have the same charge there would be no charge-conjugation. 
There exists, however, the second possibility of changing the connection 
between the ‘adjoint’ operators ¢, #, @ and the hermitian conjugates of ¢, x, v. 
In this case the operators corresponding to physical observables are not any 
longer hermitian, but ‘ self-adjoint’.” If in particular the Hamiltonian of a system 
is self-adjoint, the quantity which is conserved with time is not any longer 


Sry but 
Se 78. ? Se COLSL.. (B 38) 
nm 2 


Here the discrete index is an abbreviating notation for the argument of the 
Y function in an arbitrary representation and 7 is an operator which has to fulfil 
the condition 


7O=Oty (B 39) 


connecting the adjoint O with the hermitian-conjugate O* of every physical 
Operator O of the theory.” One gets something new—and as we believe some- 
thing non-physical—if the quadratic form is not positive definite. In a representa- 
tion where 7 is diagonal one can see from (B 38) that (up to a possible 
normalization factor independent of 7) 7, |"n|? has to be formally interpreted as 
the “probability” that in the state characterized by ¥, the variables of the 
W-function have a certain set of values characterized by the corresponding 
specification of the letter ‘‘”’. If 7, can be negative, “ negative probabilities” are 
formally introduced in thi§ way. Morecver we define as the expectation value 


(A) of the operator A in the state ¥, the expression” 


ee ee (B 40) 
TP *4¥ ) 


This definition fails in states where the denominator vanishes (that means where 
the state vector in the Hilbert space has the length zero), but these states must 


1) If ¢ is considered as the adjoint to ¢, the imaginary coordinate x,=7¢ (rather than 7), and 
more generally the components of all vectors, have to be considered as self-adjoint. 

2) See literature quoted above in Note 1. 

3) In II, eq. (3) I have omitted the denominator of (B 40), but the definition (B 40) seems the 
more natural one because only then the expectation value of a constant simply reproduces the 


value of this constant. 
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play a rather singular role in such a theory anyhow. 
The theory which we will investigate here is characterized by the particular 


assumption” 
i,(k) =u,*(k), v-(4)=—2,*(2), (B 21) 
which leads in connection with (B 23) to” 
a, N~ +144. 4 
N=, NV,” + ut (B 25) 
N,> i D,Vrs Nes ae 1=— Di, Brg 


where V+, V~ have both the eigenvalues 0, 1, 2,---. 
The condition (B 39) for 7 here takes the form 


q¢,+0,y=0, yi-—un=0, 
which is solved by 
Ne 
n=(-1)k (B 41) 


Hence 7 is diagonal in a representation where the V~(4) are diagonal and the 
time independent quadratic form (B 38) becomes 


Us" ae 
> ie [PF (-Vite es + V4+++) | =const. (B 41’) 
(Weg WF) 
And the expectation value of any function F(--M4---;---V,3) in this state 
Do NM ge) is given by 


Lar ey V kamal — ar Po a oe T- 2 
ay pene) (Dk | (eM tees Woes) 
| lus Sn Sak ee acke 


In the next section we shall derive characteristic consequences of this definition 
if an external electromagnetic field is present. Inserting now (B 25) in (12) 
one obtains for the energy 


E=D o( Nt +NE 41) (B 27) 


with a reversed sign of the zero voint energy, but with the state VW+—A-=0 
still having the lowest energy thus xweain playing the role of the vacuum, For 


the vacuum-expectation values bilineay in #(#) and ¢(2’) one obtains from (B 25) 
analogous to (A 28) 


1) Compare II, Section 3. 
2) This is just the type of theory discussed by Dirac in 1942. 
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‘ 
(Pa(*) Pa 2") do= —#Sc5(4—2"), (Pq (2') $a (%) o= +755 (4-21), 
({fa(*), $s(2’) })o= —SOR(47—-2"). (B 28) 
It is characteristic for this “abnormal ” case that the occurrence of the functions 
S® and S in the anticommutator and commutator is just reversed in comparison 
with the normal case. 
The charge conjugation has now to be defined by 


(B 29) 


in order to preserve the commutation law (B 23) and to interchange V* and V—~ 
(V'*=N-, N’-=N*). Moreover y is just invariant with respect to this 
transformation. 

According to (4) and (17) this transformation is equivalent to 


$Y=Ch, P=—C%. (B 30) 


The minus sign in the last equation just reverses the sign in the equation ana- 
logous to (A 31) and (A 32) a 


$e (2) $e (#)= + (CE) PA)C) as 

Ps! (x’) ho! (4) = + (CHL) PHC )as 
(PL), BE) = + (CBG), ONC 9 (CMI), HE) 1ODan, 
[oe (x), Fp (2) J= + (CIP) ODIO) n= — (C19), P)IC) rae 
The comparison with (18), (19), (20) lead again to the charge invariances of 
(B 24) and (B 28) due to the interchange of the role of the S and S“ function 
in comparison with the ‘normal’ theory. 

Regarding the definition of the current it is here the anticommutator which 

differs from the original expression Juxiegy*? only by a c-number. Therefore 
we can replace the latter by 


Ju (@)=F1g.(2), Ps(%) bbe» (B 33) 


(B 31) 


B 32) 


which gives the total charge 


=| —ii(*)a*s 


=D (an u,}+{,»5 v,}) (B 34) 
=e>)(N,*—X,"). 


Moreover the charge conjugates of {b,(x), Pa(x') hrs and {P.(2’), P(x) S7t, 
are —{¢,(2’), (x) }7%, and —{¢,(*), ?,(x') }7#, respectively, the sum of both 
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terms having therefore the required property of changing sign under charge 


conjugation. We define therefore 


1Pa(), Pa(a) |= lim 4 Chale +6), Ps(x—€) | + {Pa(4—€)» $(x—-£) }) (B36) 


to ensure 


Ju (4) = Su (4), (B 35) 


and 

Hu (4) )o=2.- (B 37) 
Just as the ‘normal’ theory which applies the exclusion principle this ‘ abnormal ’ 
theory of Bosons with spin 1/2, but with ‘negative probabilities’ gives pair 
generation and annihilation in an external electromagnetic field as not the particle 
number but the charge which is capable of both signs is here conserved. 


§3. Spin 1/2 particles in an external electromagnetic field. 


We consider now the presence of an external non quantized electromagnetic 
field with the potential 4, (+) and the interaction energy 


ine= —Fu(*) Ay (2) (43) 


with the quantized matter field. The switching in of the electromagnetic field 
(4, =0 for ¢+—oo) gives rise to a change of the Schrédinger wave function (in 
the interaction representation) given by 


V(t) =U(t, —~)¥(—o). (44) 
As shown by Dyson, U(¢, —) can be written in the form 


t 
2S ju(a’) Ap (al) aie’ 


V(t, —~) =e (45) 


t t 
J . i” 4 eee 4 ? Pa 7 
BE | diay | dteePUis, (6), a) ) 42) he (te), 
where P is an operator which establishes the chronological order of factors in 
such a way that the time values decrease from left. to right. One obtains the 
reciprocal of U by changing the sign of 7 and reversing the chronological order. 
If the interaction energy is Hermitian, U is unitary, if the interaction energy, 


however, is only “ self-adjoint’ one has instead of it 
UU =1, (46) 
where 7 is the adjoint of U,. 


We shall be particularly interested in the probability that the vacuum is 
preserved for ¢=0o which is given by 
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+a yes 
2 #S fu (2!) Ap (2!) a4? — 2S ju(x’) A(x’) d4x/ 
U7 =i C (oo; —oo) ewe C S Ju ) (27) *Y)(P_(e SJu*) a ) 


o» 
(47) 
where P_ is the operator which establishes the reverse order of time. This holds 
also for the abnormal case as for the vacuum the sign in (B 41) is positive. 
In the following there is no essential restriction as long as the potentials are 
arbitrary functions of time. 


To the second order in ¢ one obtains 


((U(—~, ©) )s=1 +f (i. (2)oAy(#) atx — 


1 +a +0 
Ef ate | dite) A) (PUA), 22) Ye 
Using 


(Jul*))o=9, 


PUD) AED) =A HO) AME} + 52) AGI 


P_Gul2) M2) =F iol KDE — Fee 2 MAO) AMD 


one gets 
: me l +0 ; ae 4 
Wy=|(O(—, ©) =I Z| de (dt!) AL Ia) AED Ho 
rey (48) 


We shall now check Feynman’s result that for the abnormal case the second 
term has a sign opposite to that of the normal case. As in the latter the sign 
of this term is negative, one obtains a probability larger than 1 for the realisation 
of the vacuum in the abnormal case. This, however, is just to be expected from 
the general theorem (B 41’). In the approximation in question besides the 
vacuum ¢ only the terms corresponding to states where one pair is generated 
contribute to the sum of its left side. In these states one of the W* and one 
of the V- is equal 1 so that the sign is negative. Although one still has a 
conseivation of “ probability” one gets here W,>1 due to the non-unitarity of 
the matrix U, or in other words due to the negative sign of the probability of 
some states. 

One has indeed 


Cu OAH) Yo= — CTH Gs (2) Pe (2) dertto Pala Pol 2’) Dor 
Therefore in the normal case according to (A 28) 


C(O IMH) HPT GS* 4-2) 7S” —4)). (A 48) 
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And in the abnormal case according to (B 28) 
jue’) o= ETA S* (4-2) 7S" (#—2))- (B 48) 
One also obtains for the normal case 
Cjl2)s PAF) oH eT GS? (4-2 P'S" (#2) + 7S* (A) PS" (4-2) 
HAT (i S* (2-2!) S- (a —2) tS“ (2-2) 'S* (2), 


or also 


alte tie) Ho SPT SO e277 S” (2/—2z) SMe dasa 


and for the abnormal case the opposite 


<— 


In) KO) No — FET PSY 2 PS a) + Sle 27S (2 —2)). 
(B 49) 


It is easy to evaluate the traces but for our purpose, to compare the consequences 
_ of the present formalism with Feynman’s result, the confirmation is sufficient that 
the second term in W, has opposite signs for the abnormal and normal cases. 


§ 4. Spin O-particles (scalar fields). 


We assume a scalar field $(#) and its adjoint field $(2) both fulfilling the 
second order wave equation” 


(O—')$(z)=0, (Q—m*)6(z) =0 (50) 
in absence of any interaction, but leaving open the connection between 3 and the 


hermitian conjugate ¢* of ¢. 
The decomposition of $(2) into plane waves we write as 


$= Tp Dale Oe 48 @ee}, (51) 
1 
$2) =F Delt We 40 err}, (52) 


where again & =toxig! J 4 mt One has 


1 Lee, eat) =(~ -) OR ikea? 
— emer) 
V SI aes Qn Be (53) 


= +10" (1-2) =4+ 2 (A-iA%) (@—2), 


© We denot : i ae i 
e denote the D’Alembertian operator oi. Fo with [] and not as Schwinger with [*. 
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Glin Sites S ak e-tkz—2!) 
a 2w =(5 Qn NF 
=—iA-(4—2’) 
= ia (ATA) (y—2"'). (54) 
We also note the well known relations 
A(—4) =—A(z); AP(—4) =A(2), 


—A* (=2) =A-(@)=(A*(#))*} —A“(-2) = At) = (A) (55) 
and the fact that A(+) and A%(+) are real. The expression for the energy is 
8 28. 934), (56) 


here 
Fa {are (on 
ax ax 


which geos with help of (51), (52) into 


E= Yo (tu +vv). (57) 
The canonical commutation laws 
[B, §]=—126 ; [2 = 1% (58) 
are in analogy with (14a), (14b) equivalent to 
[Z, uj=—an, [EZ, v]=—a2, (59a) 
[Z, #]=+i, [Z, d]= +07, (59b) 
which are fulfilled in agreement with the independence of different proper vibra- 
tions if 
[te pttp, Mp l= — UD eres [Meter Myr |= + Ove, (60a) 
[ade Uw J=—UOens [UeOer Gr J= +FF cu (60b) 


[te pte, Vy = [th tla Dy |=[7Vey ty |=[PpU es ty |=0. 
A) The normal case (Bose statistics). 


One assumes 
n=uU*,  O=U", (A 61) 


therefore 
d(x) =$*(z). (A 62) 
Moreover in agreement with (60a), (60b) 
[u,, ub]=[v% veJ=—ow. (A 63) 
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Hence [6(z), * (2) ]=[6* @), $()]=iAG—*). (A 64) 
The commutation rules (A 63) have the consequence 
Nyt =U * tp Nit +1=ue,™, (A 65) 


ie eS 
My =O, * yy Ny +1=U0%"; 


where the WV have the eigenvalues 0, 1, Q..-which makes the energy (07) 


E=Yoe(N,°4+N, 4+), (A 66) 
so that the vacuum V+=/V-=0 has the lowest energy. For this state one gets 
(u,*u,z) =O, (4 U xlty * bo =1 (A 67) 
(up*U,)o=0, (ae2*)g=1 
GONE HONE HOE (A 68) 
(9* (2) $2) o= (8 (2) 8* (4) = — EAT (2-2) 
({8(x), 8 (2’) } p= t+AP(2—2’). (A 69) 


The commutator (A 64) and the vacuum expectation values (A 67), (A 68), 
(A 69) are invariant with respect to charge-conjugation 


(A 70) 
=u, u'*¥=4* 


which gives correctly MW*/=N-, N~’=N*. According to (51), (52) this is 
simply equivalent to 


v=s*, = g’*= 4. (A 71) 
For the current we use the symmetrized expression 
, se ag* (x) =r 0d (x) 7 
HO=F({_ 6 O}-[@). SS) )), (A 72) 


which leads to the correct total charge 
Q=|(-i Ya) Pxe= pe (1 Hartea*} — foie,*}) =e (V4 —N,-). (A 73) 
In order to ensure the relation 


Jul (4) =f), (A 74) 


one has here (in analogy with the corresponding commutator for spinor fields) to 
define the anticommutator, as 


ie: (x) (2) } = din lim (42 a =) He} + 


+ pret, é(x+e}), 
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(w= te (PE. #9 


+[PG=9, s+), (A 75) 
which also guarantees 
(Jule) )0=0. (A 76) 


We also note vacuum-expectation value of expressions bilinear in the current, 
which occurred in (48) for this case: 


Ae) KE) =e(- EO §H)) 6) BE), 
La yaks 
/0$* (x) 06(2") x) d* (2) 
+ PO) PD BODIED 0 
—( BO gn (2 yo(gr (ay BSP), 
(BO HED), Gr@ale)),), (AT) 
which gives with help of (A 69) 


(jue) o= +20” _9A* (¢—2/) BAt(a—¥) 5 


OX, Ot, 
te eAt(4—27) At(x—2')), (A 78) 
04,04, 


and also 


(- dA(z—2') 0A Ce—2') " 


(4 ful)» Fv(27) }o=e are ax, 


4p 2APG@—#) BAMG@H a) , FAG=#) 1 (ya) — 


Ox, Ox, Ox,0%, 
_ FAVE —xz') AV (4 = 2) (A 12) 
Ox,0%, 


B) The abnormal case (Exclusion principle). 

The anticommutators between w, # and 2, can only be fixed in agreement 
with (60a) (60b) if one puts 

{Ups tgs } = Ogre 5 {Ves dyt=— kkt 


(B 63) 


with all other anticommutators between these quantities equal to zero.” If 


1) Compare I, p. 211. 
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one wishes to retain the identificatien of #, @ with the hermitiam conjugates “*, 
v* one has therefore to abandon the energy expression (56) in order to fulfil 
the canonical commutation relations (58). One obtains then a theory whete the 
A™ instead of A occurs in the commutators of the field quantities. I 
at an earlier occasion” and rejected it for the reason 


function 


discussed this possibility : ; i : : 
that physical observables have to commute in points with space-like distances. 


Moreover it turns out to be impossible in this way to obtain the correct field 
equations with an external electromagnetic field in agreement with canonical 
commutation rules. 

We therefore discuss here the other possibility, to maintain the energy 
expression (56) but ‘to change the connection of adjoint and hermitian conjugate 
quantities in a way analogous to the one we have used for spin 3 particles with 


Bose-statistics, namely 


i(k) =u*(k), (2) =—v* (2). (B 21) 
From (B 63) it follows then that 
iV =3am, 1—N*=u4, 
N-=—iv, 1—N-=—vi, (B 64) 


where the V’s have the eigenvalues 0 and 1. The expressions (B 41), (B 41’), 
(B 42) for 4 the conserved sum of all (partly negative) probabilities and the 
expectation value of the operator F(---V*---, ++-V~---) are still valid, except that 
the sums over the /V’s are running now over 0 and 1 only. One obtains first 


{9(2), 8) }= 1802), $2) }=#A (ea). (B 65) 
The energy expression for the normal case is according to (57) and (B 64) 
£=Yo(N,* +V-1) (B 66) 


with a reversal of the sign of the zero point energy but with W*+=V-=0 for 
the state of lowest energy, which therefore has to be defined as vacuum. 


For the vacuum-expectation values of bilinear expressions of field variables 
one gets now 


(8(x)$ (2) p= — (8(2)4(2’)) ,=kA* (2-2), 
(8 (2')8(2) )o= — (6 (2) 8 (2) )p=tAn (2-2), (B 69a) 
and also 
((d(2), $(2)]) =A r—-x). (B 69b) 


Analogous to (B 29), the charge conjugation 


1) Ann. de l’'Inst. Poincaré 6 (1936), 1387. 
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Ph - et ee 5s 
2; =SUpy ui, = —iy,, 
, A . 
UV, = — Ug, O,=t, (B 70) 


leaves the anticommutators and vacuum-expectation-values as well as 7 invariant 
and is equivalent to 


d(x) =6(4), ¥(z)=—4(2). (B 71) 


The expression for the currents 


+7.) ef) a6) | E ag (x) ] 4 

4) =| = >, o(%) |=} 02), ——— B 72 

Ae) =F SO, 6) |-]3. |) (B72) 

fulfils the conditions (B 74) 
jul (4) =—7.(4); (Fu (*))o=0 (B 76) 

if the brackets are defined with a symmetrizing limit analogous to (A 75), and 

the value of the charge becomes 


=| (ja =F ue le, é) =e (W*—-N-). (B 73) 


For the expectation values of the expressions bilinear in the currents one gets 
the same formula as (A 77) but with é substituted for ¢*. But according to 
(B 69a) and (A 69) in every term one of the factors (the one where é is in 
front of $) changes its sign so that again as for spin 1/2 


( Ju (2), (4) Yo) abnormal— —_ ( on (x)/v (Z) io) normal. (B 78, 79) 


A consideration similar to the one given in §3 is also possible for the probability 
here that the vacuum is conserved in an external electromagnetic field. One 
gets again a value greater than one for this probability in the abnormal case in 


the same way as for spin 1/2-particles. 


I am indebted to Dr. R. Jost for interesting discussions on this subject during 
my stay as visitor at the Institute for Advanced Study in Princeton. 
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Abstract 


The fact implied by Bloch several years ago that in some approximate sense the behavior 
of an assembly of Fermi particles can be described by a quantized field of sound waves in the 
Fermi gas, where the sound field obeys Bose statistics, is proved in the one-dimensional case. 
This fact provides us with a new possibility of treating an assembly of Fermi particles in terms 
of the equivalent assembly of Bose particles, namely, the assembly of sound quanta. The field 
equation for the sound wave is found to be linear irrespective of the absence or presence of 
mutual interaction between particles, so that this method is a very useful means of dealing with 
many-Fermion problems. It is also applicable to the case where the interparticle force is not 
weak. In the case of force of too short a range this method fails. 


§1. Introduction and summary. 


The well-known method of Thomas and Fermi provides us with a very 
practical approximate treatment of many-Fermion problems. Because in this 
approximation, however, each particle is supposed to move independently, the 
effect of interaction between particles being simply replaced by an average field 
of force, one cannot speak of correlations between particles in this rough 
approximation. This simple method does not apply to problems in which inter- 
particle correlation plays an important role. A step toward the improvement of 
the method so as to include the correlation was taken by Euler, who calculated 
the effect of inter-particle interaction, which causes the correlation, by perturba- 
tion theory assuming the interaction to be small. 

The calculation of such a type is carried out in the following manner: In 
ene zeroth approximation each particle is in some one-particle quantum state, 
‘yee we aes call a “level”. Let us consider the lowest state for the sake of 

ennitness. In this state a y i i 

called the “ Fermi mat ee ba oe ie eae be 
, ) particle. The perturbation 

energy, the energy due to the inter-particle force, has non-vanishing matrix 


x ee 
Now returned to the Tokyo University of Education (Tokyo Bunrika Daigaku), Tokyo. 
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elements which cause virtual transitions to states in which two particles are ex- 
cited simultaneously to levels higher than the Fermi maximum. 

The state which results from the inter-particle force is thus such one which 
is a superposition of the zero-order state and various excited states in which 
holes and particles are present in some levels below and above the Fermi 
maximum respectively. In the lowest approximation of the perturbation calcula- 
tion, the numbers of holes and excited particles are two; but, if the calculation 
is carried out to higher order, which is necessary when the inter-particle force 
is not small, there appear states in which a considerable number of holes and 
excited particles are present. The amplitudes of such highly excited states will 
be appreciable if the inter-particle force is strong. 

Such a mixture of excited states gives rise to correlation between paiticles. 
We can in this way include the effects of correlations in treating certain problems. 
In the case of strong inter-particle forces, however, it is necessary to carry 
through the perturbation calculation up to a very high order, and this is too 
involved to be practicable. Recently, Nogami* proposed a method which applies 
also to cases of rather strong inter-particle forces. Still his method requires some 
kind of weakness of interaction because he had to neglect the interactions of 
holes and of excited particles with each other as well as the interactions between 
holes and exited particles. This neglect cannot be justified when too many holes 
and excited particles are present. ' 

In such a situation it is desirable to find some approximate method of 
dealing with many-Fermion problems different from the perturbation method. 

In his famous work on the stopping power of charged particles, Bloch’ has 
treated the excited states of the Fermi gas not as states with holes and excited 
particles, but as states in which the gas oscillates. In this work it was not 
necessary to treat the oscillation quantum-theoretically. In a later paper’, he 
also dealt with a problem in which the quantum aspect of the oscillation was 
essential. This was a problem in which the density fluctuation played a role. 
He showed in this work that the density fluctuation of a degenerate Fermi gas 
(in his theory it was sufficient to treat the gas without inter-particle force) can 
be calculated in two different ways giving the same result. The one was the 
orthodox method whereby one calculates directly the expectation value of the 
operator having expressed in terms of the quantized field variables ¢ and ¢* 
describing the assembly of the Fermi particles. The other method was to calculate 
the zero-point amplitudes of sound waves in the gas, the equations of motion 
for the sound waves being properly chosen. He showed that the correct value 
of the fluctuation was obtained in this way if the choice of the equations of 
motion for the sound waves was properly made and if the zero-point amplitudes 
of the waves had such values as would be expected for a sound field obeying 
Bose statistics. 

If it is proved that the excited states of an assembly of Fermi paiticles can 
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s an excitation of sound waves, where the sound can be 
described by a Bose field, it will provide us with a new method of treating 
many-Fermion problems, not dealing directly with the assembly of sass Fermi 
particles, but dealing with the equivalent assembly of Bose particles, i. e. the 


be in fact described a 


assembly of sound quanta. 

There is a prospect that in this latter method the assumption of the weakness 
of inter-pariicle forces will not be essential. This prospect lies in the following 
situation: It is expected that the equations of motion for the sound waves will 
be linear in the field variables describing the sound field; otherwise we could 
not speak of waves at all. The field variables for the sound field will be the 
density p of the gas and its properly defined canonical conjugate. Now the 
essential point is that the linearity of the problem will not be destroyed even 
when an inter-paiticle force is present, because the interaction energy between 
particles is bilinear in p. This fact is in marked contrast to the circumstance 
that in terms of ¢ and ¢* the interaction energy contains four ¢’s, or, more 
precisely, two ¢’s and twe ¢*’s; thus the field equations for ¢ and ¢* are no 
loager linear when an inter-particle force is present. This circumstance made 
it very difficult to treat many-Fermion problems with inter-particle forces. This 
difficulty will disappear when we deal with the problem in terms of the p field 
but not of the ¢ field. 


The purpose of this paper is to show that these expectations are really 
fulfilled. It will be shown that in some approximation, which does not necessarily 
require the weakness of the interaction, excitated states of Fermi gas are in 
fact equivalent to corresponding excitations of sound waves, and that the sound 
is describable by a Bose field whose field equations are linear in the field variables 
irrespective of the absence or presence of interparticle forces. Thus, Bloch’s 
method of sound waves will be a very useful method for many-Fermion problems. 

The possibility of this new method was found independently by Bohm’, who 
discusses a very interesting phenomenon of plasma-like oscillations in a degenerate 
electron gas from a very similar point of view. He, too, gives a proof of the 
fact that these oscillations are describable by a Bose field in some approximation. 
He utilizes further the linearity of the field equations to study such a pure 
correlation phenomenon as plasma oscillations of an electron gas, 

qT he present paper is of a rather more mathematical nature than physical in 
that it aims mainly at the analysis of the mathematical structure of the method, 
clarifying the underlying assumptions and the limit of applicability. A mathe- 
matically closed and clear-cut presentation of the theory is achieved, however, at 
patent ee: pay abu far, the author has succeded 

ie ‘ ihe pat re ees tig or a one-dimensional assembly of particles. 

similar method applies to the three dimensional 


case too—this, indeed, has been done by Bohm 
complicated in this case. 


but the situation is more 
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The mathematicl relation between the field of sound quanta on the one hand 
and the original field of Fermi particles on the other is very similar to the 
relation between the field of light quanta and the field of neutrinos in the neutrino 
theory of light®. One will find everywhere a marked parallelism between our 
theory and the neutrino theory of light. 

The discussions will be performed in several steps: In §2 we shall prove 
that the sound can be described by a Bose field under some assumptions imposed 
on the states under consideration. Then we shall set up in § 3 the Hamiltonian 
for the sound field. We shall see that the Hamiltonian is in fact bilinear in the 
field variables, so that the whole problem is liner. In §4 we shall show that 
this Hamiltonian is really equal to the original Hamiltonian for the assembly of 
Fermi particles, and, therefore, the assembly of sound quanta is equivalent to the 
original assembly of Fermi particles. In §5 we will go over to the solution of 
the eigenvalue problem. This can be done very simply by finding the normal 
coordinates for the sound field, because the field equations are linear. In §6 we 
shall give several general formulae of physical interest which are derived directly 
by our method. A criterion for the applicability of the method will also be 
given in this section. In the last section we shall briefly mention the bearing of 
our results on the plasma oscillations treated by Bohm. Also, the relation 
between the two kinds of descriptions of the system, one as an assembly of 
Fermi particles and the other as an assembly of sound quanta, is discussed briefly. 

In § 6 we shall see that our method does not work if the inter-particle force 
is of short range. The range of force must be larger than four times the mean 
distance between particles. Since sound waves with wave length shorter than 
the mean distance between paiticles have no meaning, it is quite conceivable 
that the method of sound waves fails in describing the event occuring in a small 
space region comparable with the mean distance between particles. This is the 
reason why the method fails in the case of shoit range force. The method is, 
on the other hand, very suitable for dealing’with the case of long-range force in 
which a considerable number of holes and excited particles are present in the 
neighborhood of the Fermi maximum. Thus the present method covers a field 
where the known methods have failed. 


§2. Approximate commutation relations for the density field. 


, 


Let us consider an assembly of Fermi particles in a. one-dimensional “ box’ 
of length Z. Let #(x) and ¢*(x) be the quantized wave functions describing 
the assembly. The density p(x) of the particles is then given by 


ple) =9* (x) $(2). (2.1) 


We introduce the Fourier transforms ¢, and ¢,* of ¢(+) and ¢* (x) respectively. 
They are defined by 
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ye 
W(x) =} Di tn exp (FH nz), 

Das 
g* (x)= wrt Pn* exp(——= nx), n=0, +1, +2,+. ~ (2.2) 


The Fourier transform of p(#), which is defined by 
p(2) =; pa Pn exp(=7# nz), (2.3) 


is evidently given by 
n= Prt Purin= DP Fy om (2.4) 


where 7 takes integral values when is even and half-odd integral values when 
n is odd. 

Our purpose is to describe the system in terms of the density field p(*) 
instead of describing it by the wave field ¢(7). The first task is to find the 
commutation relations between the field quantity p(z) and its properly defined 
canonical conjugate. For this purpose we separate each p into two paits g, and 
fn by means of 


Pn a Gen Go.s 
n>0 2 Da 
(2.5) 
Pn a >» Ge. iP . 
n<o 3 3 
We have evidently 
Pn= Pa + Pn (2.6) 


(in case of even » the term with =O is absent in (2.6), but this does not 
cause any serious error.) We have further 


papi apap (2.7) 
It will be seen later that the separation of p, by (2.6) corresponds to the 
separation of the field into parts with positive and negative frequencies, which is 
the usual procedure in field theory. (See (3.1) and (3.2)). 


We now examine the commutation relations of the p's. The commutation 
relations between the ¢’s and ¢*’s are 


eee Pur ].= Ou wes 2 
[Yn*, Par | =[Pns Pur ls =0. ( 8) 


From these relations we get the commutation relations of the p’s. For the p*’s 
they are 


{* noni gh nin , 

~osnc ee a Wal ha for x >0O, < —2, 
Sega ee ‘3 p* ; pf . 

[Pes par] Bast a-3-5 neers for at >i —as Mn, (2.9) 


— 


h_ 
ere ie ee for x> 0, n’ =a, 
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which, for the special cases of /=—x, reduce to 


lone Pral= SS) 1 ba*d= for x > 0. (2.9’) 


-3<"S3 


In the same way, we get for the p~’s 


az * 
igi test bie baw 
Sul —» * us G 
[os Pol) gp Py Pegg Page forme —¥ Sm" S10) 
* 
8 <n<_2 ts 3-3 #5 +ot+e a ie AR eae, 
and 
fos Fed a She ta Vd n>O. (2.10’) 
ES" 


The commutation relations between the p*’s and p~’s are found to be 


k 
Paw Pam! for —” <n’, 


Peat wae 2 | 
2 Pz nw Pa nw for 2 < —7', (2.11’) 
B<ns-¥ 372 ats 
and 


We now show that the commutation relations (2.9)—(2.11’) can be replaced 
by simpler ones if the states under consideration satisfy, at least approximately, 
some conditions which will be specified below. These simplified commutation 
relations tell us that the density field can be regarded as a Bose-field under 
these restricting conditions. 

We first consider the case of the ideal Fermi gas in which there are no 
interactions between particles. Ifthe gas is not excited too highly, only particles 
in the neighborhood of the Fermi maximum are raised to higher levels. There 
exist holes and excited particles only in the neighborhood of the surface of the 
Fermi sea. Now, in the case of a non-ideal Fermi gas, the inter-particle forces 
cause virtual transitions of particles. Thus extra holes and exited particles appear. 
But, if the range of the inter-particle force is not too short and the force itself 
is not too strong, these virtual holes and excited particles are still present only 
in the neighborhood of the Fermi maximum. Such are the states to which we 
will confine ourselves. 

If we confine ourselves to states of such type, we can simplify the commuta- 
tion relations (2.9)—(2.11’) in the following manner. 

Let us consider, for instance, the first commutation relations [px, Par] for 
which 2> O and —” <x! <x. We notice that the expression on the right- 
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ide g ingi ne particle from the level 
hand side is a sum of operators each bringing one p 


iy) + AS + us (6) Vv — _— nw! Ss i over! nm is extended 


at” hie i imited interval 
only between = and = the final levels ag lie in a limi 


! Fermi 
between ae and — Now, let max denote the value of || at the 


maximum. Then, if 2 and |»’| are both sufficiently small compared with mex 
(the discussion about how small they should be will be given below), the levels 


=e and eae both lie deep in the bottom of the Fermi sea where there are 
2 2 


holes. In such a case the operator ie ak Po .m ent will give a vanishing result 


“because the final level is occupied. Thus, for the states under considration our 
commutators [p;z, pi] are equivalent to zero. 
We next consider [p, pt]. In this case, the right-hand side is 


yy P= Ui iM, (2.9’) 


-¥< "SB -3<"sg 
where 4, is the occupation number of the level #% Since the level 7, which lies 


between oa and = lies deep in the Fermi sea if # is small compared with 


Umax» it is occupied by one particle. Then the sum S)Vx is simply equal to the 


number of levels between —= and =. which is just x. So we find that [exy, e+] 


~ 


is equivalent to z. 


A similar consideration applies to the remaining commutators. We can see 
that the following commutation relations hold in the sense of equivalence : 


[ems Pai ]=20y, nr 
[Om Par ]=—2dy ow (2.12) 
Lees Par ]=0. 


In order that these simpler commutation relations can be used instead of 
the original ones, it was necessary that || and |z'| be sufficiently small compared 
With nx. We now discass this point more quantitatively. 


First we notice that the total number WV of the particles is related to ama. by 


N= 2x t 1, (2.13) 


which we shall make use of in later considerations. 


We now assume that in the states under consideration there are no holes 


under the level specified by |z|=un, « being a positive number less than unity. 
Then, we can easily see that 
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S inl, Sn] <a tina” (2.14) 


is the required condition for the validity of the simplar commutation relations. 
(The factor 3/2 is required in order that. (2.11) be equivalent to the third 
relation of (2.12)). 

So far as the present consideration is concerned, there is no restriction on 
a. But we shall see later that a must be 3/4 in order that the whole treatment 
work consistently. The required conditions will be found to be the following: 


(1) In the region |x| << tne there should be no holes. 
(II) In the region 21> 2 nue there should be no excited particles. 


(III) The absolute values of 2 in pf and pz should not exceed sas 
I 
|n| < 5 tmee: (2.15) 


Our method works when and only when these conditions are satisfied. The 
conditions (1) and (II) restrict the states; therefore, it is always necessary in 
applying our method to verify whether the states obtained as an answer do 
really satisfy these conditions. The condition (III) requires that no sound waves 
having shorter wave length than 2L/tmx play a role in the problem. This con- 
dition will be satisfied if the range of inter-particle force is sufficiently long. 
The reason for the the necessity of the special choice of a=3/4 will be given 


lates. 


§ 3. Equation of motion and Hamiltonian for the density field. 


We first consider the case of non-interacting particles. In this case the 
change with time of pz and p, can be obtained easily because we know the 
change with time of ¢, and ¢,*. In the general case we them find a very com- 
plicated time dependence of the p’s. The motions of pa and og, are by no 
means simple harmonic because each term of D¢*_n Y~,n has a frequency which 
depends not only on ” but also on 7%. ‘This fact means that the density does by 
no means behave like waves. 

However, we may here make use of our conditions imposed on the states. 
According to them holes and excited particles are present in a narrow interval only, 
from (3/4) max to (5/4) max, in the neighborhood Of #max. This results in non- 
vanishing matrix elements in pa, aa ¢. a being contributed solely by terms 
with Tk nearly equal to %max OF —%max according as we are dealing with py 


or pz. We may then approximate the frequencies of ¢* and y by their expansion 
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i ee a i . The frequenc 
in the neighborhood of i> = Max or R= — Umax respectively freq y 


~ 


of ¢. 2 is, for instance, 


Qrh $2 
as 2m SF 7 ) (a+ +2). 


ee 2 
m being the mass of the particles. If we here expand (+=) in the neighbor- 


ah 
hood of A+ > =Mmaxs WE get 


a] 


° 


— 2 ae 21 - 
(7+) = | Mmax + (a+ = — Umax )} 
2 —, 2 
=I + Dex (+2 Bde FE Be) 
Neglecting the small term (i+2 — max ), the time dependence of ¢y.» 


Py & 2 
den ee expil + ae ( “tt to? oe “nae (7 54 * le 
"2 Qin 


In the same way we have 


wy ww ex Z -.(= ‘ Hin 4 l Qrh ' Umax , oe 7” t 
Ya -$ P 2m tS L/im ( 2 a 


Then, combining these two, we get a time dependence for pz of the form 


Pa wy exp [--(4 Qrh 2 Joss | (3.1) 


WM 


becomes 


By the same consideration using the expansion in the neighborhood of #4 


=l—Hniaxy WE get 


i (2th \Y x 
- x Sh ae “max t. 33 
Pn ® exp | + r ( Z | (3.2) 


mn 
From (3.1) and (3.2) we see that o* and p7 satisfy the equations of motion 
A+ —_- (<3 : max o> 
h 


Pn = ——) —"“ up 


We m 


7 i ( 2nh\° Max, 
1 eas a ( 3 ) —— Ny » 


m2 


(3.3) 


We notice here that the commutation relations (2.12) lead to the fact that 
the canonically conjugate momentum for 


Prn=Pn + Pa (3.4) 
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wr 
Ww 


is given by 


a =< = (p-2 — pa). (3.5) 
As can be easily verified, we see that 
[ns Tar ]=29n nr. (3.6) 
By the equation of motion we then find 
ee Ge ae ‘a pail 


The last relation gives a physical meaning to our canonical momenta: As usual, 
momenta are proportional to the time derivatives of the coordinates. Though the- 
equations of motion of the form of (3.3) hold only for the case of non-interacting 
particles, we shall see later that (3.5’) holds more generally. 

We shall now set up the Hamiltonian for the p field. The Hamiltonian is 
determined by the requirement that 


+ e=[8, (*] (3.7) 


vield the equations of motion (3.3) wtih the help of the commutation relations 
(2.12). We then find that the Hamiltonian has a very simple form: 


_{ 27h 


Betas ai (eis Efex)! (3.8) 
Yt n>od 


The order of non-commuting factors is here specified by the condition that 
has no zero point value. 

Though we have set up the Hamiltonian in this way, it is by no means 
self-evident that this Hamiltonian gives in fact the energy of the system (or 
eventually energy plus some additive constant). That this is actually the case 
will be proved in the next section. 

So far we have neglected the mutual interaction between particles. It is 
quite simple to introduce the interaction into the theory, when the interaction 
force is of the ordinary type, neither of exchange type nor velocity dependent. 
In this case the interaction emery has the form 


=F fee) Mea" )dede" — yeeVOas, (3.9) 


1 


/(|\x—2'|) being the potential of the inter-particle force. The term J fer Oax 


is subtracted in order to remove the interaction of a particle with itself. In terms 
of the Fourier transform we find 


iL 9 il 
Hn = 3 L Pal-nJnt PE Io~ = PIO)» (3.10) 
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where /, is the matrix element of the potential defined by 
=) 28h eae (3.11) 
Ju=Xf J(2) exp (HF nz) des/ 


The prime on the 3)’ symbol means that the term with »=0 should be omitted. 
fo is the quantity defined by 
Po = Paha =, ; (3.12) 


i.e. the total number of particles. 

Since Hy, commutes with each p,, which is the sum p,+p;, the equation 
of motion for p, is not affected by the interaction, while the calions of motion 
for pt and pz. separately are affected by the interaction. This fact me that 
the canonically conjugate momenta =, are still given by (3.5’) irrespective of the 
presence or absence of the interaction. 

In terms of p* and p~ the interaction Hamiltonian can be expressed as 


= a -, + 
Aw= Del Bente + Pr Pn Pn Pat Pn P—m 
n>0 


+N}, —— NO). (3.13) 


+ 32h,+— 
n>0 2 
The term >} /, appeared when we performed the rearrangement of factors in 

fap» and Paes into the correct order. 

It is the essential point of our method that the energy, the ‘kinetic part” 
© as well as the “potential part’? Ay, is bilinear in the p*’s. This fact is in 
marked contrast to the fact that, in terms of ¢ and ¢*, only the kinetic part is 
bilinear ; the potential part contains four ¢'s. This latter fact makes it necessary 
to solve a complicated non-linear problem if one wishes to deal with a many- 
particle problem with inter-particle force. Now that we have found the Hamiltonian 
_to be bilinear in the p’s, irrespective of the presence or absence of the inter- 
particle force, we have no such difficulty if we deal with the problem in terms 
of the p field not in terms of the ¢ field. The problem is simply to perform the 
principal-axes transformation of the bilinear form, i. e. to find the normal coordinates 
for the oa field. 

Before we enter into this problem, we shall show that the Hamiltonian Se) 


is in fact equal to the kinetic energy of the system minus some constant which 
depends only on the total number of particles. 


§ 4. Energy and momentum of the system. 


In this section we give the proof that the Hamiltonian § really gives the 


kinetic energy of the system. This can be done by a straightforward calculation — 
in the following manner. 


For this purpose we first examine XU Pa Pa» We examine the diagonal and 
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the non-diagonal parts of 3} p_i es separately, where the matrix is supposed to. 
be referred to in the representation in which the occupation numbers of the 
particles are diagonal. 


We have 
FA ne ao 
Pe P—nPa. = | > >) oy PF a Pen ae Pa 
n — — 
Sate Se A a a 2 


Se DEO A Ae a ae 
v} 2 2 2 


max a ni wee 
= sn>0 n>0n/>0 


ve a ee (4.1) 


"max n>0 
2 


>n>0 
The prime on (33 5})’ means that terms with #=7’ are omitted. By this 
omission the first sum on the right-hand side of (4.1) gives the non-diagonal 
part and the second sum the diagonal part of 3} ei en. The summation over z 
is to be extended only up to #;/2 because of our condition (2.15) (IIT). 
We first observe the diagonal part 
Y= SS Cs (4.2) 


Mmax a He 
72>” >0 n>0O 


1 =MN max 


Fig. 1. 
We make use of the fact that, because of the first two conditions of (2.15), the 
summana (l—V__,)NV_,n has a non-vanishing value only at points (x, m) lying 
n— n+ 


inside the triangle ABC (see Fig. 1) enclosed by theathrecsstraiphtitines 
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Since the summand vanishes outside this triangle, two of the boundaries of the 


domain of summation 


n= max and 7z=0 (4.3) 


can be changed at our will so long as the changed boundaries lie outside the 


triangle. So we may use the boundaries 


n= 00 and a=s (4.3’) 
instead of the original ones. Then we have 
Dt= X Pay (1 — Wes, a), £ 
o>n>d0 n>> 
— >a (l1—Np-n V5. (4.4) 
n>0 nin 
We now notice that 
Se) oo Wa (4.5) 
n>0 nian nr 20 
I r 
and No. Vex =D eye : 
3 ae ‘ 9 | i Va 2 = Ns 
1 , 
= 5 ax (%max + 1). (4.5’) 
We then get from (4.4) 
1 
ee Nye ; 
LD™ oes a nN, 3 max (%max +1). (4.6) 
In the same way we get the corresponding result for Hy a 
1 
4) on 
“= 2 || 2 5 Mage (ewes L)x (4.7) 
We now go over to the ep part : 
Crt =a Bona Gee x)! re p. » o 
“MAS Sw 50 m>o w’50 eo Pan (4.8) 


and show that C+ vanishes. 
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By writing —z instead of ~, 7! instead of % and 7% instead of 7’, we see that 
€* can be written also in the following form: 


ET OE pal (PSM ips MOE ER ae poms 
"ES <n <0 ™>0 oe fn oo Panam (4.8 ) 
where we have used the fact that $2 1 $-_» commutes with $s _n $—.n since 
2 OV a ame 
% #7’. From (4.8) and (4.8’) we get 
1 
C= bai Sey me ee a Geng 
y ™max 2 ™max \ 2 oe *w . oj oe Param (4.87) 
TREE cq c "MAS 


Now a considerasion similar to the above one shows that, because of the condi- 
tion (2.15), we can change the boundaries of summation 


caches z=0 and 7’=0 (4.9) 


into new ones 


= 4,9/ 

’ 2 5) ( ) 

We then get 
Cras Pah lip Sh et han ae 2 Fz ee eee (4.10) 


—o<n<o m>-3 a> 
but this C+ vanishes as is shown in the following manner. 
By rearranging factors in (4.10) we get 
1 
+ , te ee ae a 4.10’ 
Cta—k Sy (SD SY 8g tag Hh Poage (410 


—-O<n<c@o n>-F nt >s 
If we put here 
1=7'—in 


po1+w+i+n) 
2 
| a he), 
2 
we can write (4.10’) in the form: 


ee Gx) ee 


QD, -wx<i<o Tout Z'>t 


bes Fora Pig AMD) 


That the domains of summation over /, 7 and 7 are really as specified by the 
inequalities under the summation symbols can be easily shown. One has only 


to notice the identities 
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ie i Wola 
oo ear 
ie ee 
H 5 =l+ 9 
Comparing (4.11) with (4.10) we find C*=—C~*, which means that 
C*=0. (4:12) 


A similar consideration applies to SJ ps pa. We find that the non-diagonal 
part of 3" ~; py vanishes : 
c-=0. (4.13) 


This rather lengthy proof that C*=C~=0 can be summarized in the follow- 
ing way. Each term in C* or C~ corresponds to a simultaneous transition of 
two particles. If there is a term corresponding to a transition a—6, c—d, 
there is always a term corresponding to the transition a—d, c— 6. Because of 
the Fermi statistics, the latter term has a sign which is opposite to the former 
so that they cancel each other when added together. 

Substituting (4.6), (4.7), (4.12) and (4.13) into §, we obtain 


9 2 
5=( Qrh ) Umax {33 |7| Na—tmasx( Bmax 1) } 
wh: Mm bi e 
Q7k \° 7 
= (=) Poms | 3 |x] (a1) + 3D Ia Nah. (4.14) 
I mM in! <®max "| >®max 


On the other hand the kinetic energy of the system is evidently 
9 2 

ark \* 1 v 
L/ 2m 


Hon =( nt? Ng. (4.15) 
In the state of perfect degeneracy, i.e., in the state where all levels between 
—Mmax AN 7yax are occupied and all other levels are empty, this energy becomes 
27k \? 1 
Hy=(—* —— St 

? L / 2m IS amax Cw 
We shall now show that, in the same approximation, which is allowed by our 
condition (2.15), our Hamiltonian § is equal to the energy (4.15) minus the 
constant energy (4.16) : S=Ayin—Ay 


We calculate Aiin—Ay in the following way: From (4.15) and (4.16) we 
get 


ang } 

Han Hy=( —— P = : 

P A 73 Sai ee (V,—-1)+ hana INAS (4.17) 
Making use of the assumption that heles and exci 


ted particles are present onl 
in the neighborhood of t?tmx, We see that JV, : ; 


—1 and X, differ from zero only 
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when z lies in the neighborhood of -t7,,,,... This allows us to use instead of 2° 
its expansion : 


= { + Mngax t+ (2 F Mmax) }? 
FY Minax + 2Mmax (71 Nmax) 
= — Max t 2max |7|- 
Substituting this in (4.17), we find 


2, v3 2 2 
Aa) | V— (Qtnge + 1)} +9. G17’) 
‘8 m 


A xin — y= —( 


Then the use of (2.13) gives immediately the required result: 
Fin — y=. (4.18) 


This result means that our Hamiltonian § is really the kinetic energy of 
the assembly minus a constant which depends only on the total number of particles. 
This constant is the energy of the assembly in the case of perfect degeneracy 
and thus § can be interpreted as the deviation of the kinetic energy from this 
standard value. We express this fact by simply calling § “ the excitation kinetic 
energy ’:. 

The total energy of the system is evidently 

H=$+ Hint (4.19) 


when there are inter-particle forces. 
The relations (4.6) and (4.7) can be used to express the momentum of the 
assembly in terms of p. Let the momentum be denoted by G. Then 


G=(2%) 3 (p43 —05 p5)- (4.20) 
L / n>0 
The expression for G applics irrespective of the presence or absence of the inter- 
particle force. 

One sees that for the proof of the relation (4.18) the possibility of change 
of domains of summation, the replacement of (4.3) by (4.3’) and the replacement 
of (4.9) by (4.9’), were essential. These are possible oaly when the three 
conditions in (2.15) are simultaneously satisfied. This is the reason why we had 
to choose the special value of u=3/4. It is easy to see that another choice of 
a would make it impossible to change the summation domains so that we would 
not get the relation (4.18). 


§5. Solution of the eigen-value problem. 


We now go over to the solution of the eigen-value problem of our Hamiltonian. 
As mentioned before, this can be done by performing the principal-axes trans- 
formation of the bilinear form representing the Hamiltonian. 
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Adding (3.8), (3.13) and H,, the total Hamiltonian is obtained : 
H=$+HintHo 


= p»} {( ee ees Mmax 4 7. (ps os + picP-x) 


+ an (px P-a+ Pn Pn) 


+ Unk +5 Nf—- SN) + (5.1) 
n>0 4 
We introduce real coordinates Q, and real momenta /, by means of 
Pa = 5 (Ont Pr) 


Meir ae 
P-2r= N a (an iP.) 


fa = res (Q-n—tP_n) 


\ P-a2r= = (c= +iP_n»), 


where the suffix # is considered positive. Then in terms of P’s a * Q’s the 
Hamiltonian is expressed as 


noi 2) eral pee ge) 


+4 SlH Jal Qs0-n—PaP-s) 


+5 Del tS NLS NI O) +H (3) 


In this expression the suffix takes both positive and negative values and the 
summation 5} is extended over positive as well as negative valus of 7. 


n 
The commutation relations for the P’s and Q’s are 


[Ons Py l= ee 
[Ons Ow \=(PFis Py |=0. (5.4) 


The transformation of A into principal form can be performed by defining 
new variables g, and ~, by means of the canonical transformation 


Paar data rei TP+s(ARS) -Gean) }2- 


T+ 2U,, 
Orsi: : al Gars nt2U/,, rate : 


Fg) MOREY la 


T, +20, 
(5.5) 
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with the abbreviations 


je (2) tom In, 
m (5.6) 
U,= |\2| J, . 


it can be easily seen that the g, and ¢, satisfy 


(Gas Parl =28xn0 ’ 
[ns Qu: \=(Pns px [=20) 


and that H is transformed into 


= SiR a ee 1 a 1 Came ee ray 
H= A 6 {V T.+20, ae Ee = 2» —— AVT 20, — ey 
> | ee 9? Fae se 


+5 NSN) +H, - (5.8) 
The momentum G, expressed in terms of g’s and 7's, is 
_ (27h Fo Ma ae Bh ey 
c= (2) za(Zeee ter) = 


The expressions (5.8) and (5.9) show that our system is in fact equivalent 
to an assembly of uncoupled harmonic oscillators, or, better, to an assembly of 
uncoupled sound quanta. Each sound quantum has momentum and energy given 


by 


momentum=( am yn n=O, £1, + 2, (5.10) 


and 
energy= VTa(In+20n) 


-|( si ) a ( = ) oe +2/f] al (5.10’) 


, Qrh\ . 
and the number of sound quanta with the momentum ( ; yn is represented by 


the operator 


1 asl igh ars aba (5.11) 


In terms of M/, the energy and the momentum are 


Hay T ATA, Mot LWT AD, —VT)} . 8 


+5Nfj— TNO) +H 
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and 


o=(=*) SI Ma (5.9’) 


respectively. ; 
In the wave language the relations (5.10) and (5.11’) state that the sound 


wave with the wave length 


Le (5.12) 
ial 
has the frequency 
yah (28) tome (228) Ame 42.7.) [a (5.12/) 
Zr em Lim 
The phase velocity of the sound wave is 
‘ Qh 2 Umax | Qrh ' 2max 9 an (5 13 
= max 4 ( — +2), : 13) 
( vhs ) m ( £, ) m Js 


The phase velocity given by (5.13) is dependent on » and hence on 4 when 
J, does not vanish. This means that, when the inter-particle force is present, 
our Fermi gas is dispersive. (5.13) shows further that the phase velocity of the 
sound waves increasés or decreases from its value in the ideal gas according as 
the inter-particle force is repulsive or attractive. 

The formula (5.8’) enables us immediately to calculate the energy in various 
stationaly states. In the lowest state, for instance, where there are no sound 
quanta, we get 


E=— DVT, (VT,+20, —~T.) 


bo] 


+5NY—-2NIO) +H. (5.14) 


In the case of an attractive inter-particle force it may happen that &, con- 
sidered as a function of Z, has a minimum for some value of Z. Then this will 
mean that the assembly is capable of forming a stable aggregate. 

In the case where /, is very small, we can expand “7,+2U, and thus 
express / as a power series in J, We shall then find that the term linear in 
J, together with the term A, gives the energy in the usual Tomas-Fermi ap- 
approximation including the effect of exchange. The energy quadratic in /, 


‘Corresponds to the energy obtained by Euler as the second order term of a 
perturbation calculation, 


§ 6. Correlation between particles. Transitions caused by an external 
perturbing force. Criterion for applicability of the method. 


In this section we shall mention some general results of physical interest 
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which can be obtained directly by our theory. We shall give also a criterion 
for the applicability of our method. 


(I) Correlation of position of particles. 


As is known there is no correlation between particles in an ideal gas besides 
that due to the exclusion principle. The interaction between particles causes 
an extra Correlation, which can be calculated very simply. 

Mathematically the correlation of position can be exppessed by the quantity 


1 
N? 


C8) =3K | reer de> (6.1 


C(¢)d giving the probability of finding another particle at a distance between 
€ and €+4€ from a paiticle. This correlation function can be calculated in the 
following manner. 

Expressing (6.1) in terms of the Fourier transform of e(%), we have 


pron, I 1 / \ _{ 2081 é 6.2 
CS Toney. pa \PnP—n/ Ar cos ( L ; ), ( ) 


so that our task is to find (p,9_,)4, 1n terms of the g’s and #’s defined by 
(5.2) and (5.5) the operator fn pn is 


z ae 2 2 i) 2 2 “eee 63 
nw 2n, | __*" _{— (pa +n) +—( Pont 9-n). + Qn 9-n pa? oh (6.3) 
Pa Pom = 20) 7 |g (Pe ae) ty P2925) 
It then follows that 
elas 6.4 
=? i fs M_, AE 
(Palm) v= 20/7 Mat Men 1) (6.4) 
which gives 
Lic epee aie 3 Spyebel a 6.5 
oS 5+ 5p EUS) TSEC GL ) (6) 


Che correlation tunction C(€) consists of two parts. The one is the part ex- 
pressing the correlation which already exists in the absence of the inter-particle 
force. This part is due solely to the exclusion principle. This part of the 
correlation can be obtained by putting U,=0 in (6.5). Denoting this part of 
C(é) by G,(&), we have 


DI ms 


1 J 1 ’ 6.6 
Cy (€) oe x (+>) In| cos (a (6.6) 


The second part of C(&) is that part of the correlation which is purely due to 
inter-particle forces. Denoting this second part by C,(€), we get 


(AES =; pa (6+ \ le 1)|! cos ( os é). (6.7) 
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(6.7) can also be written as 


CO=Ala = (164 2) (yz — 1 sin()- (6.7’) 
Then the quantity 
D,@)=54 3 (ae+5\,/ eee, sin( #11 ¢) (6.7”) 


can be interpreted as’ the change of probability due to the inter-particle force of 
finding another particle within the distance ¢ from a particle. 


(II) Matrix element of an external perturbing force. 


Suppose an external perturbing force is impressed upon the system. Then 
the perturbation will cause transitions of the system. As is well known, the 
transition probabilities depend essentially on the matrix elements of the perturbing 
energy. Now, it is very simple to calculate these matrix elements. 


Let the potential of the perturbing force be V(#). Then the perturbation 
energy is 


H' =| p(x) V(x) de 
=D A(ei + pe) + Vino +es)}, (6.8) 


where V,, and V_, are the matrix elements of I(x) defined by 


v= | V(x) exp (=F nx ) ax 


(6.9) 
V_.= Pa ° 
In terms of the g’s and #’s it is found that 
i in a n r * ‘ 
+,/ 5 Von G-n+ipn) + (Qn—ifn) } i (6.10) 


Now, the matrix elements of Qanttpin as well as 9in—ify, are all known. 
They are the matrix elements for harmonic oscillators. Our result (6.10) shows 
that the matrix elements of H’ are given simply by multiplying these universal 
matrix elements by the factor (7; n/1,+2U,)''Wn/2 V.,. When the inter-particle 
force is absent, the factors are simply ™ n/2 Ven. Our result shows that the 
effect of the inter-particle force is simply to replace Vn/2 V4, by (7,+2U, ra 
x Vn/2 Vi... The effect of the inter-particle force can thus be dealt aM ad an 
apparent change of the perturbing potential by the factor (Tn/Tn+2U,)", the 
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effective potential being expressed as 


= aL os 
Vee =( 2) Vn. 
ie 1/4 é 
The tactor ae) is larger or smaller than unity according as the 


inter-particle force is attractive or repulsive. This means that in the case of an 
attractive inter-particle force the effect of an external perturbing force becomes 
larger, and in the case of a repulsive one the perturbing force becomes less 
effective as compared with the case of an ideal gas. 


(111) Criterion for the applicability of the method. 


Because our theory is based on the fundamental conditions of (2.15), it is 
necessary to see under what circumstances we can be sure that these conditions 
are satisfied, at least approximately. 

It is first clear that the range of the inter-particle force should not be too 

‘short in order that the third condition of (2.15) be satisfied. This condition 
requires that sound waves with wave lengths shorter than 2Z/7,x play no role. 
Let us fist consider the lowest state. Then this condition requires that in the 
sum 31 V7, (V7,+2U,—~T,) of (5.14) no contribution should arise from 


terms “with 2 > Mmax/2. This requires that /, is negligibly small for 2 > %max/2- 
Thus, roughly speaking, the range of the force should be longer than 2L/2max oF 
larger than four times the mean distance of particles. 

In the excited states we have to impose a further condition: There should 
not be any sourd quanta with wave length shorter than 2L/max- 

In order to see whether or not the first two conditions of (2.15) are satisfied, 
it is necessary to examine the eigen function which is obtained and see how the 
holes and excited particles are distributed among the levels. If this eigen function 
is such that the probability distribution of holes and excited particles is essentially 
limited between the levels (3/4) max and (5/4) max, the solution obtained will 
be a good approximation. There is a rough but simple criterion to see under 


what circumstances such will be the case. 

It is to calculate the mean excitation kinetic energy per particle. If this 
energy is too large, we must expect that there will be a large number of highly 
excited particles and many holes lying deep in the Fermi sea. If this energ 
is small, we are sure that the excited particles and holes are present only in the 
neighborhood of the Fermi maximum. 

The excitation kinetic energy per particle is given by 


she LT RO ae eee th 
Wy bia= Ditmar 1 ( i = 2 rps Pn + On ips Be ( ° ) 
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where we have 


7 f 1 9 2 
Sy Bs a a Me! T,+20, ,/ ie i net nm —— Ber se | | 
0 Pa + Pn pa=2l(/ aa i ee 5 (Pn +9 ty P-at9 , 


To a Tn : 4 4n-») —2 | 
+(,/ T. ry)? 


Taking the expectation value, we then get 


1 (6) ,n( 24) 1 pl | Tat 20ny | Te Var 
iv (Dae L£ Sacks ( a ws aaa 
Ue OS Be tal 6.13) 
+3 a ) =" 
in particular, for the lowest state 
1 Qnk \* I Jf +2U,,'/ Ta __9 6.13" 
—— = ———- = nt f —" 4 mi. - 
ees or Sank T, 7,420, din Oe 


We must now determine the value of this mean excitation energy below 
which our method works. In order to find this critical value, we consider a 
special state in which all particles in the levels between (3/4) max ANd Aygx are 
raised to the levels between max and (5/4) max. In this state the mean excitation 
2rh \ 1 tax 

m 
than this amount in some state, it is certain that in this state some particles are 
excited to levels higher than (5/4) 2, or some holes are present in levels below 
(3/4) max» So our method cannot work consistently in such a case. We find 
in this way that the necessary condition tor the applicability of our method is 


energy per particle is ( If the mean excitation energy is larger 


] 22% 21 ni . 
nh iy, tol Se atin 6.14 
ya ya ZL ’m 16 ( ) 
In the lowest state (6.14) is 
T_+2U~ da Ty —2) Sina 
si ( of tees ra) <a (6.15) 


Of course the condition (6.14) or (6.15) is only necessary but not sufficient. 
There may be cases in which this condition is satisfied and still our method does 
not work. But such circumstances will occur rather exceptionally. 

The condition (6.15) is certainly satisfied if the inter-particle force is so 
small that we can expand the square root of the form V7,+2U, as a power 
series in J, and use only a few terms. This condition is just the one required 
by the validity of the perturbation theory. But the condition (6.15) is weaker 
than the condition arising in the pérturbation theory, because (6.15) does not 
require that /, be uniformly small for all values of 7. {t requires only the 
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smallness of the sum as a whole, and therefore our method has a wider domain 
of applicability than the perturbation theory. Because of the factor » outside 
the bracket, terms with x small do not contribute much to the sum on the left- 
hand side of (6.15), so that 7, with small ~ may even be very large, provided 
that 7,,+2U,, does not become negative. This fact means that ~~ method is 
especially suitable for long-range repulsive interactions. As has been first noticed 
and worked out by Bohm, the method of sound waves provides a very promising 


|means for the study of an assembly of electrons interacting with each other 
through a repulsive Coulomb force. 


§7. Concluding remarks. 


In concluding the paper, we shall give a few disconnected remarks. 


(1) Plasma-like oscillations. 


In order to relate the results of our considerations to the work of Bohm, 
we shall mention briefly the bearing of our results on plasma-like oscillations of 
a degenerate electron gas. In this case the inter-particle force is the Coulomb 
repulsion. By Coulomb force is meant here the fact that 7, is proportional to 
to 1/n. (Notice that the Poisson equation for a point source is 7°/,=const. 
hen expressed in terms of the Fourier transform of the potential). According 
to (5.12’) we find that in this case V, is independent of ~ for small x, i.e. for 

Qin ea 
i mt 
This means that the frequency of the wave is independent of the wave length, 


which is characteristic of plasma oscillations. 

Another remarkable fact which occurs in the case of Coulomb repulsion is 
“'the following. According to (6.11) we find that the matrix elements of the ex- 
ternal perturbing force become very small for small 2. This means that the 
plasma oscillations are disturbed very little by external perturbing forces. This 
fact has been anticipated by Bohm in his paper about superconductivity.’ 


as compared with 2/,=const/z’. 


7 so small that we can neglect ( 


(II) Relation between the two kinds of descriptions. 


As we have seen, the system can be described either as an assembly of Fermi 
particles, or as an assembly of sound quanta. Then the question arises: What 
n one of which the occupation numbers 


. 


relation will exist between the states, 1 
_of the Fermi particles have some specified values, and in the other of which the 
occupation numbers of the sound quanta have some specified values.* As the 


operator 4 (p8+4e)—5 which represents the number of sound quanta, and 


the operator ¢¢,, which represents the number of Fermi particles, do not 
commute with each other, it is clear that one cannot assign numerical values 
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simultaneously to both kinds of occupation numbers. In other —— a state in | 
which the occupation numbers of sound quanta have some Getic values is a 
complicated superposition of various states, each of which is specified by a different 
set of which is specified by a different set of values of occupation nnn of 
Fermi particles, and vice versa. The statistical relation between the _ kinds 
of occupation numbers will be obtained if one can determine the amplitude of 
each state in this superposition. We shall describe here briefly the general pre- 
scription to get this statistical relation. 

First consider the case of a system of non-interacting particles. In this case, 


9 9 1 
we can use 5 (P+ Qn!) — = instead of Sita) —Z- The operator §, re- 


presenting the energy of the system, is a function of the number of sound quanta. 
At the same time, it is a function of the number of the Fermi particles too. 
This means that a state in which the occupation numbers of sound quantn have 
some specified values, and a states in which the occupation numbers of Fermi 
particles have some specified values, are both some eigen-states of the energy 
operator. This fact results in all states in the superposition mentioned above 
belonging to the same eigenvalue of the energy. Now, because the number of 
linearly independent states belonging to one eigenvalue of § is finite, one has 
only to solve a secular equation of finite degree in order to determine the coef- 
ficients in the superposition under consideration. So it is always possible, at 
least in principle, to answer the question about the statistical relation between 
the two kinds of occupation numbers. 

In the case of interacting particles, we must first express the state in which 
the occupation numbers of the sound quanta have definite values as a superposition 


of various states, each having some definite set of values of 5 (Pi+Q2)—5 


The problem is none other than to expand Hermite functions of g’s in terms of 
other Hermite functions of Q’s. We then apply the method mentioned above 
to each term of this superposition. In this way we find the required statistical 
relation for the general case. 

In a stationary state the occupation numbers of the sound quanta have some 
definite values, but the occupation numbers of the Fermi particles do not. The 
stationary state is a very complicated superposition of states with various numbers 
of holes and excited particles at various levels. This means that the stationary 
state is very far from a state where only one particle is excited to some higher 
level. This fact corresponds to Bohr's statement’ that the one-particle model is 
a very bad approximation for the stationary states of such an assembly. 


(IIT) A possible application to the case of exchange forces. 


Though our method is applicable only to the case of ordinary forces, there 
see. to be a hope of applying it also to the case of exchange forces. It is to 
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combine it with Ritz’s procedure using a trial function whose form is suggested 
by our method when applied to ordinary forces. This procedure means physically 
to replace the exchange force by an equivalent ordinary force in such a way as 
to gives the best approximation. 

Unfortunately, the mathematical structure of the method when generalized to 
the three-dimensional case is not simple and the author has not yet accomplished 
it. So in this paper we must be content only to present considerations of a 
rather mathematical nature without entering into real physical problems. 
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Abstract 


A statistical method for computing high energy collisions of protons with multiple production 
of particles is discussed. The method consists in assuming that as a result of fairly strong inter- 
actions between nucleons and mesons the probabilities of formation of the various possible 
numbers of particles are determined essentially by the statistical weights of the various possibilities. 


1. Introduction. 


The meson theory has been a dominant factor in the development of physics 
since it was announced fifteen years ago by Yukawa. One of its outstanding 
achievements has been the prediction that mesons should be produced in high 
energy nuclear collisions. At relatively low energies only one meson can be 
emitted. At higher energies multiple emission becomes possible. 

In this paper an attempt will be made to develop a crude theoretical approach 
for calculating the outcome of nuclear collisions with very great energy. In 
particular, phenomena in which two colliding nucleons may give rise to several 
m-mesons, briefly called hereafter pions, and perhaps also to some anti-nucleons, 
will be discussed. 

In treating this type of processes the conventional perturbation theory solution 
of the production and destruction of pions breaks down entirely. Indeed, the 
large value of the interaction constant leads quite commonly to situations in which 
higher approximations yield larger results than do lower approximations. For 
this reason it is proposed to explore the possibilities of a method that makes use 
of this fact. The general idea is the following : 

When two nucleons collide with very great energy in their center of mass 
system this energy will be suddenly released in a small volume surrounding the 
two nucleons. We may think pictorially of the event as of a collision in which 
the nucleons with their surroundiag retinue of pions hit against each other so 
that all the portion of space occupied by the nucleons and by their surrounding 
pion field will be suddenly loaded with a very great amount of energy. Since 
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the interactions of the pion field are strong we may expect that rapidly this energy 
will be distributed among the various degrees of freedom present in this volume 
according to statistical laws. One can then compute statistically the probability 
that in this tiny volume a certain number of pions will be created with a given 
energy distribution. It is then assumed that the concentration of energy will 
rapidly dissolve and that the particles into which the energy has been converted 
will fly out in all directions. 

It is realized that this description of the phenomenon is probably as extreme, 
although in the opposite direction, as is the perturbation theory approach. On 
the other hand, it might be helpful to explore a theory that deviates from the 
unknown truth in the opposite direction from that of the conventional theory. It 
may then be possible to bracket the correct state of fact in between the two 
theories. One might also make a case that a theory of the kind here proposed 
may perhaps be a fairly good approximation to actual events at very high energy, 
since then the number of possible states of the given energy is large and the 
probability of establishing a state to its average statistical strength will be increased 
by the very many ways to arrive at the state in question. 

The statement that we expect some sort of statistical equilibrium should be 
qualified as follows. First of all there are conservation laws of charge and of 
momentum that evidently must be fulfilled. One might expect further that only 
those states that are easily reachable from the initial state may actually attain 
statistical equilibrium. So, for example, radiative phenomena in which photons 
could be created will certainly not have time to develop. The only type of 
transitions that are believed to be fast enough are the transitions of the Yukawa 
theory. A succession of such transitions starting with two colliding nucleons may 
lead only to the formations of a number of charged or neutral pions and also 
presumably of nucleon-anti-nucleon pairs. The discussion shall be limited, chere- 
tore, to these particles only. Notice the additional conservation law for the 
difference of the numbers of the nucleons and the anti-nucleons. 

The proposed theory has some resemblance to a point of view that has been 
adopted by Heisenberg’ who describes a very high energy collision of two nucleons 
by assuming that the pion “ fluid”? surrounding the nucleons is set in some sort 
of turbulent motion by the impact energy. He uses qualitative ideas of turbulence 
in order to estimate the distribution of energy of this turbulent motion among 
eddies of different sizes. Turbulence represents the beginning of an approach to 
thermal equilibrium of a fluid. It describes the spreading of the energy of motion 
to the many states of larger and larger wave number. One might say, therefore, 
in a qualitative way that the present proposal consists in pushing the Heisenberg 
point of view to its extreme consequences of actually reaching statistical equilibrium. 

The multiple meson production has also been investigated in an interesting 
paper by Lewis, Oppenheimer and Wouthuysen®?. These authors stress the 
importance of the strong coupling expected in the pseudoscalar meson theory for 
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: : tealicity: 
the production of processes of high multipucit . 
In. the theory here proposed there is only one adjustable parameter, the 


volume 2, into which the energy of the two colliding nucleons is dumped. Since 
the pion field surrounding the nucleons extends to a distance ot the ordex h/ pe 
where » is the pion mass, 2 is expected to have linear dimensions of this order 
of magnitude. As long as the Lorentz contraction is neglected one could take 
for example a sphere of radius %#/yc. However, when the two nucleons approach 
each other with very high energy in the center of gravity system, their 
surrounding pion clouds will be Lorentz contracted and the volume will be 
correspondingly reduced. ' 

For this reason the volume 2 will be taken energy dependent according to 


the relationship : 
5, 9 
On ioe (1) 


where 2, is the volume without Lorentz contraction. Ji” is the total energy of 
the two colliding nucleons in the center of gravity system and JV is the nucleon 
mass. The factor 24/°/W is the Lorentz contraction. The uncontracted volume 
&, may be taken as a sphere of radius R: 


2, =42R*/3. (2) 


It is found in the applications that one seems to get an acceptable agreement 
with known facts by assuming : 


R=i/pc=1.4 x 10-%cm. (3) 


This choice of the volume, although plausible as order of magnitude, is 
cleatly arbitrary and could'be changed in order to improve the agreement with 
experiment. One finds that an increase of 2, would tend to favor processes in 
which a large number of particles is created. 

According to this point of view the total collision cross-section of the two 
nucleons will be always of the order of magnitude of the geometrical cross-section 
of the pion cloud. In the numerical calculations actually, the total cross-section 
has been taken equal to area of a circle of radius R, namely, 


Sr =7R*, (4) 


Assuming (3) one finds 4,.=6Xx10-“cm®. In order to compute the partial cross- 
section for a phenomenon in which for example three pions are produced in the 
collision, one will multiply the total cross-section (4) by the relative probability 
that three pions instead of any other possible number and kind of particles are 
produced. 

The probability of transition into a state of a given type is proportional to 
the square of the corresponding effective matrix element and to the density of 


High Energy Nuclear Events 573 


states per unit energy interval. Our assumption of a statistical equilibrium consists 
in postulating that the square of the effective matrix element is merely proportional 
to the probability that, for the state in question, all particles are contained at the 
same time inside 2. For example in the case of a state that describes ~ com- 
pletely independent particles with momenta #,, ~5,-:*, this probability is (2/)”)” 
where V is the large normalization volume. The number of states per unit energy 
interval is 


i ay” ord, 
( Sta / aw Qu), 
where Q(W) is the volume of momentum space corresponding to the total energy 
W. The probability for the formation of the state in question is therefore assumed 
to be proportional to the product: 
_(_2 VY 4a) 
S(n) =( sae) oy (5) 
There are some complications arising from the fact that the particles are 
not independent. 
a) In the center of mass system the positions and momenta of only x—1 
of the ~ particles are independent variables. For this reason the exponent of 2 
will be z—1 instead of 2. Aiso the momentum space Q(W) will be 3(z—1)- 
dimensional instead of 37-dimensional. 
b) Some of the particles may be identical and this fact should be taken 
into account in computing Q(IV). 
c) Some of the particles may carry a spin and one should then allow for 


the corresponding multiplicity of the states. 

d) The conservation of angular momentum restricts the statistical equilibrium 
to states with angular momentum equal to that of the two colliding nucleons. 
In all cases considered x for the aucleons is smaller than the radius 4 pe of 
the sphere of action. It is then meaningful to discuss separately collisions with 
various values of the impact parameter 4 (4 is the distance of the two straight 
lines along which the nucleons move before the collision). In units of @ the 
angular momentum is /=4/%. The cross-section for collisions with impact parameter 
between 4 and 6+aé6 is 274db=2ni*/d/]. One should treat separately collisions 
with different values of the impact parameter and compute for each of them the 
probability of the various possible events. The cross-section for a special event 
is then obtained by adding the contribution of the various /-values. 

It is found in most cases that the results so obtained differ only by smal! 
numerical factors from those obtained by neglecting the conservation of angular 
momentum. 

This has been done as a rule in order to simplify the mathematics. The 
corrections arising from the conservation of angular momentum have been, how- 
ever, indicated in typical cases. 
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2. Example. Pion Production in Low Energy Nucleon Collisions. 


As a first example the production of pions in a collision of two nucleons 
with relative energy barely above the threshold needed for emission of a pion 
will be discussed. This example is chosen because it is the simplest possible. 
It is, however, a case in which the statistical approach may be misleading, since 
only few states of rather low energy are involved. We will first simplify this 
example by disregarding the spin of the nucleons as well as the possible existence 
of a spin of the pions and by disregarding also the various possible electric 
charges of the particles in question. In the center of gravity system we will 
have therefore two nucleons colliding against each other. 7/2 is the kinetic 
energy of each of the two nucleons. A pion can be emitted when T> ype’. We 
shail assume that this inequality is fulfilled; that the kinetic energy, however, 
exceeds the threshold by only a small amount, so that both the two nucleons 
and the pion that may be formed will have non-relativistic energies. 

Conservation of energy in this case allows ouly two types of states; Type 
(a) in which the two nucleons are scattered elastically without formation of pions ; 
and type (b) in which a pion is formed and three particles, two nucleons and 
a pion, emerge after the collision. 

The statistical weight of the states of type (a) is obtained as follows. Since 
the momenta of the two nucleons are equal and opposite the momentum space 
will be three-dimensional. We can conipute the statistical weight with (5). s 
will be taken=1 because the momentum of one particle determines that of the 
other. The reduced mass is 1/2, the momentum p=¥A/T and the phase 
space volume Q(7)=477°/3. According to (5) the statistical weight of this 
state has therefore the familiar expression : 


“VT. (6) 


S, should be compared with the statistical weight S, for case (b) in which 
three particles, tvo nucleons and one pion, emerge. Since the total momentum 
is zero, only the momenta of two of the three particles are independent and 
therefore in (5) s=2. The calculation of the momentum volume involves some 
slight complication on account of the conservation of momentum. Let p be the 


momentum of the pion and let the momenta of the two nucleons be — p+. 
The kinetic energy will then be: 


a pe! Ne Le 
Ti (Sat gag) + a8 - 
where 7;=7— 40" is the kinetic energy left over after a pion has been formed. 


Formula (7) represents an ellipsoid in the six dimensional momentum space of 
the two vectors g and g. Its volume is: 
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m/4 2), \3/2 
0;= Wale ) py (8) 


* 81 \Qa+yp 


The factor 2°/3! is, for a six-dimensional sphere, tne analog of the factor 47/3 
in the volume of an ordinary sphere. Substituting in (5) one finds: 


(9) 


em go Mp yn SM eT? 

167948 \2M+ pe eg hS2WGD 1288 
The last expression is simplified by assuming <M. The probabilities of the 
two events (a) and (b) are proportional to S, and S; Since S, is very small, 
we may take the ratio S,/S, to be the probability that the collision leads to 
pion formation. This is given by: 


Seek el tats ie PE) ef SEK LEO 
| Senge CARTES Ta Ea SV 2 mic 


Since 7 is barely larger than the threshola energy uc, this value has been sub- 
stituted for 7 in the denominator. In this cise also the Lorentz contraction of 
tk2 two colliding nucleons is negligible and we can therefore substitute for 2 the 
value 2, given by (2) and (3). One finds: 


Sa ” 


The cross-section for pion formation is given by the product of the total cross- 
section (4) and the probability (11). For example, in a bombardment of 
nucleons at rest with 345 MeV nucleons, (the proton energy available at Berkeley) 
one finds that the energy available in the center of gravity system is T=165MeV. 
On the other hand p?2=140MeV and the previous formula gives therefore S;/S, 
= 0038. This means that at this bombarding energy a pion will be formed in 
about 0.4 per cent of the nucleo collisions. 

If one examines the process more in detail one will recognize that in a 
collision of two protons the probability of emission of a positive pion is twice (11) 
namely, .0076. Because if a positive pion is formed a proton and a neutron, 
instead of two protons, will also emerge. Their statistical weight is twice that 
for two protons because they are not identical particles. Similarly in the collision 
of a proton and a neutron the probability of emission of a positive pion is one- 
half of (10) namely, .0019. The probability of emission of a negative pion is 
the same. 

For example, when a carbon target is bombarded by 345 MeV protons the 
probabilities that tue collision takes place between the proton and another proton 
ora neutron are the same. Hence, the probability of emission of a positive pion 
will be .0076/2+.0019/2; that is, .0048 ; and the probability of emission of a 
negative pion will be .0019/2=.001. Since the nuclear cross-section of carbon 
is about 3x 10-%em’, one will obtain the expected values of the cross-sections for 
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emission of a positive and a negative pion by multiplying” ie nuclear ahaaenitccr 
by the above probabilities. The results are 1.4x10-%cm’* for the positive and 
3x 10-cm? for the negative pions. Considering the extremely crude calculation 
these values are in surprisingly good agreement with the experimental results. 

In the above discussion the conservation of angular momentum has been 
disregarded. When a pion is produced the kinetic energy of the three emerging 
particles is small and they will therefore escape in an s-state. Consequently, 
only the initial states of zero.angular momentum can be contribute to this type 
of final state. Their maximim cross-section has the well known expression zik® 
which is appreciably smaller than (4). However, also the competition of elastic 
scattering versus pion production is less since only the scattering states of zero 
angular momentum will contribute. 

By carrying out the calculation one finds that the two effects almost cancel 
each other and that the conservation of angular momentum changes the previous 
results for the cross-section for pion production by only a factor 2/3. As long 
as the conservation of angular momentum is neglected one expects the scattering 
of the two nucleons to be spherically symmetrical in the center of mass system. 
This is no longer the case when the angular momentum is conserved. One 
finds then that the elastic scattering cross-section per steradian in the center of 
mass system instead of being constant is approximately proportional to 1/sin 9, 
where @ is the scattering angle in the sam2 system. 


3. Formulas for the Statistical Weights. 


Some standard formulas expressing the statistical weights, S, for a number 
of simple cases will be collected here. 
First, the case will be considered that after a collision » particles emerge 


With masses 72, 12°+++++1,. Neglecting spin properties and assuming that the 
particles are statistically independent, and disregarding also the momentum con- 


servation, one finds for S the following two formulas corresponding to the classical 
and to the extreme relativistic case : 


(190,1705°++97t, PQ” TAH 
oa ere -— + — : 


_ . = ’ 12 
DSnl2gpin/2 psn (32/2— 1) ! ( ) 
(classical case) 
Q we 
S.= : . 
mA" (3x —1) | 3) 


(extr. relativistic case) 


In (12) 7 is the total classical kinetic energy of the x particles and in (13) W 
is the total energy including rest energy of the x particles. One can also compute 
a formula for the case that s of the particles, usually the nucleoas, are classical 
and 7, usually the pions, are extreme relativistic. Neglecting again spin statistics 
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and moment 10% i i i 
um conservation and assuming further that all the classical particles 
have the nucleon mass, J/, one finds : 


on ee WE Sarees 4 
D3s/2opin +38 /2 B38 + 3n /3r (374+3s/2— 1) : ( ) 
It is sometimes convenient to re-write (14) in the following form: 
(ieee ‘= s Je) ieee 
38/2 ()s/2+1/3 2/3 
S(s,1) = 38/2 “ale a 38/2 an (15) 
Drala ert an (8z+3s/2—1)! 2 


since it is thus easy to obtain an approximate expression for the sum of the 
statistical weights S(s, 2) over all values of 7. The approximation applies to the 
cases when the average value of ” is>1. One finds then : 


38/2 ()s/2+1/3 1/3 ( 177 2 
el Meshes exp(= (II a). (16) 


3 x D3sl2qps/2+2/3 938/241 ol t1 he 


a S(s,2)~ 


The numerical values of (15) and (16) adopting for 2 (1), (2) and (3) are: 


1u—S ‘iavoae 


6. - 
6.31 me yk zs (17) 


MC? S(s, x) =—, 
qs (32+3s/2—1)! 
and: 
o 3/2 ph 
Me S S(s, 2) wa (785 exp (6.31 a) (18) 
n=0 wi? \ w hil 
where one has put 
wW= W/Me (19) 


and it has further been assumed p/M=.15. 

In the previous formulas the momentum conservation has been disregarded. 
The formulas, however, can be generalized without difficulty so as to introduce 
at least approximately the requirement that the total momentum be zero. The 
approximation consists in assuming that the mass of the pion is very small 
compared to the nucleon mass. The momentum of the nucleons will then be 
much greater than the momentum of the pions since the kinetic energy is 
approximately equipartitioned among the various particles. Therefore, one can 
approximately apply the condition that the sum of the momenta vanishes to the 
nucleons only. One recognizes then that formula (15) must be changed as follows. 
a) Instead of s one will write s—1 at all places except in the term: W—sJdle? 
since we have now s—! independent momenta of the heavy particles. b) The 
factor M2 must be changed because instead of the mass one should substitute 
an expression which is the analog of a reduced mass. It is found that the 
factor in question must be substituted by J7%°-??/s"?, When the conservation 
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of momentum is approximately taken into account formulas (17) and (18) should 
then be changed as follows: 


. 98.8 \@-YP? (6.31 (w—s qos Sn+%s/2—1 ‘ 
Me S(s,2n)= _ 6.31 _ “.) ( ( ) fe") : (20) 
As y-4 


eT ie (32+3s/2—1)! 
co 92 (s—1)/2 . 
Me >) S(s, 7) euedts ( 108 ) exp (6.31 (cv—s)/x"”). (21) 
n=0 See zw 


In all the preceding formulas the particles have been assumed to be statistically 
independent. As long as few nucleons and pions are involved, the error is not great. 
Larger errors are expected for high multiplicity. The formulas, however, become 
quite involved since there are at least three kinds of pions and four kinds of nucleons 
and anti-nucleons. No attempt has been made to introduce these complications 
for phenomena of relatively low energy. They have been calculated as if there 
were only one type of pions, one of nucleons and one of anti-nucleons statistically 
independent. This procedure is certainly inadequate and will give a too high 
multiplicity at high energy. For phenomena of extremely high energy it becomes 
simple to introduce the statistical correlations by substituting the statistical by 
a thermo-dynamical model. This case will be treated in Section 6. 

In the previous expressions also the conservation of angular momentum has 
been neglected. The error introduced with this omission will be discussed in 
Section 6, where an appropriate correction factor for it will be given. 


4. Transition from Single to Multiple Production of Pions. 


In Section 2 the emission of a single low energy pion has been discussed. 
Collisions of higher energy in which besides the two original nucleons also 
several pions may be produced will be considered now. A rough indication of 
the features of this process may be obtained by computing the relative probabilities 
for the emission of 0, 1, 2,-++-+- n-+» pions with (20). In that formula one will 
put s=2. Statistical correlations and conservation of angular momentum will be 


negelcted. Omitting a common factor, the probabilities of the various values of 
# are proportional to: 


251 “iis 2 6 " 
= (w—2yP (3 xP xx wet): (22) 


w 


Table I gives the probabilities of pion production of different multiplicities 
calculated according to this formula. The first column of the table gives the 
energy, w, of the two nucleons in the center of gravity system in units of Me. 
The second column gives the energy, z’, of the primary particle in the laboratory 
frame of reference. The next eight columns are labeled by the number, x, of 
pions produced and give the probabilities of various events in per cents. The 
last column gives the average number of pions produced. 
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TABLE I 
w w! n=0 1 2 3 4 5 6 7 n 
2.5 PAL 49 AT 4 . 
3 3.5 9 59 30 2 1.2 
3.5 5.1 2 31 46 18 3 1.9 
4 7.0 13 40 33 il 2 2.5 
5 5 2 15 34 31 14 3 1 3.5 


Notice that already for a bombarding energy of about 1 BeV corresponding 
to the first line of the table the probability of elastic collision of the two nucleons 
is 50%. This probability decreases rapidly and drops below one per cent for 
bombarding energies of about 5 BeV. As the bombarding energy increases the 
probability of multiple phenomena increases as indicated in the table. The most 
probable value of x according to (22) should be given approximately by 
2.1(z—2) /w"*. 

It will be seen in Section 6 that at high energy very appreciable errors are 
are introduced by neglecting the angular momentum conservation and the statistical 
correlations. Table I gives only a qualitative indication of the transition from 
elastic scattering to single and then multiple pion production. The quantitative 
features of the multiple production, however, should be more reliably represented 
by formula (32). 


5. Production of Anti-Nucleons. 


When the two colliding pions have a total energy >4Mc in the center of 
gravity system, competition with processes in which a nucleon-anti-nucleon pair 
is formed becomes possible. When the energy is barely above the 4/’-thres- 
hold, no pions can be formed accompanying the pair. As the energy increases, 
however, the pair will be as a rule accompanied by a number of pions. For 
moderate energy w< 10 one will use formula (20). Substituting in it s=4 we 
obtain the statistical weight for nucleon pair formation associated with the emission 
of x pions. Substituting s=2 we obtain an expression proportional to the pro- 
bability that no pair is formed and the two original nucleons plus 7 pions emerge. 

Omitting the common factor Mc one obtains from (20) : 


_ TTS (6.31 (w—4)/ai yer" be 
ok eT. asia aww, a 


In normalizing these probabilities to total probabilitiy=1, one can make use of 
the fact that the probability of pair formation in the range of energies here dis- 
cussed is always less than one per cent. One can therefore disregard the pair 
formation in the normalization factor which reduces to ¥} S(2,2). In calculating 


this sum one can use (21). One obtains in the end the following expression 
for the probability of pair formation accompanied by 7 pions: 
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105 631 w—4 \™+7? exp(—6.31(w—2) /w') 
ACT Um: ( wi (3n+7/2)! 
TABLE If 

w aw! n=0 n=1 n=2 n=3 n=4 Total 

2 Ag?/? 
4te 7.0 1000 ¢7/2 
45 9.1 14 6 15x10-4 
5 11.5 27 8 oa 36 x 10-4 
5.5 14.3 21 21 5 D5 47 x10-4 
6 16.9 12 5 14 3 3 54x 10-4 


Columns 3 to 7 inclusive x 10-4 


Table II is calculated with this formula. Again the first and second columns 
represent in units of Mc the total energy in the center of gravity system and 
the total energy of the bombarding particle in the laboratory system. The next 
five columns give the probabilities of pair formation accompanied by »# pions. 
These probabilities have been multiplied by a factor 10*. The eighth column is 
the total probability of pair formation. 

Again, in computing this table the statistical correlations mentioned in 
Section 3 and the conservation of angular momentum have been disregarded. 
For this reason the data of the table are merely indicative of the results that 
would be given by a more correct computation. 

At the highest energy here considered the probability of anti-nucleon form- 
ation is 0.005. Since in a collision of this energy probably two or three pions 
are formed in the average one concludes that at these energies the ratio of anti- 
nucleons to pions formed is about 0.002. Therefore, anti-nucleons will be hard 
to find even in fairly high energy collisions. 


6. Collisions of Extremely High Energy. 


In discussing the collision of two nucleons with extremely high energy one 
can simplify the calculations by assuming that all the various particles produced 
are extreme relativistic and that thermo-dynamics may be applied instead of a 
detailed statistical computation of the probabilities of the various events. 

In this discussion the conservation of angular momentum will first be neglected. 
Its effect will be given at the end of this section. 

The extremely high energy density that is suddenly formed in the volume 
2 will give rise to multiple production of pions. and of pairs of nucleons and 
anti-nucleons. Since both kinds of particles are extreme relativistic, the energy 


density will be proportional to the fourth power of the temperature, 


7, as in 
Stefan’s law. 


The pions, like the photons, obey the Bose-Einstein statistics. Since we 
further assume that the temperature is so high that the rest mass is negligible 
> 
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their energy momentum relationship will be the same as for the photons. 
Consequently the Stefan’s law for the pions will be quite similar to the ordinary 
Stefan’s law of the black body radiation. The difference is only in a statistical 
weight factor. For the photons the statistical weight is the factor, 2, because 
of the two polarization directions. If we assume that the pions have spin zero 
and differ only by their charge +e or 0, their statistical weight will be 3. 
Consequently, the energy density of the pions will be obtained by multiplying 
the energy density of the ordinary Stefan’s law by the factor 5/2. This energy 
density is therefore : | : 


3 x 6.494 (kT)! 
9: 
ory ed ee 


The numerical factor 6.494=2'/15 is six times the sum of the inverse fourth 
powers of the integral numbers. 

The contribution of the nucleons and anti-nucleons to the energy density is 
given by a similar formula. The differences are that the statistical weight of 
the nucleons is eight since we have four different types of nucleons and anti- 
nucleons and for each, two spin orientations. A further difference is due to the 
fact that these particles obey the Pauli principle. In the extreme relativistic 


case their energy density is: 


Thc 


Here the numerical factor 5.682 is 6S1(—1)"**/x4. 

The temperature is obtained by casting the total energy to the product of the 
volume 2 times the sum of the two energy densities (25) and (26). Making 
use of (1) one obtains the temperature from the following equation : 

Gea ec ee (27) 
Me2, 

In order to compute the number of pions, nucleons and anti-nucleons produced 
we need formulas for the density of the various particles. These are computed 
according to standard procedures of statistical mechanics. In the extreme 
relativistic case the density of the particles turns out to be proportional to the 
third power of the temperature. The total densities of the pions and of the 


nucleons are given by the following two expressions : 


ne 
i EY eo ae ny = 855 e ye (28) 


# 2 
The total’ numbers of pions and nucleons are obtained by multiplying the expres- 
sions (28) by the volume 2 and by substituting in them the temperature calculated 
from (27). The result must be finally corrected in order to take into 
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account the conservation of angular momentum. Only the result-of this correction 
will be given. It is found that conservation of angular momentum has the aa 
of reducing the numbers of pions and nucleons by a factor that has been calculate 

numerically to be about .51. The conservation of angular momentum has the 
further effect that the angular distribution of particles produced is no longer 
isotropical but tends to favor somewhat, particles moving parallel to the original 
direction of the two colliding nucleons. Introducing these corrections one finds 
that the number of pions is: 


2\14 = ‘ 
No. of pions=.091( “eI” ) = 547 W/Me (29) 
ch? 
and the number of nucleons plus anti-nucleons is : 


Tar2\ 4 125s 3 
No. of nucleons and anti-nucleons=.21( "ZF" ) =13VYWM . (30) 
Cc J 


From this follows that the number of charged particles that emerge out of an 
extremely high energy collision is given by: 


1.2(W'/Me)"*. (30a) 
(Il’’=energy in the laboratory system) 
In these tormulas 2, has been substituted by its value, (2), (8). 


These formulas apply only to extreme high energies. Substituting the value, 


(2), (8), for 2, one finds from (27) thet the relationship between temperature 
and energy can be written in the form: 


kT/Me=.105V W/Me . (31) 


Relativistic conditions for the nucleons will be achieved therefore only when 
W> 100M. This corresponds in the laboratory system to an energy of the 
bombarding particles of more than 5x10" eV. At somewhat lower energies the 
number of anti-nucleon pairs formed will decrease very rapidly, especially since 
an energy 2Mc is needed in order to form a pair. In this energy range the 
formation of paris is probably better represented by the computation of Section 5. 

A comparison of (29) and (30) indicates that in such collisions of extremely 
high energy the number of nucleons and anti-nucleons produced exceeds that of 
the pions. Naturally, the anti-protons which are the particles in which we are 
most interested from the experimental point of view are only one-fourth of the 
particles (30). Therefore, a somewhat larger number of pions than of anti-protons 
is formed, even at these high energies. The reason why so many nucleons of 
all kinds are formed compared to the pions is their statistical weight (8 for the 
nucleons, 3 for the pious). 

In an intermediate energy range where the multiple production of pions is 
the relevant phenomenon one can still apply the thermo-dynamic method restrict- 
ing, however, the thermo-dynamic equilibrium to the pion gas only, and assuming 


—————ooor 
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that the activation energy of the pairs is too high for producing a sizeable numbet 
of these particles at the given temperature. The energy density in this case will 
be given by (25). The numerical coefficient in formula (27) will be reduced 
for this reason from .152 to .046. Also in the same tormula one will substitute 
W by W—2MC since the energy of the two nucleons does not contribute to the 
energy of the pion gas. Introducing also the factor .51 for the conseivation of 
angular momentum one finds that the number of pions in this approximation is 
given by: 


No. of pions=.323 


MRM WH2ME)" _) 44 (w—2)™ 


BAK! wo ee 


where w=W/MC. 

In the intermediate energy range of bombarding particles from 10 to 100 BeV 
this formula probably gives a better estimate of the multiplicities than do the 
computations of Table I. In particular it would appear that especially the 
multiplicities given in the last two lines of Table I are too large. According to 
(32) one would expect for these two energies multiplicities of about 2 instead 
of the considerably higher values given in Table I. The difference is due to two 
effects which have been disregarded in computing Table I; namely, the statistical 
correlation between various types of pions and the angular momentum conserva- 
tion. Both factors are approximately taken into account in formula (32). 

Since no observation of multiple production of an isolated nucleon is available 
at present, the comparison of these findings with experimental results is only 
tentative. The present theory seems to give rather low multiplicities except at 
extremely high energies of the order of 10” to 10° eV. As more experimental 
results become available it may be possible to improve the agreement of the 
theory with experiment by changing the choice (3) of R. If experimentally the 
multiplicities should turn out to be larger than according to the theory, one 
would increase R or decrease it in the opposite case. 

In the present theory we have considered only one type of mesons, the 
pions. If mesons of larger mass strongly bound to nucleons should exist, as seems 
to be indicated by the recent experiments of Anderson’, these particles also could 
reach statistical equilibrium. Since their rest energy is large, however, they 
would compete unfavorably with the production of pions except at very high 
energies. One would expect therefore in most collisions that the number of pions 
produced should be appreciably larger than that of the heavier mesons. 
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Abstract 


Previous work on the same topic is extended, especially to include interactions involving the 
nuclear spins or isotopic spins in the static limit. For the discussion of such theories, a strong 
coupling approximation is used. The results vary widely with the coupling type assumed, 
resembling single particle models of nuclear structure in some cases, and liquid drop models, in 
particular the a@-particle model, in other cases. 


I. Yukawa Theory and Pair Theory of Nuclear Forces. 


The pair theory of nuclear forces has hardly ever been considered a serious 
rival to Yukawa’s theory. Both theories are about equally old.” Since the 
discovery of the z-meson it has become increasingly clear that this particle has 
basically the properties of a Yukawa particle. While the qualitative evidence 
thus favors the Yukawa theory, the fundamental difficulties of all quantized field 
theories render it hard, if not impossible, to decide how closely this theory agrees 
with reality. It certainly furnishes no clue to the puzzling role played by the 
f#-meson among the ‘“ elementary particles”. 

According to the p-pair theory, first proposed by Marshak,” two s-mesons 
act as carriers of the nuclear interactions, instead of the single z-meson of 
Yukawa’s theory. Actually the two theories can be merged into one, thus 
providing a unified picture of both meson types and allowing even for the existence 
of heavier, short-lived, mesons. The starting point of this theory” is the ele- 
mentary interaction law of the pair theory (see eq. (1) below), admitting, for 
instance, the emission by a nucleon of a pair of #-meson, one or both of which 
may be neutral. Such a f-pair, because of its capability to transform into-a 
nucleon-antinucleon pair as a virtual intermediate state, can be bound together 
to form a particle of integral spin whose mass is less than that of the two free 
H-mesons by a certain amount of binding energy. This composite particle is then 
interpreted as the z-meson. Indeed, it has just the basic properties of a Yukawa 
particle, being a scalar, or vector, or pseudo-vector, or pseudo-scalar meson 
depending on the interaction type assumed in the pair theory. 

A nucleon may emit a y-pair also in this bound state; the matrix elements 
calculated for this process of m-meson emission coincide with those adopted in 
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various Yukawa theories. The most promising interaction type is the pseudoscalar 
one (leading to.a pseudoscalar 7-meson) because it offers a natural explanation 
for the weakness of the interaction of #-mesons with slow nucleons, while leaving 
the strength of the z-meson-nucleon interaction unimpaired. Interactions between 
two nucleons are transmitted by both free and bound pairs, resulting in a mixture 
of the force types known from Yukawa and pair theories. 

In view of this theoretical possibility, the p#-pair theory may deserve a 
renewed interest, in particular with regard to such problems where the differences 
between the two theories are most profound. One such problem is the saturation 
character of the nuclear forces. In Yukawa’s theory, the saturation appears as a 
consequence of the exchange character of the forces. In pair theories, as was 
first pointed out by Critchfield and Teller,® there is a new mechanism providing 
for saturation even if no charge or spin exchange takes place. It is this mechanism 
which shall be fuither investigated in the following pages. In this particular 
context the z-meson field is evidently of minor importance, and we propose to 
disregard it for the sake of simplifying the argument. 


Il. Review of Previous Work and Outline of Present Objectives. 


The most elementary saturation effect, as derived from ceitain pair theories, 
is the following: 

(A) The potential energy of » nucleons located at the same point or within 
a very small cell is proportional to (z—1).® 

As to the allowable size of the cell, it will become apparent from what 
follows that the source functions assigned to the various nucleons should still 
overlap almost completely, i.e., the cell radius should be considerably smaller 
than the source radius R. R plays the part of a fundamental length in these 
theories, and also determines the range of the nuclear forces. 

In addition, we shall discuss a saturation phenomenon of a different, though 
related, type : 

(B) If two small cells containing ”, ana 7, nucleons respectively, interact 
over a distance >R, their mutual potential energy, as a function of 7, 
approaches a constant value as #, and 7, increase beyond a certain critical value. 
Similarly for three-body forces, etc. 

The statements (A) and (B), if both valid, have an interesting implication. 
Suppose that one nucleon is transferred from the first into the second cell: 
n—>n,—1, M—>n,+1. If both (7,—1) and %, are well above the critical value, 
this process leaves the energy unchanged, according to (A) and (B), even if 
other nucleons are present outside. If the whole surrounding region is covered 
with well filled cells, the particle can travel inside this region without experiencing 
any forces whatsoever. Its mean free path in such nuclear matter is infinite. 
Local density fluctuations are irrelevant as long as the population of the cells 
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remains above the critical one. The outside boundary suiface of a, uncloog, 
of course, as a repulsive potential (because of (A)). Clearly, this situation is 
strongly reminiscent of the “ single particle models i feo rae ped in the 
analysis of nuclear phenomena, especially ia the ‘ shell model studies. 

Although of minor importance for our present puiposes, a third saturation 
effect may be mentioned : F ; 

(C) In nuclear matter of high uniform density, the energy density is pro- 
portional to the particle density.” 

For (C) to be valid, the density must be so large that the source functane 
of neighboring nuclei overlap strongly. Actually, the calculations® were carried 
out for a lattice arrangement of the nucleons, and the saturation was shown to 
set in as the lattice constant becomes smaller than the source radius R. 

So far, the situation might seem rather satisfactory if it were not for a major 
objection that must be raised against all the investigations referred to: They are 
quite incomplete in that they deal only with those simpler versions of the pair 
theory which, ia a static approximation (nucleons infinitely heavy and at rest), 
involve neither the spins nor the isotopic spins of the nucleoas. These theories 
are mathematically instructive because they allow of rigorous solutions, regardless 
of the coupling strength, but they obviously fail to explain the spin dependence 
of the forces. In the other theories, only weak and strong coupling approxima- 
tions are practicable, and no saturation effects can occur ia the weak coupling 
case. We therefore propose to examine some typical samples of such pair 
theories in the strong coupling approximation. It is true that this approximation 
furnishes a much too weak spin dependence of the nuclear forces.” But, ex- 
trapolated down to intermediate coupling strengths, which is the case to be 
considered most seriously, our results will at least indicate for which theories 
the desired saturation effects may be expected at all, or which modifications may 
be anticipated. Actually, the strong coupling approximation will reveal a great 
diversity of behavior, even among the few sample cases selected. 

Unfortunately, the pseudoscalar coupling theory which, as mentioned above, 
seems most promising, leads to a more complicated mathematical problem because 
the pseudoscalar interaction vanishes, strictly speaking, in the static limit, and a 
first non-static correction has to be considered. This case shall not be included 
in this preliminary suivey, but it is felt that the results, because of a general 
resemblance of the problems, will be of a similar nature as those arrived at here. 

At all events, the reader will be aware of the highly idealized character of 
the mathematical problem. Accordingly, the results are to be taken cum grano 
salis. This is also the reason for disregarding entirely such related phenomena 
as the magnetic moments of the nucleons which require a more realistic approach. 


Ill. Static Approximation; Rigorous Solution. 


The interacti i ic air i 
ction Hamiltonian of pair theories has the general structure : 
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H.=7\d*x (9*48) (P*af). (1) 


Here, ¢ and ¢ are the nucleonic and mesonic field operators, satisfying well known 
commutation rules; A and a@ are appropriate matrix operators, and 7 is the 
coupling constant. The static approximation is obtained by the substitution 


G*AG— 31A,9(a0— 2x) (2) 


where the suffix 4 distinguishes the various nucleons with fixed positions #;,. 

Actually, to avoid infinities, the relativistic interaction laws (1) have to be 
modified by the introduction of extended source functions, or an equivalent 
momentum cut-off. In the static limit, this affects only the meson field. We 
follow the customary procedure®:®” to average ¢ and ¢* independently over a 
spherical region of linear dimensions R: 


$1 (B04) —>9 (ees) = \a*2U (ce —an4) (a). (3) 
Together with (2), this changes the interaction into 
H;=7 a A,p* (x, ) ap (Ix). (4) 


Now, in order to include situations discussed in Section II, let us assume 7, 
nucleons to be located at (or very close to) the point %,, 7”, nucleons at #,, and 
so forth. Since the nucleons of one such cluster give rise to the same (or almost 
the same) source function U(ae—a,) in (3), it is convenient to distinguish them 
by a second suffix /(=1---7,): 


He=13) (Su) P* (x) af (@)- 6) 


Let us first re-examine the more primitive theories in which A, is the unit 
operator : 


A=W ng (a,) ag (a,). (6) 


This is the type of problem referred to in Section H, for which rigorous solutions 
can be found (by the introduction of normal modes) and for which the saturation 
properties (A) and (C) have been established. We want to indicate briefly how 
(B) can be justified. 

Changing the occupation number 2, of one cluster is equivalent to changing 
the coupling parameter of the corresponding term in (6): m= 7, Previous 
calculations for the case of single occupation are easily -generalized to allow for 
different 7, values. For two clusters, separated by a distance > such that no 
overlapping of the two source functions occurs : 


U (a—2,)U (ae—aH,) =0, (7) 


the situation is as follows. 
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The simplest example is the scalar pair theory where ¢ stands for a scalar 
complex field, and a=1. For 4,=7,>= 1, this problem has been treated in W, 
and the generalization is straightforward.* The mutual potential of the two 
clusters is found to depend on 7, 7. in the following fashion.** 

Vir) =J)E Gat + ROP TG) 7 + RO 
where /(r) is a distance function independent of x, and 1,. V, as a function of 
each 7,, approaches a constant value as , increases beyond the critical value 
R/y, in accordance with (B). In particular, if 7>R, i.e. in the strong coupling 
case, the critical value is small, and ” becomes almost independent of 7, and 7,, 
even down to x, or m=1. 

Slightly more involved is the case of a spinor field ¢ (spin 1/2 mesons). 
The two coupling types which lead to 4,=1 in the static limit are the scalar 
and vector coupling: a=f and a=1. The scalar coupling is the one adopted by 
Wigner, Critchfield and Teller® in their investigation of the single cluster problem, 
and the two-nucleon interaction for the same coupling case has been studied by 
Critchfield and Lamb, by Jauch,” and more completely by Houriet (H®). 
Because of mathematical complications, these papers treat in detail only the weak 
and strong coupling cases (7<R’*, 7>R*). Substituting again, however, yx, for 
7%, one sees easily that Houriet’s strong coupling approximation is actually appli- 
cable if both 7, and yx, are>R’, and then the mutual potential V(r) becomes 
independent of 7, and #,*** as required by (B). This includes single nucleons 
(x, and/or 7,=1) if 7>R°. In the vector coupling case, the situation is basically 
the same. 


IV. Strong Coupling Approximation. 


Turning to theories with A,y*x1, we first choose as comparatively simple 
examples the spinor field with tensor and pseudovector coupling. Substituting 


= 2 S, > * (20,) Poy (ar,), (8) 
H,=7 pa S, - $* (ar,) Of (a0,). (9) 


Here, O is the Dirac spin vector matrix of the ¢-field (o,=ia,a,, with eigenvalues 
+1, —l, +1, —1), and & is the total spin vector of the nucleonic cluster k, 
as 1s more fully explained in Appendix 1, in conjunction with a more detailed 


* For instance, the characteristic function ¢g_(&) introduced on p- 117 in W now becomes 


£2(€) = 91 (E) 9, (€) — mya [x(r, €)]* 
where ¢,( is the function y, with 2 replaced by Azg (cf. eq’s (4)-(7) and (14) in W). 


To com th tions : iti 
Ne Pare the nota‘ions: The quantities (lengths) y» and & are called 2 and 4-/d in W; 


** 


I(r) = (tu]82n2) P27, O(ipr) 
(4“=meson mass). 


*e* See eq’s (25)-(27) in H®), 
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justification of the expressions (8) and (9), for the static limiting case. As to 
the nucleonic charge, we assume both protons and neutrons to be coupled with 
the same ¢-field, the coupling parameter being the same, in magnitude and sign.! 
The individual nucleon charges are, of course, constants of motion. 

The problem (8), for z,=1, has been solved by Blatt” in the strong coupling 
limit. The general procedure is to split the field operator (a) into parts having 
the a-dependence of the various source functions U(a—a,) and another pait 
¢’ (a) orthogonal on every source function : 


$(@) =P" Y Q,U (se—a) +9! @), (10) 
[az @e—a) $e) =0. Pea) pee (11) 
It is convenient to choose 
r=(a*x0*@). (12) 
Then, assuming that no overlapping of different source functions occurs (cf. (7)) : 
Q,=T-'"|d2U (e204) ve) =P" F(t), (13) 


resulting in the following anticommutation rules for the new field variables, or 
rather their spinor components (p=1---4).: 


[Os, Orn],=1, (14) 
[p,'*(a0), ,"(ae')], = 8 (e—ae") — PU (2) U (w'—axx), (15) 


while all other pairs of variables anticommute. The total Hamiltonian : 
H=\dxg*(—ia-7 +8) $+ Ho (18) 


expressed in terms of the new variables becomes (taking spherical symmetry of 
U(«) for granted) 


H,=O.* PO. +S: - O,*e0Q, (18) 
(e=f for (8), e=1 for (9)), 
Hi =[dteg'* (ia 7+ BOY (19) 


i ili i i 8) whi disregarded in the 
2 contains the terms bilinear in Os and ¢ which can be disreg 


strong coupling limit (7>pI-) as has been shown by Blatt. 


nd neutrons (e.g. same magnitude but opposite signs) 


The case cf a different 7 for protons a posite 
j é We ignore this case for the sake of simplifying the 


can be treated along the same lines. 


discussion. 
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Then, on account of the additivity of the H, terms, the interaction betwees 
different clusters is solely determined by the A’ part of the Hamiltonian, be 
conjunction with (11) and (15). As Blatt obseived, the coupling type is quite 
irrelevant for this problem, the positions a being the only significant parameters. 
Indeed, the two-nucleon potential derived agrees with that obtained by Houriet 
for the scalar coupling case.* More important for the present discussion is the 
fact that also the quantity denoted by S, has no bearing whatsoever on 4” 
problem. Whether we have one or several nucleons at a point a is quite 
immaterial for the interaction energy. This is again the saturation effect (B), 
with the specification typical of the strong coupling limit that the critical value 
of the 7,’s, above which the saturation sets in, is<1. 


V: The Single Cluster Problem. 


For the discussion of the remaining terms in 7 (17), since they are additive 
in &, we can single out one term Ay and drop the suffix &: 
H=10*80 + oS » Q*eaQ (w=71). (20) 
We are interested in finding the stationary states, in particular the ground state, 
of the cluster, i.e. 2 nucleons at the same point. According to (14), the Q* and 
Q components can be interpreted as creation and annihilation operators referring 
to particles in 4 states. Introducing the occupation numbers Q,*Q,=W,, with 
eigenvalues 0 and I, and choosing the matrices # and e, diagonal, we may write 
O*BQ=N,+Ne—N— Ny 
Q*0,Q=N,—N,+N,—M,, (21) 
Q*Bo,Q=N,—N,—N,+N,. 
Of course, the x and y components of Q*e¢Q are non-diagonal with respect to 
the occupation numbers V,. The matrix S, representing the total spin of the x 


nucleons, is conveniently reduced to its irreducible parts, with eigenvalues 
S*=sis+1), where 


ie 5 tee, 1 or 0, (22) 


and with appropriate multiplicities. Clearly, each s-value can be treated separately ; 
this reduces the problem to a system 16(2s+1) linear equations the solution of 
which offers no difficulty. The resulting eigenvalues of AH (20) and their mul- 
tiplicities are collected in the Tables I and II, for the tensor and pseudovector 
coupling (¢=8 and 1) respectively. The order of the energy levels is primarily 
determined by the numerical coefficient of w(=yI") because the condition for 


strong coupling is o>. For s=} and e=8, our results agree with those of 
Blatt? (his fV=yI"/2). 


* See footnote ***, page 588, 


=) 
— 
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If the ¢-field carries a charge of density $*¢ (or rather ¢*% minus its vacuum 
expectation value), Q*Q= >), represents the charge of the mesons bound to 
the cluster, except for an additive constant. Applying hole theory ideas to the 
states p=3 and 4 (let 7-0 adiabatically), we have to define the bound meson 
| charge as 

e=Q*Q—-2=N,+N,—U—M,) —U-™,). (23) 
e then has eigenvalues ranging from —2 to +2 (cf. the third column of the 
Tables). 


Table I (e=8)- Table IL (e=1). 
a eee 
Energy Multiplicity Energy Multiplicity e 

Qu(s(s+1))2 | 2e+1 Qus 2543 0 
(2s (A(s+1 

o(stli)+ye 12s os ut hen +1 
2542 (2s+1 

woskp 242 +z2p (241 0 
(art 0 3(25+1) 0,42 

2p {2541 (As . 

0 4(2s+1) —o(stltu 145 a 
—oskp ats —20 sshd bee 0 
Beh ety Es ( wo(s+1) 2s—1/ for s=0 


—2Q0(s(s+1))? | 2s+1 


It is worth mentioning that the leading terms (~w) in Table II can be very 
easily checked by the following argument. With e=1 and pO, the Hamiltonian 
(20) reduces to 


H=2w8 +L, where L=—,0"80. (24) 


L obeys the commutation rules of an angular momentum, and a reduced repre- 
sentation is readily found by observing that the eigenvalues of 7, (see (21)) are 
+1 (single), +} (4-fold), 0 (6-fold). Herice, E contains the following irreducible 
gubmatrices: 2=1 (once), /=4, (4 times), J=0 (5 times) [/(7+1) being, of course, 
the eigenvalues of Z’]. The introduction of the operator J=S+L, with eigen- 
values /°=7(j+1), leads immediately to the eigenvalues of 7 (24) : 
Ay, s, D=oFlf/G+ YD —s(s+1)—A/+1)], 
Pees sa (25) 

with multiplicities 2/41. The terms 42s, —20, —2w(st+1) in Table U form 


the triplet (=1), and +s, —w(s+1) the four doublets (/=4). J is the total 
spin of the state, D representing the contribution of the bound mesons. (See, 


however, Appendix 2, last paragraph). 
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Before discussing these results, we wish to apply the sane argument te 
another problem, involving, instead of the spins § and ¢/2, the isotopic spins. 
Consider, as usual, the proton and neutron as two states of the nucleon, belonging 
to 5,= +4 respectively, s now being interpreted as isotopic spin pe S344 
is the charge of the nucleon, and the sum of 2 such charges, viz. S;+/2, 
represents the charge of a cluster." Similarly, we assume the mesons to have 
charged and neutral states, described by a spinor field ¢ with eight (instead of 
four) components. In the above formulas, e.g. (9), we reinterpret o/2 to mean 
the isotopic spin operator of the ¢-field, so that ¢*(¢,+1)¢/2 (minus its vacuum 
value) is the mesonic charge density. The strong coupling approximation leads 
again to (17), (18), (19), and (20) ; but instead of (21), one has, for instance ; 

O*a,0=N,+N,+N2+N, 
—NVi— No Nt, (26) 


with eigenvalues ranging from +4 to —4. The quantity 
FO" (+1) Q-2=N,4N,— (1=V,)— (1-1) (27) 


signifies the total charge of the mesons bound to the nucleon cluster. 

Now, let us adopt the Hamiltonian (9), or (20) with e=1, reinterpreted as 
just indicated. is invariant under rotations in the isotopic spin space, thus 
yielding a “ charge-symmetric”’ theory.” Because of the absence of other spin- 
operators in H (corresponding to a=1 in (4)), the coupling adopted is a vector 
coupling (static limit). With #-0, H again reduces to (24), and the solution 
is obtained as above, with the only difference that 7 now assumes the values 0, 
4, 1, 3/2, 2, as is evident from (26). Except for this extension, the eigenvalues 
are determined by (25). The total charge of a state, resulting from nucleonic and 
mesonic charges (cf. (27)), is 


e=(S, +2)+(Z.+50*0-2) 


=J.+ +5 (Q"0-4). (28) 


Here, Q*Q=N,+-+-+, is a constant of motion. For later purposes we note 
that the maximumi /-value, vis. /=2, can only be attained if 4,4+NM,=N.4+M 
=N,+N,=N,+N,=1, which implies Q*O=4. Hence, according to (28) : 

e=J,+n/2, for /=2, (29) 
where J,= —j, —7+1,+++++ Jr, 7. 


Vil. The Self-Potential. 


Let £, be the lowest energy eigenvalue of the cluster containing # nucleons. 


Then, 


tt The argumentation of Appendix 1 can obviously be applied to this case, mutatis mutandis. 
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V,=E,—nE, (30) 


is the self-potential of the cluster, ie., the energy required for assembling the 
cluster. If V,>0, the system is certainly unstable ; if V, <0, | V,| may be called 
the binding energy of the cluster. 

It should be noted that also the A’ part of the Hamiltonian (17) contributes 
ae oe Since the H’ problem does not involve 7, its contribution to Z, is 
independent of m(i.e. Z,’=4,') and yields a potential : 

V,! =— (n—1) EY. (31) 

Remembering that the H’ propiem is the same for all coupling type considered, 
including the scalar coupling,” the value of E/' is known; since it is positive, the 


potential (31) is attractive. But E/! is by definition independent of the coupling 
constant and, therefore, insignificant compared with w=y', in the strong coupling 


limit. 


In scrutinizing the terms ~w, we start with the tensor coupling theory, 
Table I. Here, the sign of w does not affect the level scheme, and we can 
choose w>0(y>0). The lowest energy value in the Table is —2w(s(s+ 1))3, 
and inserting for s its maximum value n/2 (cf. (22)), we obtain for the ground 
state : 

E,=—o(n(n+2) "+, (32) 
V,.=on'{(3n))?— (2 +2)? ) + Vi’. 
V, is positive for 2>1, thus prohibiting the formation of the cluster. 

In the case of pseudovector coupling, Table II, the situation is quite different. 
If 7 <0, w<0, the lowest energy listed in the Table is —2|w|s; consequently : 

a |\win+ Ey’, Vi= VG (33) 


Due to the cancellation of the «-terms, the self-potential reduces to (31) cor- 
responding to attractive forces having the saturation property (A) (see Section II). 
A less desirable feature is that the ground state of the cluster has the spin 


Jes +lapntl. Only for this state, in which all individual spins (of nucleons 


and bound mesons) are lined up to yield the maximum total spin, are the forces 
attractive. 

A similar difficulty is encountered in the charge-symmetrical theory, as specified 
in Section V, for 7 <0. Again one finds V,=V,' for the ground state, but this state, 


; F £4i3., 1 ; 
which is the only stable one, has the total isotopic spin 7=S tl=zutz, meaning 


that the total charge e¢ (29) can assume values ranging from —2 to v+2. In 
order to attain these extreme values the nucleons have to be either all in the 
neutron, or all in the proton state, while the bound meson contribute —2 or Bie, 
charge units respectively. 

Much more satisfactory are the results if we assume 7>0. Both for the 
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the charge-symmetrical theory, described in Section V, the 


dovector and for 
Rescue? ttt with J=1 and 2, respectively, 


ground state energies are then given by (25), 
s=n/2, and j=|s—/|: 
1 1 
E,—El=H(|ha—1|, 5 1) 
: ; (34) 
—w(l+1)n, if 2X2, 
=n +2), if 2222. 


(In comparing with Table Il, for /=1 and s=n/2, one should notice that the 


; , 1 
lowest state listed there has the multiplicity 2s—1 and is non-existent for ae 


or u<2.) Then, according to (30) : 


if 22 
ie r= |. , if wQ2s, (35) 


w(n—2), if nZ2U. 


In words: I%, is strongly repulsive for #>2¢ and reduces to V,' (31) for »22. 
In the charge-symmetrical theory, where /=2, this means that, the biggest cluster 
which can form at one point contains four nucleons, and this cluster is an “a- 
particle” because 7=|s— /|=0, 4,~=0, e=n/2=2 (cf. (29)). Table III lists in 
addition the smaller clusters which are stable. For z=3 they correspond to the 
known nuclei He® and H*; for »=2, the di-proton and the di-neutron appear 
with the same binding energy as the “deuteron’’ (which is a necessary Con- 
sequence of the charge-symmetry and spin-independence of the Hamiltonian). 
More disturbing is that, for »=1, the proton and neutron appear associated with 
“‘isobaiic states” of charges 2 and —1. For all these states, the binding energy 
is just (z—1)£Z,, according to (31). Needless to say that our model is too simple 
and crude to reproduce the finer features of nuclear binding. But the fact that 
it allows very few stable states unless the nucleus spreads over a larger volume 
(> R®) may be significant. For a nucleus of higher atomic weight, the most 
stable structure will resemble an “ alpha-particle model”. It should be observed 
that the Pauli exclusion principle, as applied to the nucleons, has played no 
decisive part in the derivation of these results. 

In the (charge-independent) pseudovector-coupling theory (9) (y>0), where 
(35) holds with /=1, at most two nucleons can form a stable cluster, with spin 
J=|s—l|=0. This case was used as a test case to study the further question 
how the selfpotential V, changes if the two nucleons, originally located at the 
same point, are separated to a small distance ». Because of the overlapping of 
the two source functions, the formulae of Section IV (starting from eq. (13)) 
are then no longer applicable, and a different method had to be applied which 


ttt The first term in (20) which w . : ed 
“ as omitted in (25 eer ed 
the states in question. (25) gives no contribution because Q*80=0 for 
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Table II. 
Deen een eee eee a 
n s Z 7. Js e 
1| 1/2 2| 3/2 +3/2, +1/2 | 2,1,0, —1 
2i4acL 2 1 +1, 0 2, 1,0 
3 | 3/2 2) 1/2 1/2 2,1 
4) 2 2; 0 0 2 


is outlined in Appendix 2. The result 
is qualitatively described by Figure 1 
(the full-drawn curve represents the 
total potential, whereas the dotted line 
indicates the contribution of 7’). The 
high potential barrier (at y~R) will 
render the once formed cluster even 
more stable. (The vibrational zero- 


point energy of the two-nucleon system Fig. 1. 

inside the well is much smaller than 

the barrier height.) In the outside region, where the overlap becomes insignificant, 
V, reduces to V,’ (<0). This part of the potential, as we know from Section 
IV, is not altered if one or both nucleons are replaced by clusters; in other 
words, the attraction between clusters at larger distances is not impaired by the 
presence of the potential barrier. 


Vil. Summarizing Remarks. 


What we may learn from our sample theories is primarily that the nuclear 
forces deducible from pair theories are of a much richer variety than could be 
anticipated from previous work. Nuclear structure models ranging from single- 
nucleon to u-particle models are suggested. Since either of these models has 
proved fruitful in explaining certain nuclear phenomena one may wonder whether 
a theory can be set up that combines the main features of both models. This, 
however, seems hard to achieve. The very fact that a complete a-unit, of the 
type discussed in Section V, will act as a strongly repulsive center on every 
outside nucleon spoils the single particle picture. Even an unsaturated cluster, 
if it is surrounded by a potential barrier like that described in Figure 1, would 
cut short the mean free path of an approaching nucleon. 

Nevertheless, considering that the most conspicuous properties of nuclei are 
those of a liquid drop model, the most interesting phenomenon resulting from the 
above theories seems to be that 

(D) the population of a small cell cannot be increased beyond a certain 
maximum occupation number 7%,, except at high cost in energy. 

The value of 7, depends, of course, on the interaction type; indeed, we found 
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,=1 for the tensor coupling theory (18), 7,=2 for the pseudovector coupling 


(9) with 7>0, and n,=4 (u-particle) for the” chargesyaunes™ wt 
theory with 7>0. According to these and similar theories, a ic e ; 
behave like a liquid drop which cannot be compressed beyond a = arg es 
density. It seems very likely that all pair theories, except those bg Ay= 
(cf. Section III), lead to the saturation effect (D). —— effort is néeded x. 
explore other theories, in particular the pseudoscalar coupling case, but unfortunately 


the mathematical complications are considerable. 


Appendix 1. 


It may be desirable to justify eq’s (8), (9), as expressing the tensor and 
pseudovector interactions in the static limiting case. 

In a non-relativistic approximation (Pauli), the nucleonic field operator ¢ may 
be written : 


d= Da nrXatlm(®) (A=1---4), 


[Ars Furr l+=OmarPrnar, et., 
where 7, describes the spin and charge state and z,, the translational state of a 
nucleon. If all nucleons are to form a ‘small cluster”, choose for the w,, the 
Schroedinger eigenfunctions of a potential well, of lowest possible energies; the 
spacing of the energy levels is of the order J/~'d~* (M=nucleon mass, d= width 
of well) and tends to zero in the static limit (4/+0). [Note that the total 
energy interval required, even for d<R~p™", can be made <p#(~.W/10) unless 
the number of nucleons is excessively large. This is sufficient for our purposes.] 


Now, returning to the general expression for A; (1), with d=s=o/2 and 
a=—0 or oO, denne: 


s=| *xd*sd=S18,,, 


$,= 1 Gn (A|s|2’) art 


The individual s,,-operator as well as § obey the commutation rules of angular 
momenta. If the translational state is occupied by a single nucleon, 8 is the 
spin operator of this nucleon, and if several nucleons occupy the same state mm, 
Sm is their total spin. This is easily seen by introducing the occupation number 
Grr Gm =Nyx (=0 or 1) of the substates 2 (=1---4) and considering the s,,- 
components as matrices with respect to these numbers leg. sa=1/2 (N, i— ns 


+.Vns— Vin), With eigenvalues 0, +1/2, +1]. Thus § means the total spin of 
the cluster. S$? has the eigenvalues s(s+1), with: 


s=n/2, n/2—1, FEC SES MoMA eeOS : 1/2 or O 


(z=total population of the cluster), The maximum s-value can of course be 
realized only if each translational state contains one proton and one neutron at most. 


P| 
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Finally, we exploit the above-mentioned fact that, in the static limit J1/-+0, 
the size of the cluster can be made arbitrarily small (¢<R) which allows us to 
express the spin density as § times a delta function. 
of several clusters, with total spins S,, we may write 


o*s¢= pa S,0(x—2x,). 


Generalizing to the case 


Inserting this into (1), and remembering (3), we obtain (8) or (9). 


Appendix 2. 
We want to study the two-nucleon problem with the interaction law (9): 
He= 78s F* (x) Pr), 


where 8,, 8, denote the individual nucleon spins. In order to find the leading 
terms (~w=7/’) in the potential energy, we need only calculate the eigenvalues 


of H;, since the other (free field) terms in H (16) contribute nothing of comparaole 
order, if w>yp. Note that the overlap integral 


4 =|atev (a—<a,) U (ae—axr,) 

need not vanish. We define 

P=Z(P+), P=(r-4) 

(both> 0, cf. (12)), and introduce the following two sets of variables : 


= 502) +9.) 
g-= UF) -F2)] 
[ato 9+e]+=[9- 9-r]+=1 
(all other pairs anticommute) : 
Q=2""(g.49-), 2=27"(9+—-9-) 
[gies Piel+=L9%» Gerla =1 
(all other pairs anticommute). Expressed in terms of either of these variables : 
H,=7} (8+) + (7,969. + 0-9299-) 
+ (8,—8) + (PU)? gidg_+ 9299.) js 
oe (8,48) - (I 9:*89; + 92%8 92] + Alg,*092 + 92°69) 


+ ($,—$,) : (127 —£)'? (9,*69;— 92°F 92) }. 
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Besides the exchange operator (interchanging the suffixes 1 and 2), the quantities — 


Zager (1 +P)gz, I, [° [where T= (%+ 5-1*5q4)] are constants of motion, and 


fe eigenvalues are adiabatic ‘ease (viz. under adiabatic changes of 4). 
Now, consider two limiting cases: 


(a) r=|",—w,|<R, Ia, (_<I,. In the limit r-0, J_-0: 
H.>Ho=71' (8+ 8) » 7259+ (9+—>Q). 
This is the Hamiltonian (20), with ~=0, e=1, »=2, whose solutions are known 
from Section V. Treating the remainder (H,;—H;°) as a small perturbation, we 


obtain (by a second order approximation) the potential energy up to terms 
linear in I. 


(b) r>R, |\4|<I. In the limit 4-0: 
Hh 8, + 91°09, + 82 + 92*F Ge} 

which is the problem of two isolated nucleons. Again, a perturbational calcula- 
tion (second order) gives the potential up to terms of the second order in J. 

Applying these formulas to the lowest states of the unperturbed systems 
(for 7>0), the second order approximation was actually carried through for case 
(a), whereas the limiting case (b) furnished the proper values of the adiabatic — 
invariants. For those lowest States of the cluster which can be formed out of 


two separate ground state nucleons by joining them together adiabatically, one 
obtains as the leading term (~w) of the potential 1,()=£,(r) —24&,, in case (a) : 


a(n) = yl tw $e(r/RY 4 (FSR). 


For case (b), we know at least the order of magnitude of the leading term: 
Vir) ~o(4/P)2+-- (r>R). 


With regard to the smaller terms (indicated by the dats), we need only remember 
that they reduce to V,/(7) (see Section VI) in both limiting cases (=O and 
4=0). To complete the qualitative picture of the potential barrier, we ought 
to know, for case (b) (r>R), the sign of .(r)—V(%)[~+0(4/P)*]. In 
Figure 1 we have assumed the positive sign as more likely to be the correct one. 

One more remark about case (a) is necessary. .In the limit [_ —0, the 
variables g, cease to contribute to the energy. This causes an additional degeneracy 
of the energy levels listed in Table II (s=1). In particular, the ground state 
becomes four-fold (instead of single). Of the total spin 


1 
I=8,+8,+ Been + 5909., 


only the first three terms (S+L=dJ) have been considered in Section V; 
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| yielding =0 for the ground state, whereas the fourth term, arising from the g_ 
degrees of freedom, changes the eigenvalues of J, to 0, 0, +1, —1, and causes. 
the ground state to split into a singlet and a triplet state as y increases. In the 
terms ~/"_ or ~r (see the above formula for V(r), r<R) the singlet and 
triplet energies still coincide, but in the terms ~/? or ~7‘ the splitting actually- 
occurs. In this last argument we have completely disregarded the free field 
Hamiltonian which would introduce further complications mainly by coupling the 
spins with the » direction, in the manner of tensor ferces (term proportional to 


(I-17)? in V(r). 
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Introduction. 


It is well known that the equations of classical electrodynamics are invariant 
against the following improper Lorentz-transformation : 


= — Fa Cs Be rly; & (la) 
A, (a, t)=—A, (a, —2), 

A), (a, t) =A, (x, —2), (1b) 
Js (H, th =—J, (@, —2), 

Sr (@, t) =7, (a, —2). (1c) 


The physical interpretation of (1) is that classical electrodynamics is invariant 
against a reversal of time if, at the same time, the sign of all charges is re- 
versed. That 7, does not change sign, is due to the fact that it contains a factor 
e as well as the velocity of the particles. The Lorentz-condition 04,/37,=0 
remains invariant too and so does the conservation law @/,/0%,=0. It is to be 
expected that in quantum-electrodynamics a similar transformation is possible. 
The mathematical problem is to find a transformation of the state vector 


f=SPp (2) 
such that; (i) the equation of motion for ¢ is the same as for ¢, regarding all 
operators as fixed and (ii) the expectation values of the field quantities transform 
lieth, 6) 

For simplicity we regard 7, as a c-number field and then, in the transformed 
equation of motion 7,’ appears instead of 7,. The transformation in question 
takes a straightforward form in the ‘ abbreviated theory’ in which the longitu- 
dinal field is eliminated and replaced by the static potential 


V(t) =| (8, t) (a, t) 7s 


|ac— ac’ | x ad", Js=i. 


Then )’(¢)=V(—2). The state vector is ¢(-+-+- N}++++++; 2), where A} is the 
number of photons with momentum / and polarization 42=1,2. The operator of 
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‘ 


the transverse field A is given by 
A= 2 €, (4) ee a ya a of (kav) ive 


where a?, a}* are the absorption and emission operators, and e the polarization 
unit vector. We denote the hermitian conjugate of any operator by *. The 
wave equation is 


; #O —VOGO—\5@, Ae, Da IPO. (3) 


In order to find ¢’ we go over to the complex conjugate equation of (3) and at 
the same time reverse the sign of 7. Then ¢*(---/V2------; —2) satisfies the same 
equation (3) with V replaced V’, j replaced by j’ (1b), and A replaced by 


ea (2) jee pide ce) a . ts 


For convenience we have chosen the matrix-elements of a, and a,* to be real. 
Next we introduce new occupation numbers V 


Ni=N% (Sa) 
where _, is the number of photons with momentum —z and define a new state 
vector ¢! 


Gi (nee Mdereeees 2) HPF (MPs De (5b) 


The wave equation satisfied by / is obtained, if we also replace in (4) a by 
a» %* by aX, (but leave the exponentials unchanged). Changing now the 
summation variable k into —kK, it is seen that the operator A is restored com- 
pletely (as it should) and ¥ satisfies 

gH ayy | {jadi} yt. (6) 
Thus (5b) is the desired transformation. 

The reversal of the sign of all photon-momenta corresponds to the fact that 
classically all velocities are reversed. In the same way it is also easily verified 
that the expectation values A=(¢*A¥), A! =(¢/* Ay’) are related by the clas- 
sical transformation (la) : 


A’ (x, t) =A (a, —2). (7) 


§ 1. Quantization by usual methods. 


We consider now the same problem in the theory where the longitudinal 
field is not eliminated and consequently 4 types of photons exist. We denote 
the. corresponding numbers by WV}, #=1---4. The wave equation is now 
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t SH) oa [iu Apex} $) (8) 
with the auxiliary condition (X, X are 4-vectors) 


2%, noo= Pe + [OFX eX) ex} HO =0 (9) 
aS? 

to be satisfied for all XY. We regard again jz as a c-number field. One should 

think at first that the same transformation (5b) with V¥=N- for all 4 types of 

photons should leave (8) invariant. However, this is not the case, and a special 

treatment is required for the fourth component and Ni. In this theory 4,=1A,, 


and A,, being classically real, is a hermitian operator. 
bys fate i(Kear) +ivt age KX) = “ 
k 
with (10) 
Gaia, a =iaz*, 
where now, owing to the change of sign in the commutation relations for A), a? 


is the emission, a@3* the absorption operator, whereas aj, a;* have the usual 
meaning. Proceeding now as above and denoting for a moment 


a gy! (---VE3 A) =o (VP A, 
we obtain 4 
. ap” aro y 3 ’ 
Jcervacmicat UN Generic a x}p". (11) 


The wrong sign of the term 7A, arises from the fact that 7,(¢)=—jy,(—A), ac- 
cording to (1b). It follows that ¢” is not yet the correct transformed state 
vector. To obtain the correct transformation of ¢ we need a unitary operator 7 
with the following properties : 


y*=y", 14,=An, yA=—Am (12a) 

yi, (1Pb) 
(12b) is necessitated by the group property of the time reversal. It follows 
then that 7 is also hermitian »*=y which will be important in §2. In our 
representation where 1‘ is diagonal, 7 is also diagonal, y=(—1)™, where V* 
is the total number of scalar photons. This operator is very similar to that 
occurring in the indefinite metric of Dirac and Pauli (the parts operating on V* 
are identical) although y occurs here in a very different connection. In §2° we 


shall see that time reversal takes a simpler form if the scalar field is quantized 
by indefinite metric from the start. We define now 


f! (Mies <2) =f =yh* (NPs Dd). (13) 
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It is immediately seen that the wave equation is now correct’ (multiply (11) 
by 7 from the left and use (12a)) 


BeaiMg, ORES, OT, 
T= — {Sida (14) 


z 


The auxiliary condition (9) is also covariant under the transformation in ques- 
tion. D changes sign when X,—-—.X,, X,—>—X,, and the same is true for p. So 
the second term becomes Dp’. 04,/0X,-¢ goes over in 04,/0X,¢", if we first 
take the complex conjugate, reverse ¢ and replace V, by V.=N. 04,/AX¢ 
goes, however, over into —04,/dX,¢". Multiplying by 7 from the left, 7 com- 
mutes. with all terms except 4,, and restores the correct sign in the first term 
so that 


OA, { 
24 + (Dyarx|y=0. 
ae +\Dyax} (14a) 
It is again easily verified that the expectation values of al/ four A, have now 
the same transformation properties as the classical quantities (la). 


§ 2. Quantization by the indefinite metric. 


A different method df quantization for the fourth component A, has been 
proposed by Gupta” and one of us (B)” in order to remove the well known 
inconsistencies which prevail if the usual method of §1 is used. It is well known 
that then a normalizable state vector does not exist. Moreover, the condition 
for the photon vacuum cannot be stated consistently in the form 


Aig=0, (15) 


because Aj is then the emission operator and besides (15) is incompatible with 
the auxiliary condition (9). It is true that in the applications (15) need not 
be used explicitly but it is somewhat disconcerting to find that the results (which 
agree with those of the theory where the longitudinal field is eliminated) are 
precisely the same, as if (15) were actually used. These inconsistencies can be 
removed if the scalar field is- quantized by means of the indefinite metric. In 
this theory the operator 7, with precisely the properties stated already in (12), 
is introduced in the quantization of the field itself. This means that the scalar 
part of the field is quantized by indefinite metric, whereas for the space parts 
ordinary metric is applied. In contrast to §1, A, is taken as hermitian and a’, 
a‘* are the absorption and emission operators, as for the space components. A, 
defined as A,=7A, is antihermitian. One then introduces the adjoint state vector 


p=prn (16) 
and the norm is (¢t¢) =(¢*7¢). The expectation value of any operator Q is 


now 
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O= (¥'Q¢). a7) 


It has been shown in ref.” that then A, is real (although A, is antihermitian) 
and A, is purely imaginary. The auxiliary condition is modified, (taking the 


possible frequency part of 2 only): 


Qb= pecs: + [D*parx}p=0. (18) 
OX gee 
The possible states ¢, satisfying this condition have been studied in detail in 
references 1)2), for the vacuum p=0. They have a non-negative norm (which 
is a result of the auxiliary condition): (¢'¢) =O and the case (¢'¢) =O can be 
excluded. So it is possible to normalize 


(o'¢) =1. (19) 
(15) is now a consistent vacuum condition and is compatible with (18) (for 
p=0). From (18) it follows also that 


gi 2- =0 and therefore (g'2¢) =0 (20) 


i.e. the expectation value 2 vanishes which is sufficient to safequard the transi- 
tion to classical theory. Proper Lorentz-transformations have also been discussed 
already in ref. 2) and it was shown that the theory is invariant. Time reversal 
takes here a very simple form. The wave equation is again (8) and for 4, we 
can use the expansion (10) where now all af are the usual abscrption and all 
af* emission operators. Therefore in contrast to §1 also a,‘ and a,‘* can be 
chosen to have real matrix-elements. We proceed as before and define 


Gh! («++ Whoo —th=P* (NPs dD (21) 


without the 7 operator. The space components 7,4, go over, as before, into 
j/ A, But this is now also the case for 7,4, without change of sign: Since A, 
is in no way distinguished from 4,, and has the same reality properties, A, is 
reproduced under the transformations involved in (12). j, is purely imaginary 
and changes sign in the complex conjugate equation, but the reversal of ¢ 
changes the sign (according to (1b)). So g defined now by (21) satisfies the 
wave equation (8). Thus the final transformation is now (21), which is what 
one expects intuitively, the 7 operator being incorporated in the method of quan- 
tization. The auxiliary condition (18) also remains invariant: All 4 Af are 
reproduced (this holds for 4}, and Az separately) and so is 2,=it when we go over 


to the complex conjugate equation and reverse 4 Likewise D* = 0 +iD;,) 


just changes sign if we change the sign of ¢ and that of i (because D,(¢)= 
D,(—2)). So we have again 


Qty =0, (22) 


where 2*" differs tiom Q* in that p is replaced by yp’. It is again easy to see 


: 
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that the expectation values of A, defined by (¢'4,¢) are transformed like the 
classical quantities, and that they have the same reality propeities has already 
been mentioned. The present method seems to us slightly more preferable to 
that of §1 (quite apart from the more serious difficulties involved in the method 
of §1), because the transformation of the state vector for improper Lorentz-trans- 
formations can be stated in a symmetrical form for all types of photons and is 
what one expects on general grounds and since the operator 7 cannot be avoided 
anyhow it might as well be used at a more fundamental point. 
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I. Introduction. 


The idea of non-local fields has been suggested some years ago by H. 
Yukawa in a series of papers in Progress of Theoretical Physics and in Physical 
Review. It is essentially an attempt to introduce consistently into field theory 
a fundamental length which can be expected to be in some sense a radius of 
the elementary particles. A non-local field U® is a function both of the four 


space-time operators +* (7'=2,=2, etc...2‘=—xz,=c#) and of four space-time 
displacement operators #,, which satisfy the usual commutation relations 
[2*, pJ=o, Q) 
where ‘ 
i[A, B]=AB—BA. (2) 


Yukawa has shown that the “propagation”? equations of such a field can be 
written in the case of a scalar meson field, for instance, in the form 


(LY, *); 2. ]—2U=0. (3) 


The generality of a non-local field being much greater than that of an ordinary 
field, this equation alone leaves too much arbitrariness, and some supplementary 
equations are needed. Born’s principle of reciprocity can be used here as a 
guide and leads to the two equations 


(0) = LU, 2", 4148U=0, 
77) = LV, 2*], Pul = LLU; Dud; z*]=0, 


in which 2 is a new fundamental constant having the dimension of a length. 
Following Yukawa, the effect of equations (4) can be made clear by using the 
representation of the #’s and #'s in which the x’s are diagonal. The field U is 
then described by its matrix elements (2’|U|x’"), and, as is readily seen, the 
equations (4) involve that these matrix elements vanish unless the quantities 
7h z!* — 4!" are of the oider of magnitude of 4. On the other hand, equation 
(3) becomes in this representation the ordinary wave equation of a scalar meson 


(Y) (4) 
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‘ : creep | 
field with the variables ey (2’*+2'). This shows that the X-space is the 


ordinary space-time continuum, whereas the r-space is a new space describing 
the “internal structure’’ of the elementary particles. Equations (4) which define 
the internal structure of the particles correspond to typically new features of the 
theory. Equation (8) defines the motion of the particles and is similar to the 
usual propagation equation. It then seems natural to assume that in a more 
general theory, in which the interactions are taken into account, the propagation 
equation (3) should be deduced from a vaiiation principle as in conventional 
field theory, whereas the equations (Y) generalizing the equations (4) should 
be obtained by some new principle, such as the reciprocity principle, or, more 
simply, by invariance considerations. An attempt has been made to develop 
along these lines a theory of non-local fields including interactions, and we 
should like in this note to sketch briefly its main features. 


II. Variation principle and conservations. 


We suppose that the equations (Y) are known. They must have the pro- 
peity of requiring that the matiix elements (2/|\U|2’”) vanish unless the 7*’s 
are of the same oider of magnitude as 4. In this way, the field becomes, in the 
limit A—0, an ordinary local field, which, in the present notations, reads uz (XY) 
6(r), where d(7) is the fourdimensional Dirac function. Let also be given a 
Lagrange function %, which is a polynomial in the field variables and the opera- 
tors f,, x”, and which, in the case of a local field, reduces to L(X) O(7), where 
L(X) is the ordinary Lagrange function. In conventional field theory, the 
action integral is defined by Jo=Ju¢@X¥ L(X), where 2 is any pait of space- 
time. Clearly, if in the limit 4-0 the theory is to become identical with the 
usual one, the action integral must be 


Ip=JSatX {ar 8(X,7r), (5) 
where 2(X,7) is the matrix element (x'|2\2’’) expressed in terms of the 
variables Y¥ and 7". The integral /y is real if & is Hermitian. It is convenient 


to introduce the operator /, defined by (2/|Ja|x"’) =1 if the point X is inside 
Q, and (2’|/Jg|x”) =0 if X is outside 2. We can then write /y as a trace 


To= Tr JR= Tr 8 Ja= Sd (2! Jo BI’). (6) 
Considering an arbitrary vatiation dU of the field, the corresponding variation 
of & can be written, for instance in the case in which & is a polynomial in U 
and iG? Pq | 
SB= YW. GU Vij Vig? LIU, Au] Vist, (7) 
mt, 
in which the &’s are functions of the field variables generalizing the paitial 
derivatives of the Lagrange function. The variation of the action integral can 
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be written in the form 


Fy=Tr B® BU + [do, fdr Me (GU), (8) 
a 


+: 
~ 


where the second term is a surface integral extended over the boundary §? of 
the domain 2. In equation (8) By and WM are given by 


Bo= Ti VMeJo Vin — (LE, Pel Ju ST — VF Ja (BAT Dad, ) 
my 
ome (6U) = x Quin 8U@ Ver. (10) 


If the variation dU is such that (4/|6V|2’’) vanishes if 2’ and 2” are within 
a neighbourhood of 3} of the order of magnitude of 4, the surface integral in 
(S) vanishes. Thus, the field equations obtained from the principle that the 
action integral should be stationary are §8,,=0. In order to get field equations 
consistent with the equations (Y), it may be necessary to restrict the variations 
é6U® to those allowed by the equations (Y). Lagrangian multipliers Vi. and 
IV. have then to be introduced, and the field equations become 


Bot? (Ve) +7( Mo) =0. (il) 


Conservation equations are easily deduced from equation (8). If the varia- 
tion 67 is that due to an infinitesimal change of the frame of reference given 
by x*=1+*—dx*, the corresponding variation é/, can be directly seen to be 
dla= ao,\dr 0X". On the other hand, if the field equations (11) are taken 


into account, the variation 07, is given by the second term in (8), only. Hence, 
we get the general conservation equation 


{do, Sari M* (dU) — dX" B} =O. (12) 


Application of (12) to infinitesimal translations, Lorentz transformations, and 
gauge transformations, leads to conservation equations corresponding to energy- 
momentum, angular momentum and electric current-charge, respectively. Note 
that these conservation equations are obtained in the form of surface integrals 
extended to 5}, which vanish as a consequence of the field equations. 

A remarkable feature of the preceding theory should now be emphasized. 
It is seen from (9) that the field equations (11) depend explicitly on the 
volume 2 occurring in the action integral. However, it can be shown that this 
dependence disappears in the case of free fields. It follows that, in the more 
general case in which interactions are taken into account, the dependence on 2 
will be negligible if Q is so large that the interactions are negligible on the 
boundary 2 of 2, and there will be a limit if @ increases indefinitely in all 
directions. This property is sufficient to make the theory consistent. In the 
conservation equations resulting fiom (12), the surface 3) cannot be taken 
arbitrarily ; it is then not possible to go over from the integral form of the con- 
Servation equations to the differential form of equations expressing that certain 
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tensors have vanishing divergence. Fiom these considerations it follows that in 
non-local field theory a collision cannot, as in conventional field theory, be con- 
sidered as a succession of independent infinitesimal processes. A collision process 
has to be regarded as a whole, and conservation laws hold only between the 
initial and the final states. Consequently, there is no hope of putting the theory 
into Hamiltonian form, and of finding an equation corresponding to Schrédinger’s; 
it will be necessary to use a formalism similar to that of the S-matrix theory. 


Ifl. Free fields. 


Although it is rather trivial, it is important to study in detail the case of 
free fields, in view of the fact that all treatments of field theory known as yet 
use perturbation methods, starting from free particles as unperturbed states. The 
simplest field is the scalar meson field for which the equations (Y) have already 
been given in (4). As the Lagrange function it is natural to take 


Q=[U*, pV, p,J+2eU*U. (13) 
The variation principle gives the field equation 
{LO Dp] O° ]- PU }a= FV) +9), (14) 


and the conjugate of the latter. The methods discussed in the preceding para- 
graph also lead to definitions of energy-momentum, angular momentum and 
electric current-charge. It,can be shown that the general solution of equations 
(4) and (14) is given in the case in which 2 is the whole space-time by the 


expansion 
U= dk dlu(h,l) & e, (15) 
(we write £x for the scalar product &, 2” etc.. .), where 
uh, Dy =my (2) +2) 0 (A) E—#) +a, Hdrha(F—#), (16) 
where %,(%,2) satisfies the condition 
(al u,(h, 1) d(Al) d(P—#) =0. (17) 


It is readily seen that the part 7 (4,2) of the field does not give any contribu- 
tion to energy-momentum and electric charge. This suggests that there’ is still 
an equation (Y) missing, and that we should add 


u;(z, l) =0, (18) 


an equation which is clearly Lorentz invariant and compatible with the see 
equations. When this supplementary equation is taken into account, equation 
(14) becomes equivalent to equation (3) originally given by Yukawa. Fuither- 
more, the number of degrees of freedom of the field becomes equal to that of 
the corresponding usual local field, and the whole theory is equivalent to the 
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- conventional field theory in the large, i.e. when averages are taken oe regions 
of dimensions much larger than J. This seems very satisfactory in view of the 
fact that conventional field theory provides a correct description of free particles, 
difficulties occurring only when the interactions are taken into account. 

A non-local theory of the electron can be built along the same lines, 


starting from the Lagrange function 


og— ety (, pJ—[P* Dale 28 F 
a (19) 
+ D+" (PD, pl—[P'*, Dale? Pj +eP'* e’, 


in which the adjoint field function ¥* and the charge conjugate functions ¥’, ¥’* 
are related to the non-local field function Y in the usual manner. Some arbi- 
trariness arises in the choice of the equations (Y). Yukawa linearizes them 
according to the principle of reciprocity. This procedure has the disadvantage 
of introducing a new degree of freedom which seems difficult to interpret. In 
the present theory the symmetry postulated by the principle of reciprocity is 
not observed anyway, since the equations (Y) and the propagation equations 
are treated on a different footing. There is then very little foundation for 
linearizing the equations (Y), and it seems reasonable to keep them unchanged 
since this gives a theory of free electrons which, after introduction of a supple- 
mentary equation similar to (18), is equivalent in the large to the conventional 
theory. 

The second quantization of the fields considered above can be performed 
without difficulty by defining suitable bracket relations for the field variables.® 


IV. Electrons interacting with the electromagnetic field. 


Although the detailed treatment of this problem has not yet been completed, 
we should like to suggest here briefly a method which can be used. 

The first question which arises is whether the electromagnetic field should 
also be treated as a non-local field. Here we note that one of the main ideas. 
in non-local field theory is that if 2 tends to zero, the field must have an 
ordinary local field as limit. This requirement cannot be satisfied in the case of 
a field corresponding to particles with vanishing rest mass. Consider, for 
instance, a plane wave in X-space; it reads e** f(r). By invariance considera- 
tions it is seen that f(r) has to be of the form f(r) =ad(r) +¢(r, 4r). Now, 
if we exclude the trivial case in which g vanishes identically as 2-0, the best 
we can hope is that, in the limit 24+0, the function g vanishes unless r°=0, 
&r=0. But in the case of a vanishing rest-mass, 4=0, and we see that g will 


be different from zero for any r parallel to & Hence, we must have g=0, 
and the field reduces to a local field. 
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The electromagnetic field will be described by its four-vector potential 
A,(X). The way it has to be coupled with the non-local electron field is 
entirely defined by the requirement of gauge invariance. A gauge transformation 
of the potential reads 


Ay(X) >A, (X) +— oe. (20) 


For the electron field functions the transformation is 
Poe VU, Vt Vt eo 
(21) 
Pe“ PD’, Pt P’* oe, 


Note that in order to obtain the exponential factors at the right place in the 
transformation formulas of the charge conjugate field functions these must be 
defined by means of the transposed field functions: ¥’=C¥*, etc....... » where 
(2! |F*|2") = (x"|0* 
Lagrange function is obtained from (19) by the following substitutions 


[% AJL? p,.]—2€A, G4 
[F* PIL? ys 2u)+ ze * Ay, 


x’). It can now easily be seen that a gauge invariant 


(22) 


and for the charge conjugate functions, similar formulas with € replaced by —é€. 
The same substitutions, of course, have to be petformed in the equations (Y), 
and this gives a new kind of interaction which has no equivalent in conventional 
field theory. 

From the Lagrange function, the field equations are obtained by a straight- 
forward procedure. The problem is then to solve and to quantize these 
equations. In recent years, several nearly equivalent treatments of quantum 
electrodynamics have been formulated. The first covariant theory is due to 
Tomonaga™, and independently to Schwinger®. However, as the Schrédinger 
equation plays an important part in this formalism, it does not seem easy to 
use a similar treatment in non-local field theory. In Feynman’s formulation, 
on the other hand, the starting point is essentially an expression of the solutions 
of the field equations in terms of initial values given on a certain space-like 
surface. In the present theory, the non-local character of the field makes it 
difficult to formulate the way in which initial values on a given suiface should 
be specified. Very recently, an alternative formulation of quantum electrodyna- 
mics has been given by Yang and Feldman‘, and by Kallen. It has the 
advantage of giving the S-matrix very directly. Thus, it seems to be the most 
suitable method for an extension to non-local fields. 

The equations (Y) and the equations obtained from the variation principle 


are of the form 
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{7 [Ppp] +2¥ | Ju=ier* Ap Pu» 
O4,=—/» és 
E(7) =0, 
n(¥) =ieA, [¥, x*], etc..., 


where /, is the four-vector current of the electrons. For the sake of simplicity, 
we have not written the terms containing the Lagrangian multipliers. Consider 
first the second of the equations (23). If the right-hand side /, is supposed to 
be a given function in space-time, the general solution of the equation is obtained 
by adding the general solution of the corresponding homogeneous equation to a 
special solution of the complete equation. This special solution can be expressed, 
as is well-known, by means of a Green function D(X) in the form of an integral 
(D(X—X’) J,(X’) dX’. There is some arbitrariness in the choice of the Green 
function, which is removed if one defines boundary values for instance, for the 
time XY! going to —o, or to +00. Let us call Dre ¢X) and Daa (X) the 
Green functions which tend to zero if X‘+—oo and +0, respectively. These 
functions are the usual retarded and advanced potentials. Then we have 


A, (Xa) =A (Xa) — [Dre Xa — Xe) Je Xe) Xe» (24) 
A, (Xa) = Ag" (Xa) —SDaav (Xa— Xe) en Ae) 2X em, (24) 


where the fields A(X) and A?"(X) are solutions of the free field equations. 
They represent in fact the incoming and the outgoing fields, respectively, since 
the integrals in (24) and (24’) vanish if X*‘+—oco or +0, respectively. A 
very similar treatment can be applied to the other equations although they are 
non-local. It leads to 


P (1) =P") + € Tre See (1,2) Ay 2) FQ), (25) 
P (1) =P" (1) + € Ze Stiv(1, 2) Ay (2) FQ), (25’) 


where 1 and 2 stand for two different sets of variables 2*, f, commuting with 
each other; Zr refers to the trace operation defined in equation (6). The Green 
functions S* depend on these two sets, which means that their matrix elements 
are functions of four points in space-time. Now, if we give to the right-hand 
sides of the equations (24) and (25) their actual values in terms of the field 
functions, we get a system of integral equations equivalent to the equations (23), 
which furthermore includes the boundary conditions for Y‘+—oo. The same 
holds for (24) and (25’) with boundary conditions for X!++ co. 

With this new form of the equations the second quantization can easily be 
performed. In conventional local field theory, it can be shown that, as a 
consequence of the usual bracket relations of the field quantities, the incoming 
and the outgoing fields satisfy free field bracket relations. In conventional field 
theory, the starting point is the bracket relations‘of two field quantities, which 
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are simple only if the two quantities are taken at points lying outside each 
other’s light cones. The corresponding notions cannot easily be introduced in 
non-local field theory, since a field quantity depends on two points in space-time. 
It-then seems natural to define the quantizatiort by postulating free field bracket 
relations for the incoming fields, for instance. The bracket relations of the field 
quantities themselves and of the outgoing field functions are consequences of the 
latter. When it has been shown that the outgoing field satisfies the same free 
field bracket relations as the incoming field, it follows from a well-known 
theorem that there exists a matrix S such that 


Fou oSIFas, swt Sot Am s, (26) 


it is clearly the collision matrix. The equations (24), (24), (25), (25’) and 
(26) leading to the S-matrix can be solved by means of series expansions in 
powers of the coupling constant. 
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1. Introduction and Summary 


As early as 1935 Yukawa conjectured that the nuclear force, which ties 
together the component nucleons into a solid nucleus, could be attributed to an 
intermediate field with an intrinsic mass corresponding to the range of the nuclear 
force. The general success of the meson theory that followed the discovery of 
such particles in cosmic rays, has been so great that one cannot now discuss 
the nuclear and cosmic phenomena without the help of Yukawa’s idea on the 
nature of mesons. One must admit, however, that the meson theory in the 
present stage is far from satisfactory almost in every detail regarding its quanti- 
tative predictions on various phenomena. This may be due to our insufficient 
knowledge about the nature of the real mesons as well as to a more profound 
crisis of the present quantum field theory which precludes us from drawing rea- 
sonable conclusions out of physical assumptions. Both difficulties are intrinsically 
connected with each other and their complete solution does not seem to be an 
easy one. 

Here we will pick up one characteristic feature of the Yukawa theory, i.e. 
the theory of nuclear forces. Up to now, however, there is a wide gap between 
the nuclear potentials predicted on the basis of various meson theories and the 
one that is obtained empirically. No simple assumptions have ever succeeded in 
explaining the quantitative behavior of the internucleonic interactions. The 
theoretical side of the difficulty seems to consist of two facts. One is the 
high singularity of the nuclear potential which is more or less of a common 
_ oligin in the present quantum theory, while the other ig that we have. no 
established formalism of the relativistic many-body problem, a peculiar situation 
encountered in the theory of the deuteron. At least formally, the S-matrix 
theory of Heisenberg affords a means to deal equally with scattering processes 
and bound systems. But the latter case is more helpless since the higher order 
terms in the coupling constant play an essential role in the determination of 
energy levels. In the non-relativistic limit, such higher order effects were properly 
Tepresented in the interaction potential appearing in the Schrédinger eigenvalue 


* Preliminary report: Prog, Theor, Phys, 5 (1950), 321. Some errors are corrected in the text 
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problem, a typical case being that of the hydrogen atom. At the-genesis of the 
meson theory, Yukawa borrowed this successful idea from the electromagnetic 
theory. There are, however, some remarkable distinctions between the electro- 
magnetic and meson field. The latter has mass and charge, together with strong 
coupling constants. The Coulomb potential, being not quantized, was an exact 
theoretical consequence, while there is no such classical potential in the mesonic 
case. These situations exhibit themselves in the relativistic effect, or the retarda- 
tion on one hand, and in the quantum effect, or the recoil and higher order 
forces on the other. Before deciding between the existing ‘ korrespondenzmissi- 
gen” theories and any more revolutionary ones, we probably have to re-examine 
the old concept of potential and improve it so as to conform more closely to the 
rigorous field theoretical view. 

In the following sections we apply the recent method of quantum electro- 
dynamics to the analysis of these problems. At the present stage, however, we 
have to abandon the complete relativistic covariance, which is one of the most 
beautiful achievements of the new theory, but rather confine ourselves to more 
crude and approximate considerations. In Section 2 we begin with the derivation 
of the second order potential with the aid of the covariant field theory, and 
point, out the ambiguities that naturally arise. The latter leads to the considera- 
tion of the fourth order potential in the next section. An extension of these 
methods to still higher order terms seems almost impracticable, but very simplified 
arguments are presented in the last section. The examination, however, of the 
existing individual meson models in the light of the obtained results will be 
carried out only on a later occasion. 


2; The Second Order Potential 


The derivation of the second order interaction potential between two Fermi 
particles has been carried out in various ways. Originally the Coulomb poten- 
tial for charged particles was directly imported from the classical theory. Its 
relativistic correction was first derived by Breit” also on the basis of the corres- 
pondence principle. He afterwards developed his principle of the approximate 
relativistic covariance” to obtain some general expressions for electromagnetic as 
well. as nuclear potentials with relativistic corrections. On the other hand, per- 
turbation calculations based on the quantized field theory were carried out by 
many authors”, with the results that were essentially the same as that expected 
from the correspondence arguments. In the meson theory an attempt was also 
made® to use canonical transformations instead of the ordinary perturbation 
method. Very recently this was replaced by the more elegant and perfect theory 
of Tomonaga and Schwinge1”, from which standpoint some papers have already 
been published on the meson potentials”. All these results seem to be aH 
general, but not complete, agreement. The correct interpretation of them will 
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only be given by a careful inspection and reflection on the meaning of the 


potential. ; 
Here we start from the Tomonaga-Schwinger equation (in natural units) : 


if P[oJ=H (x) ¥[o], (1) 


H(#)="—€fa¥r (2) 
for the interaction of a fermion field ¢ with a boson field yg. e is the coupling 


constant, and 7, a quantity bilinear in g and g. A stipe the concurrent 
tensor and isotopic spin indices. By the routine transformation” 


v (o) =exp| —-A fZ7(e")e(oo") (dz") | #: Le, (3) 
we obtain 
; < ¥ [e]= -— i[H(2), (2) ¢(ao’) (dx’)} ¥ [a] (4) 


to the second order in ¢. For a system in which real bosons are absent, this 
gives 


. 6 2° i Na 
irys v,[a]=| —— ence) |i, (2') 4, (4-2) Cay ¥ ,[c]=H (2) F,[e] 
using the commutation relation 
Lea (2)s $n (2")]=Hdyy (2-2!) $10}, 4 (x—2'), 


Za(2) => €(4) din (2) or —- Onn e(#)4(2)), 


(6) 


where 4,,(%) contains the essential factor J(2) as defined by Schwinger. In 
order to get the usual potential form we make use of the Fourier decomposition 
of 4, or more conveniently the operational relation 


| A@f@) d= — exp (1 VE TERY EE) bare 


Lees x=, 


where yw characterizes the mass of the field. In case #=0, 


[D@)F@) dxy=—— ® (exp (tad + exp (5) Fe) lane 


1 
Hd 3 FO tr) +f ttr)) (8) 


=7- + f(r) ret tf (0") aes 
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We should apply these formulas after making the space-like surface o flat. Thus 
in Eq. (5) the interaction becomes 


iL bey: 
H® (2) = = fr) Om Vr jar", (9) 


[r—r'| exp(— \r—27’| Vp (d/dt)*), or 
1 A | ( fn) ad 
a fexP( =| 11) +exp (|r—r’ |). 
TU ea | | sda | a 
H™ (x) means the potential energy density for the particle at x due to other 


particles. In the two-particle system in which we are interested, the total 
potential energy will be written down in configuration space as 


H® (12) =—— 1A) Om VOB) +42) OaVADAM) — GY) 


Vor—-r) = (10) 


where 1, 2 refer to the numbering of the particles, and 7, means the quantity 
introduced before, but represented in the configuration space. V is an operator 
operating on the quantity that comes after it. We may regard (11) as the 
potential energy to be inserted in the ordinary Schrédinger equation, in which 
J, is a constant operator and d/d¢ is replaced by 


a 
dt, 


H™ being the free state Hamiltonian for each particle. We note here that the 


=1 Fees iF i=1,2, (12) 


r-dependent potential itself should always be thrown under the operation (12). 
Eq. (10) tells us that V corresponds to the attached field introduced by Dirac 
and others®. Its appearance is a consequence of the Schwinger transformation 
(3). When the real boson field is absent (no incoming and outgoing waves), 
the attached field is equivalent to the retarded field which follows from the 


transformation 
¥[o]=exp [—i| AC’) (de’)] ¥,[2}, (13) 


Though they should be equivalent under the above condition, the form of the 
potential derived from these transformations is apparently not equivalent. Since 
such a condition is eliminated in the Schrédinger equation, we here mect with 
an ambiguity. On physical grounds, however, the symmetrical form may be 
preferred to the retarded form which is not invariant under the interchange of 
past and future. It is to be noted that the ambiguity does not arise in the non- 
relativistic limit for which the familiar potential 1/r or exp (—/) /r results. 
Instead of using the rather unesthetical one-time theory to derive the poten- 


tial, we may also invoke the formula’” 
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o(2)=| S(e—7) tp 9 (2') do',, 
mea j doy! § (2) Te S(2’—2); (14) 
ats + S@—7)=19@), $2) |, 


and express the retarded and advanced quantities 7,(7) in terms of ¢ and ¢ on 
the surface a. The resulting interaction is non-local, or in other words, velocity 
dependent. The Schrédinger equation with such an interaction is then an integro- 
differential equation, and its solutton will never be an easy task. The non-local 
effect, however, will set in only at very close distances for which large momen- 
tum transfers between the particles become important. Thus if we will take 
account of the retardation in an approximate manner, we may usually be allowed 
to expand (10) in powers of d/d¢ and retain only the first few terms. But if 7, 
contains a Zitterbewegung (or non-static) part, we cannot do this, for it means 
the transition from positive to negative state or vice versa, and d/dt~ +2m#, 
where m is the mass of the particle. If 2a is much larger than w#, (10) gives 
a rapidly oscillating function of the form cos (2mr)/r which had rather better 
be substituted by a delta function: 


Se ae ae (1- 
4x +r Ant 


po At) ae). (15) 


The problem of ambiguity mentioned above, however, is not yet settled at 
all. We show this with the example of the Breit interaction. In this case, 


H(#)=—8), A, h=itorng, (16) 
and 
2 Lae oe (7) 
H® (2) =— © (2) 4 a)ar’. (17) 


This is the Mdller formula.” The fourth component of the product 7,7,’ corres- 
ponds to the Coulomb force with small retardation effect. An expansion in d/dt, 
which is allowed here, yields the potential in configuration space 


@ a 1 oy a, ee 
19 (8)= | = Oat F ($54+-Z) CirGo,]+ 8) 


When this is evaluated, we do not obtain the Breit formula, contrary to our 
expectation! However, (18) may also be written as | 


©) Se a ae 1 ee 
1°02) = | Oe 5 SS Gara], (19) 


for the energy conservation means 
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neglecting the interaction term which amounts to a higher order correction. 
From (19) now follows the desired formula :* 


HPG2) =| G).6).-5{ 6). ¢).4 Ge de 1 ery 


if 


The assumption (20) was also made by Bethe and Fermi”, and more explicitly 
by Toyoda” in meson theory. It is true that an ambiguity does not influence the 
second order S-matrix corresponding to the elastic scattering of two particles, 
since in this case (20) holds exactly. But a potential in its proper sense should 
contain those matrix elements in which energy is not conserved and which 
brings the system into a virtual state. From the above result we see that the 
potential is indeterminate to within an aibitrary matrix whose diagonal elements 
with respect to energy are zero. Let us try to find out how this problem can 
be settled. 

We make here a requirement that the two-body problem shall be rendered 
to a relativistic form as far as possible. Thus we assume a pair of the Dirac 
many-time equations for the wave function ¢(1,2,) describing a two-paiticle 
system under action at a distance: 


a — H,—V(12) \y=0, 
zt: 
(22) 
72 T= v2l)}g=0. 

Ot, 
H, and H, being the Hamiltonians for free state. In general the potentials 
V(12) and V(21) may be different. By a standard transformation (22) can be 
brought to the interaction representation 


{i 2 = v2)|y=0, 


Ny 


{i 2 £ y(21)}$=0. 


bj 


where the time-like parameters » may point to different directions, but for the 
time being assumed to be parallel. Now an integrability condition should be 


enounced : 


i ove” 2 or) )=[702), Y@1)]. (24) 


* An alternative method to derive (21) is to separate the pure Coulomb interaction beforehand 


and treat only the transversal part in the above way. 
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Suppose the potentials V to be defined in terms of the varias 2 aes 
paiticles which stand in a definite relation to each other with ae on Re 
space-time position, thus taking account of the wee he effect. a sinc 
the relative position of the particles should remain invariant in V and 7 1s 


parallel to 7, we have 


OVE ax. (25) 
On Ong 


‘so that 
i on (V(21) —V(12)) =[V2), V21))}; (26) 


which in turn requires that 
V(12) =V(12), (27) 


as will be seen by developing V in a power series in the coupling constant. 
(27) may be regarded as expressing Newton’s third law of motion. Let us test 
this condition for the above mentioned example. The Mller interaction gives, 
in view of (17) and (18), 


(12) nen = 2» +f )s 2+ 3a: Zerg}, 
4r 0 Q r 2 dts 
(28) 
VA) Iw =» 2{ Os dt FO: Fe ros}, 


hence clearly (12) #V(21)! To make the equation of motion (23) integrable, 
we must therefore supplement the potentials by some additional terms. This can 
be performed by a transformation independent of past history : 


t 


¢=exp [= - (5-+4,)@s rds] ?, (29) 


with the result 


Va =" ana TS] Os Oise irs] +009, 


(30) 
which just leads to (21). 


The meaning of the above condition may be illustrated as follows. Let us 
describe the retarded interactions V by the Feynman diagram. So long as these 
interactions occur successively with sufficiently large intervals of time, there is 
nothing difficult. But when they come nearer and cross each other, there arises 
a difference in the order of emission and absorption of quanta represented by the 
process V(21)V(12) or V(12)P(21) and the one corresponding to the actual 


process, which always occurs in the chionological order. Such a situation is 
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chatacteristic of the relativistic interaction, for the range of the time interval in 
which the crossing of the lines prevails will tend to zero as coo. In the ex- 
pression of the S-matrix, however, these discrepancies are properly compensated, 
giving the correct result in the fourth order term. Thus we. may suppose that 
in amending the second order potential so as to satisfy the condition (27) we 
are automatically taking account, at least paitially, of the higher order interac- 
tions. The ambiguities in the second order potential will then be reflected in 
the higher order ones in such a way that the overall effect turns out identical. 
In other words, they will correspond simply to our freedom of canonical trans~ 
formation of the whole representation. 

Anticipating the justification of the above considerations in later sections, 
we shall next derive an alternative form of the potential which seems more con- 
venient for our purpose. Fiom the point of view of the S-matrix, the trans- 
formation (3) is a rather clumsy procedure. We had better write down the 
S-matrix after Dyson” as 


Sah jz@) dx+ eal \ PUH(4,), H(4)) (dt) (dit, #25 (31) 
and identify its sub-matrix corresponding to the two-particle system with 
1+ [Hay 29) (@X) +5 | [Peo ), Vel 2) GX) AX) 44 62) 


where Y means a set of coordinates describing the motion of the system as a 
whole, and the symbol P is defined with respect to these coordinates. Indeed, 
if a relativistic two-body problem could actually be formulated, we could consider a 
generalization of the center of gravity to which belongs the constants of motion, 
or the momentum-energy vector. In case the two particles are identical, it is 
natural to adopt for X 


1 
X= O(a wart (%,)2)> (33) 
the remaining variables being the relative coordinates 
Hp= (%)1— Jo» (34) 
so that 
neXt, “waa ts (35) 


In terms of these variables becomes, to the second order, 


Hav (X)=5-|P(H(X+5 ). 4 (x- 4.) a). (36) 


With the expression (2), it is 
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H%=— ZL él (X+ )dyay (24 (x-= )(@), 


(37) 
4,(£) =4 (x) —2i4(2). 

The appearance of the function 4,(x) as the vacuum expectation value is a 

common feature of the Feynman-Dyson theory.» This makes, at first glance, 

the potential function non-Hermitic, but actually the term with 4® («) does pot 

contribute to the process and may be omitted. In case the retardation expansion 

is allowed, (37) gives 


é 


2 wae | 
H=—*_| f(r) On rs Fu (12) 


-L(L) {ilro tt) Omer (ro X-F)}. 


2 tr 
= a5 [aa Orn é Ju (2) 


r 


“HGF SEI ners). 


For »=0, replace —exp (—yr)/ by r. This formula applies, being an expansion 
in d/dt,—d/dt,=i[H,—H, |], to those transitions ia which the two particles 
possess the same energy sign both in the initial and final state, a wider condi- 
tion than the previous one. It is to be noted, however, that in this way the 
separate derivation of V(12) and [7(21) in (23) is impossible, and the physical 
insight into the condition on V is accordingly obscured. 


3. The Fourth Order Potential 


As was shown in the preceding analysis, we cannot give in general an unambi- 
guous second order interaction unless the fourth order one is specified. They 
are related to each other in such a way that the second and fourth order (and 
possibly higher order) terms in the S-matrix come out correctly as the combined 
effect of these potentials. In other words, the fourth order terms of the S-matrix 
aré the sum of the first order effect of the fourth order potential and the second 
order effect of the second order potential. In the S-matrix theory a similar 
circumstance arises when S is expressed as™ 


1—ik 
S= : 
147K oo) 


Expanding S and K: 


S=14+ S,4+ Sgt es, K= K,+ Kyt-, (40) 
we see that 
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as: ; bs avits onl Almseen/SEN 
Sf=—S,, ——- Se Simos Sy +1(K,)*=—- Sit (=) : (41) 


Thus 2X, is the difference of S, and a two-fold iteration of S,, and is the real 
(Hermitic) part of 7S, in this case, however, the term (S,)* corresponds to the 
process in which the particles are scattered twice but the energy is conserved in 
the intermediate state (the damping pait). In our case, on the other hand, a 
second order potential is meant to include the reactive effect as well and con- 
sequently the fourth oider potential is of a nature different fiom K. 

Now from the standpoint of the Feynman theory, the fourth order processes 
consist of two main graphs (a) and (b). Other graphs contain self-energy 
effects, and we shall neglect them for the present purpose, for it only gives a 


small smearing out effect to the source if divergences can be avoided. On 
iterating the second order graph, we get a graph corresponding to (a) if the 
two boson lines do not cross, and a graph similar to (b) if they do. But the 
latter is not exactly (b), for the order of occurrence of the events at 1, 2,3 and 
4 is not chronological, and it coes not give the correct matrix element corres- 
ponding to (b). Hence the difference between the true fourth order term and 
the one arizing from the iteration of the second order term can be written as 


—L(=ie)'f je DOTA Je @)] dap 12) dra 84) 
(42) 


x An “) eh ae (dx) (dx) (1%) (dx,), 


where 1,3 and 4,2 are understood to refer to different particles. A more 


symmetrical form is provided by 


1 ,({1+e(13)e(42) -. , ? ‘ 
Ao et{ {AFC 4.0) O14 


+ D+) 45,0), AE) LAO AO O A OWA 72) Df 
x Anup (12) Ana (84) (da) (de) (de) (dx). (43) 
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(41) and (42) contain the sign function ¢(7%) which depends on the surface 
parametrization. In fact, on writing down the matrix element explicitly, the 
second term of (43) is seen to contain a factor e(v) S®(2). This shows that 
the potential energy and accompanying eigenvalue problem do not have in 
general the ordinary covariant character. As it will not be of much impoitance 
‘to obtain the rigorous form of the potential, we shall be content with rough 
estimations. For this purpose we “specify the time axis and proceed with u/c 
expansions. Then two cases discriminate themselves. The first is the one in 
which the quantities 7 are static so that in an expression like Jul) 7,3) we can 
take account of the difference of 4, and ¢, by a simple Taylor expansion in 4—4. 
If, on the other hand, the 7 are non-static (~v/c), then such an expansion fails 
because of the large Zitterbewegung frequency, and we consequently face the 
second case. The cross term, in which one 7 is static and the other non-static, 
will be considered afterwards. 

a) The static case. We use the expression (43), not explicitly writing 
down the S-functions for the paiticles, but going with the 7, themselves. We 
make beforehand a remark that the first term in the bracket in (43) gives a 
zeroth order (~(v/c)°) potential while the second is responsible for the retarda- 
tion correction to it. Thus in the first term we put 7,(4 ~1 with respect to the 
time dependence. The J-functioa is, in Fourier representation, 


—27 .. (ak) 
4p(2) == {ae 8, 44 
(2) = [ane 2. (44) 
with the understanding that #° is furnished with a small negative imaginary part. 
The first term of Eq. (43), which we call (4), becomes then 


1 e! 2)" | : teCh)e®) AG rJy (ts) ] LA (7) Jo (72) ] One Orv 


32 (2z)° 
x — LD, pr ttols—4) , te 4) 1K, Td) £0, rs) 
2 2 72 Q 
pe Ree 
x (dk) (dk') dt, dt dt, dt,» dr, dr, dr, ar, (45) 


Making use of the fact that 7,(7) and 7,(r’) commute (for equal #) if r-kr’, we 
can identify 7, and 7 with 7, and », respectively, and put 7,—7,=7,—r,=7, 
thereby reducing the quadruple integral {//dr to a double one. As regards the 
integration in ¢, we invoke the centers of time 


THAththth LAM" plttkh m__bth 
4 9 ? 9 ? Eee 
together with 
aoa hea i U=t—ty, t!'=1,—4,, (46) 


and leave out the integration in Z to obtain the potential energy. Fuither 


ls 


ee ee 
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putting 


t—2" =u, t= uv, (47) 


we find 


[-- [Pees eho —t) io! (tet) yp. f 
2 4 


fo) Z 1 
= Pa Wiles -- Ju du [dv 208 (E+ &') 


8 
= aye tH) jaz. (48) 


The potential (A) is given by 
52 ig > | , P : : 
H?=(+) |v (91) Jv) La 2) Fe (2) ] up Oav VQ — 12) as ary, 
1 —ikr 


Va ye es atti 0(k, +.) (dk) (dk). (49) 


V can be evaluated, with the above mentioned definition at the poles, as 


Vir =75||-* {qa 1 1 a kr ie dk dk! 
( ) 1675 ; (Ke? +p) % ok pares € 


. ikr 
=1{(-ni) ee Pe rt) S98 De 
167° (e+ 2)% , 


1 sin 2kr 1 
Se ere een Pee D0 
ony ke + j2)% ae of Lr) (50) 
where K, is the modified Bessel function of order v: 

K(2) => nie 77 (ix). (51) 


Asymptotically, VY behaves as 
V(r) ~— (1/ar) In (yer), 7= 1-781 for 2ur<l 
~ (1/2r) (1 /apr)% eo" for 2pr> 1, (52) 


The range of the force is thus half of that in the second order potential, corres- 
ponding to the fact that two mesons are interchanged between the particles. 
The retardation correction has been neglected in the above calculation, but 
it can be shown that the (v/c)’-effect is zero. In view of the approximate 
nature of the calcultion, we shall not investigate the (v/c)*? -correction to the 
fourth order potential which is already small compared to the second order one 
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ee 


. = 
On the other hand, the second term of Eq. (43), called (B), gives a (w/c) 
effect. We accordingly put 


7Q) 7) ~ ELVA , A434 | (53) | 
An integral of the form 
| e(13)+e(42) ,—i(&— we) 4454 G4) 4-9) d,...dt, (54) 
4 


is, by a similar procedure, found to be 


=—7 1  13(%,-2£'—2p) —28(&,—A! —29) }- (55) 
2 ~-4 . 


Using this, the part (8) of the potential can be calculated, giving 
) ; ay, a , - > . , 
a ae (=) {<> ODAC) AOD ACD |-[eCDAC)» 


fe PW at 


ar, ar, 


= ROAD) |} On Orv * 


a : (= yff - Gultsa(r2)) Val), PACA) vr) | One Orp 2M) AP zy 
(56) 


3 
V= = SS SS 57 
0 . 2 oy ary 0 ( ) 


(b) The nou-static case. We make the approximation 


AJ Qi 3 —t 
FQ) 7B) ~ AEE ® (58) 
since the main contribution comes from processes in which the initial and final 
state is positive, while the intermediate is negative, in energy. Here we must 
be careful about the sign of m in the exponential. It is determined by the order 


of the operators 7(1) and 7(3), but not by the order of the times 4 and 4. The 
integral corresponding to (48) is then 


1 1 
— en en ee 
1 3 1 7d (Ay + &,') 
Die. (at a 
( 2m 2 (4 A)) (2m+—— (hy &)) 
for the order 13-42, 
q Oni 7 2 
an = 8, ee ee 224+ &)) [dT (59) 
m (2m)*—( i 0 ) 


for the order 13-24. 


We neglect 4 and 4,’ compared to m, since the impo:tant contribution comes 
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from values of 4, of the order p, which is <m for actual cases, The interaction 
(A) is thus given by 


HP =(2-) [ti OnrAe®) Ps : 


4m 


V(r)? ar, ar, 


+ (2) fie), AC)HAQ) JQ) HOne On gam he Kiar) dy are 
2 8x mr 

(60) 
The interaction (2), on the other hand, becomes zero in the present approxima- 
tion. We shall not, however, enter into more detailed treatments. 

c) Cross terms. When some / are static and others non-static, there occur 
in the expression (43) cross terms of these quantities. They may be calculated 
in a similar manner. But the resulting fourth oider potentials will be non-static 
with radial dependence essentially the same as in the case b). Consequently 
their order of magnitude will be smaller than the preceding ones. We shall not 
investigate these terms here. 

In the above results, a finite field mass # has been assumed. If w=0, they 
cannot be applied at once since some of the expressions diverge. In this case 
we can show that 


in (57) V> 5 
1 ‘gue 
and in (60 Ae ET A — / 61 
EY) 82 wr a( pe) args mr aN) 


A teasonable evaluation of (50) for w=0 is not known, but it may be left out 
of consideration since fortunately such a case does not occur actually. 


4. The Relation between the Second and Fourth Order Potential 


Now we have at hand the second and fourth order potential JE, ards FT 
Their sum should be taken as the potential energy for the system which is 
1igo1ous up to the fouith order in the coupling contant. #7 is a familiar in- 
teraction which can be de1ived by various methods, except that the retardation 
effect should be taken account of in a manner specified above. In case 7 is 
static, a retaidation expansion is allowed. But for general 7 the situation is 
different. In fact, for transitions in which either cf the paiticles changes its energy 
sign but not both, (odd transition), the interaction is virtually of a delta-function 
type which will not fit in the category of the ordinary potential. In other words, 
we had better decompose every quantity 7 into a static part 7 and a non-static 


(Zitterbewegung) pait* yh and apply the retarded potential (38) only for the 


* The terms static and non-static are somewhat deviating from ordinary usage. They refer to the 


change of the energy sign. 
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ei = ES . * . a 4 ] 
even part fiJut/rju- In this sense the Pauli approximation plays a major role 


in the two-body problem. 2 . 
The fourth order potential, on the other hand, exhibits several interesting 


features. It takes on different forms according to the wv/c-dependence of 7 as 
above. Moreover, it has an additional dependence on the spin variables through 
commutator expressions. Suppose that all the 7's commute with each other, tiem 
the term (49) or the first term of (43) vanishes, leaving only the retardation 
correction (56) in the static case. Thus there remain no fourth order forces 
except for a small retardation correction. 

Let us see how these fourth order characteristics show up in the electro- 
magnetic interaction of two electrons. Here we have one static and three non- 


static interactions, namely 


Firs) Jl) = — (Yr): Gr): (62a) 
and 
IM) Fi(1) =— Grd): Gr#)2 *=1, 2,3. (62b) 


We apply the formula (49) and (50) for (62a) and (60) for (62b). The former, 
however, vanishes, showing that the Coulomb potential is exact even to the 
fourth order effect. The latter yields a relatively large spin-spin and a smaller 
spin-independent interaction of the electrons, but the spin-spin term is just can- 
celled by a second order perturbation of the second order potential with 7,7; 
via negative state. The retardation correction (56) can be applied only to (62a). 
We can, however, again eliminate it by a canonical transformation (which is 
equivalent to the previously considered one (29)): 

YW =exp [+ a 


= | Ar) Paso) ddr, | (63) 


In fact the transformed interaction becomes 


—fama@ r-+l[-£ ose. IU RQ) | VM 


z 


a £% he ‘ , 1 wise. : 
ie {|< AMI)» AD AZ | VV.+— a GDAQ)M (64) 
+higher order terms. 


The last term contributes 


SN IMs +2 .0)4 5@ OZ) A@}r, 65) 


which combines with the first teim with the expansion (38). Thus we 


| ines, get the 
corrected Breit interaction 
’ 


with 7,7, replaced by da DAD Sr =n 
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AOS ADAG) M4 GO) Gi) y\ gar 
Fee irae yh dr, dr 


+( _ \N2M2@ aor Vedr,dr,+smaller terms. (66) 

There remains no net fourth order effect of detectable magnitude. On the other 
hand, if we try to peiform a second order perturbation using the original Breit 
formula, a result is obtained which contradicts the experimental facts about the 
hyperfine structure of helium™. This is due to the lack of the fourth order corx- 
rections which cancel a part of the iteration of the second order potential, leaving 
no spin-dependent fourth order effects. The same circumstance is observed in 
the (symmetrical or charged) pseudoscalar meson theory with pseudoscalar 
coupling investigated by Watson and Lepore”, in which the isotopic spin 
variables replace the ordinary ones. 


5. Further Discussions 


In the preceding analysis we have given a general form of the potential 
which is correct up to the fourth order in the coupling constant and takes an 
approximate account of the retardation effect. The result shows that the correc- 
tions, which should be made to the potential directly derivable from non-relativistic 
classical theory, is essentially dependent on the nature of the interaction. Those 
interactions which contain only classical variables give in the quantum theory 
also potentials not much different from classical ones. On the other hand, if the 
interaction contains quantum variables, such as the Dirac spin and isotopic spin 
matrices, the higher order corrections in general affect the classical potential. 
Although these corrections have been considered only in the fourth approxima- 
tion, we can in principle obtain the higher order ones step by step, in such a 
manner that the resulting potential yield exactly the S-matrix derived from the 
field theory. The origin of these correction lies, as was seen above, in the fact 
that the order of the emission and absorption of quanta exchanged between the 
particles affect the matrix elements. As an illustration, let us consider a charged 
meson theory, which contains the non-commutative isotopic spin variables 7). 
The physical meaning of the non-commutativity is that the charge must be con- 
served at any instant, so that a nucleon cannot emit or absorb successively more 
than one positive or negative mesons. In other words, there is a stroag correla- 
tion between the partaking quanta, which pioduces deviations in the higher order 
S-matrix. terms from those obtained by a mere iteration of the second order 
process. For scattering problems these higher oider corrections my be neglected. 
But for the bound system they would give in general a large iafluence on the 
eigenvalues and eigenfunctions. It is very difficult, however, to give an explicit 


expression for these corrections. We give below only an idea about these 
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circumstances on a simple model, which may rather be too rough an approxima- 


tion. ny 
Take a symmetrical meson theory with static interaction. The main wth order 


processes consist of those graphs in which # meson lines connect the two nucleon 
lines, the order of the joints on the particle lines being different for each graph. 
Every graph gives rise to a matrix element of the form 


s (t4 ogee): (Ti Te-+-Tin)o tk (p; 91 P2 Fas (G;---85)) (67) 


where 2,, 9,) fo J: are the initial and final momenta of the particles. Now we 
assume that the function f virtually does not depend oa the permutation symbol 
(i,..-2,) for the irreducible graphs, in which every meson line crosses some 
other meson lines. 


For these graphs_we put 


Jn= <leo ae ~ us 'v=—kv,", (68) 


u=ce "|r, y~ce*"/V ur, k~wv p/r, 


where C, is the number of irreducible graphs. This form may be suggested by 
observing that 


a9) Cea Uncetaom td tale (69) 
and 
kr aire a . 
pore. Sar heen ’ (70) 


where 7~1/# is the time interval in which a mth and an (#—m)th order graph 
overlap, giving an xth order irreducible graph. Then we extend for simplicity 
the average over the irreducible graphs to all graphs, thereby using the formula 


my n+1 mu=even, 
stn gett tm (Tas+:Te, a= nt2 sate ee (71) 
. : 


Next, starting with an effective potential 
{ (t+ t) +a} V=—2 DY 5,0," (72) 
we get similar irreducible terms of S-matrix : 


{(tt) +a Fy FRy~ VIS Aye. (73) 


Equating both S-matrices, we obtain an 


: equation determining th i 
potential, which is solved as g the effective 
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ey oe eae 
k (44+ B) (A—3B) 
1+a, 1l—v,/3 
A=—_*_ YS: ae AY ee BT 74 
(1—2,7)?’ C7 eS) 


This is a rather strange result. For large » and small coupling constant, V” is 
nearly. equal to —v(t,-t,). But for the contrary case v% will be large, and the 
isotopic dependence is of a linear combination of 7,:t, and 1. Of course the: 
above form of the functional dependence is not a reliable one, because of the 
nature of the present investigation. But it may be sutficient to make one modest 
in asserting the validity of lower order approximations. 

Next we make a remark on the relation between the results obtained here 
and those which follows from the ordinary perturbation calculation. Writing the 
momentum-energy of the particle and emitted quantum as (f,f,) and (4, 4) 
respectively, the second order matrix element is 


oats 1 1 iE = 
Co crane ares careers 5) 
The energy Her orninators can be rewritten as 
EL es ey 
= (42.)1—%o ia (4p))2—Fo am (4p))1—*o (4p,)1—%p 
a 1 cows 1 
- (4p))2—%o (420) 1 —ky 
— —2k, 4 (4p) i+ (dy) » ; (76) 


he — (Apr) {Aya —(4P)3} {40+ (4h) 0} 


The first term corresponds to the Eqs. (9) and (10), while the second is, being 
of the form 7(d/dt) V (non-Hermitic), contributes only to a higher order effect. 
The symmetrical form (37), however, does not follow from the perturbation 
theory. The fourth order interaction is therefore also different. In fact the per- 
turbation theory will not give a fourth order potential as simple as the present one. 

Thus far we have been confining ourselves to essentially non-relativistic 
treatments. Those regions where the distance of the particles is small and 
relativistic effects play a predominant role are out of consideration in the present 
investigation. Moreover, the difficulty of high singularities of the potential which 
haunts these regions is of a more profound origin and will only be solved with 
the general difficulties of the present quantum theory. A complete relativistic 
eigenvalue problem itself, if it could be formulated, would not give much help to 
these fundamental difficulties. 

As for the relativistic formulation of the two-body problem, our results 
seem to present a slight progress over the older ones in that the miny-tim> 
theory has been invoked as a guiding principle which requires a certain integra- 
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: ; , > 
bility condition for the interaction term. In view of the preceding pal w 
easily find that a pair of equations of the form (in the interaction representation) 


a —r(stt)jono, 2 -v(Sgh)}eeo 


just meet our purpose. Transforming back to the Schrédinger representation, 


we have 
{2 a -H,—V (4-4)} =0, {i 2 ty V (4-4) | $=0; (78) 
: ; 
ol 
{i 2 — (H+) —W (| $=0. {i2--U-H)} $=0, (79) 
with 
(5, ia Oe ee ‘sa 


Vae7 tn Aadt V(0O) Fah ini 


The space-time behavior of the wave function ¢ is such that it is essentially 
determined at 4=4, and extended to 4=—4 simply as free of interaction. The 
latter procedure means nothing but a canonical transformation of the whole re- 
presentation by a function exp[/(4,—A,)¢]. Thus the above many-tim> equa- 
tions do not really present a purely relativistic (four-dimensional) formulation. 
They are essentially the same as the ordinary one-time equation. However, we 
notice here a fact which seems to have been overlooked. That is the freedom of 
canonical transfoimation just mentioned. Indeed any equation of the form 


ee: 
° —_ H—V)¢=0 81 
AS VY (81) 


allows a transfoimation exp [¢f(/7)]4 with the result that only the interaction 
potential suffers a modification. In this sense the potential is not uniquely 
determined though the ensuing S-matrix is unique™. 


tcnally a remark may be added concerning the Eqs. (21) and (32). The 
S-matrix (31) is unitary, but its sub-matrix under consideration is not. For if 
iwo particles collide, the Bremsstrahlung will occur, which diminishes the norm 
vf the final elastic state. This means that I’ is in general complex. In fact an 
atom in an excited state will ‘ decay” by emitting photons, and this should be 
properly represented by the complex potential. We may, however, regard 17 


approximately Hermitic, at least at low energies. The preceding results give it 
some justification. 


} 


cetacean me A, Oe 
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In conclusion, we may say that the concept of potential energy cannot enjoy 
a wide and practical extension much beyond the classical and non-relativistic 
form. Consequently a more ambitious attempt at a relativistic eigenvalue problem 
for closed systems will have to deviate considerably from the present one. An 
example will be furnished by the equation 


(n -*) (% ald ieee lt) (rye Dr (12) ¢. (82) 
This equation can be deduced, as a reasonable one, from the many-time equation 
with intermediate field at the cost of some assumption and alteration on the 
meaning of state vector. We might expect that it determines an eigen- 
momentum-energy vector of the system from some boundary conditions at (space- 
time) infinity. Eq. (S81) only takes account of the second order effect. Inclusion 
of higher order effects is not possible in the above form and can only be achieved 
by an integral equation. If higher order effects play an important part on the 
interaction, we shall therefore have to resort to still different methods, suchas 
the S-matrix theory, the strong coupling theory, direct tackling with integral 
equations,” and so on. 
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§ 1. Introduction. 


The low cross section observed for the scattering of #-mesons by nucleors 
was long a puzzle” and was finally resolved after it was demonstrated that 
yemesons are very weakly coupled to nucleons. The strong interaction of 7-mesons 
with nucleons, implied by their direct production in nucleon-nucleon collisions, 
raises the old question in a new form: should z-mesons suffer appreciable non- 
Coulombic scattering by nucleons? The present paper attempts to answer this 
question on the assumption that both the neutral and charged z-mesons possess 
spin zero.” We confine ourselves to spin zero charged z's because at least for 
the scalar field with scalar coupling and the pseudoscalar field with pseudoscalar 
coupling, we can obtain the higher-order corrections to the scattering cross 
sections by the usual methods of charge and mass renormalization. This is not 
true for spin one charged meson fields. We believe that some interest attaches 
to a comparison with experiment of those predictions of weak coupling meson 
theories for which the higher-order corrections can be calculated. 

In §2 we derive the lowest order expressions (valid for all mson energies) 
for the differential and total scattering cross sections predicted by the scalar and 
pseudoscalar weak coupling theories. Charge-exchange scattering as well as. 
direct scattering is considered.” For the sake of completeness and also because 
they are so qualitatively different, the cross sections are also recorded in lowest 
order for the derivative couplings, although the latter can not be handled by the 
customary renormalization procedures (i.e. scalar theory with vector coupling, 
pseudoscalar theory with pseudovector coupling). Some representative numerical 


1) The old measurements (cf. R. P. Shutt, Phys. Rev. 61 (1942), 6 and references cited therein) 


Jed to an upper limit of 10-88 em?; recently, Amaldi and Fidecara (Helv. Phys. Acta 23 (1950), 
93) pushed the upper limit down to 5-10-80 cm’, a value approaching the Coulomb cross: section 
for single large angle Scattering. 

3) Phe evidence is conclusive (cf. J. Steinberger, W. Pancfsky and J. Steller, Phys. Rev. 78 (1950) 
et that the spin of the neutral z-meson is zero however, it is still not certain that the ae 
ot the chirged z-meson is zero. 


These lowest order cross sections have also been derived b 


F y M. Peshkin in a paper soon to 
‘appear in the Physical Review. rs 


We wish to thank Mr. Peshkin for a comparison of results. 
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results are tabulated for both the total cross séctions and the angular distributions 
(cf. Tables I, IJ, Ill). The work is reported in considerable detail in the interest 
of clarity and as an illustration of the power of the new perturbation techniques. 
In §3, the higher-order corrections to the direct and charge-exchange scattering 
are calculated for the non-derivative couplings for spin zero meson using Feynman’s 
method ;® we have also checked our results with Dyson’s method.” We apply 
the general formulae to obtain numerical answers in the non-relativistic (Thomson) 
limit.” Finally, in §4, we compare the theoretical predictions with existing 
experiments. 


§ 2. Scattering Calculations in the Lowest Order. 


(a) Matix Elements for Scattering Frocesses. 


Perturbation theoretic calculations of matrix elements for meson-nucleon interac- 
tions are greatly simplified by the relativistically covariant perturbation methods 
introduced by Feynman? and we shall use these methods throughout for the 
discussion of the meson-nucleon scattering. Restricting the considerations to the 
scattering of charged mesons (z* and 27) by neutrons or protons (V_or.P), and 
allowing neutral mesons (7°) among the final products, there are six possible 
scattering reactions, conveniently separated into three categories : 


Il: 2-4+P—2-4+P or 2*4+No7*+N 
Il: 2° +N—-n-4+M or 2t4+Po7t+P 
Ill: Charge exchange scattering (1) 
q+Por+N or mt*4+ Non +P. 


The lowest order Feynman diagrams for the three types of scattering are shown 
in Fig. 1. In the diagram corresponding to I the incident meson is absorbed by 
the nucleon prior to the emission of the final meson since a proton can absorb 
but not emit z~ and a neutron can absorb but not emit 7°. For process II the 
emission of the final meson precedes the absorption of the incident meson. Both 
diagrams evidently contribute to the charge exchange scattering, HI. With cach 
diagram goes a relativistically invariant matrix element which may be immediately 


4) R. P. Feynman, Phys. Rev. 76 (1949), 748 and 76 (1°49), 760. 

5) F. J. Dyson, Phys. Rev. 75 (1949), 486, and 75 (1949), 1736: we are indebted to Mr. Dyson 
for a lucid presentation of his method. 

6) A recent paper by i. Corinaldesi and G. Field (Phil. Mag. 40 (1949), 1159) contains the 
correetion for the process 7+ +-V-+z++.V in the Thomson limit for pseudoscalar mesons with 

pseudoscalar coupling using the older techniques. This result agrees with ours in the limit of 

vanishing mass for the meson. A further paper by Corinaldesi and Field (Phil. Mag. 41 (1950), 

364) extends their considerations to finite kinetic energies of the meson, small compared with 


the nucleon rest energy. 
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written down according to 
the different theories chosen 
to describe the mesons (the 
nucleons ave assumed to obey 
the Dirac equation). For 
mesons of spin zero there 
are four possibilities which 
we list- together with the 
factor in the Feynman matrix 
element to be inserted upon 
absorption or emission of a 


ee I I 
meson (with energy-momen- 


ig. 1. F diagrams for scattering processes I and 
tum four-vector #) : Fig. 1. Feynman diagrams for ring p 


II. For the charge exchange scattering, III, the 


The scattering cross sec- diagrams I and II contribute interfering ampli- 
tions for processes I, H, and tudes. Solid lines indicate the nucleons and 
III have been worked out for dotted lines indicate the mesons. 


each of the theories (2). 


Factor for meson k 
Type of Meson | Type of Coupling | aT 
Absorption | Emission 
| (2) 
PI PS) Pseudoscalar | Pseudoscalar ; £5 | £7 
PS(PV) Pseudoscalar Pseudovector (gla)rKk | —(g/p)7,k 
SCS) Scalar Scalar a / g 
S(V) Scalar Vector | Giak | -@ink 


The notation in (2) and in what follows will be identical with that of 
Feynman: Units will be chosen so that #4=c=1. JZ will denote the nucleon 
mass, #{ the meson mass, and we shall not differentiate with respect to mass 
between neutrons and protons’ or between neutral and charged mesons.” The 
dimensionless ‘‘ mesic charge” g (really g/(#c)'”) measures the meson-nucleon 
interaction and is different for the different theories. The scalar product of two 
four-vectors will be written in the form 4 + B=A,8,=A‘*h'—A,8,—A,B,—AsBy 
and with this summation convention we may associate to each four-vector ~ a 
Dirac operator p=f,7, where the 7, are the four matrices Bu, 8. The product 
of two operators A and B satisfies the relation dB+BA=2A4-B. A nucleon 


of energy-momentum # is characterized by a spinor « obeying the Dirac equation 
pu=Mu or p= Mia, where % is related to the hermitian conjugate u* by z7=2*B. 


‘) For the charge exchange reaction the mass differences are, of course important, especially for 


very small meson kinetic energy. Since the 7°; z+ mass difference is sufficient under these 
> 


conditions, to allow the charge exchange reaction to take place (cf. ref. 2)) but is otherwise 
only fairly well known, we prefer to neglect this difference and the NV, P mass difference 
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The matrix 7,=7,7ors7, Which appears in the pseudoscalar theories is anti-hermitian 
(73*=—7Ys 7°=—1), and anti-commutes with the four matrices 7,. 

Let p, and p, denote the momenta of the initial and final nucleons, and hk, 
and k, the momenta of the initial and final mesons. (9,+h,=P,+h, by energy 
momentum conservation; p2=p,=M? and kf=k2="). According to Feynman's 
rules, the invariant matrix-elements for the scattering process I, for each of the 
theories (2), are :” 


PS(PS) g°My=—ig°iars (Dit ky —M) “rt, 

PS(PV) g°My=—i(g2/p2) he — Tales) (Di tk —M) yey 

S(S) My = ig’ (p+ hy —M)%,, (3) 
SP) ge M=—i(g2/p2) ie (— Ie) (D+ ky — Ah. 


Between the absorption of the meson Kk, and emission of the meson Kk, (represented 
by the factors given in (2)), the nucleon propagates in a virtual state with © 
momentum p,+, and propagation factor (p,+k,—M)*. In (8), ~ and %% 
represent the spinors appropriate to the initial and final states of the nucleon: 
Pit;= Mu, and %,p,=Mi. The normalization is chosen so that (zz) =1. 

The matrix elements (3) can be considerably simplified by making use of 
the Dirac equations for the initial and final nucleon states and of the properties 
of y,; where this operator occurs. We illustrate the procedure with the most 
complicated of the four cases, PS(PV). Writing the propagation factor in the 
form (p,+k,—M)7= (p, +k +) (2+2p,-%,)~* and using the fact that any p, 
occurring to the extreme right or DP, occurring to the extreme left may be 
replaced by Min the matrix element, we have 


rKo( Dit k, +) 7k, =k, (—p,—hy + )k, =k, (—pky— + Mk) 
a 2 (Kp; — 2p; ky) — ph, + MK.k, =2Mke ke, — (0 + 2p,° ky) Ky. 
The operator K,k, which is bilinear in the y-matrices may be reduced to an 


expression linear in the 7’s and thus put it in a form more convenient for the 
eventual squaring of the matrix element. Now 


(Pp, +k.) (Dp +k,) = (; +k,)?=M? + pf +29, “hy. 
But 


(po+ k.) (p+ k,) =P.Pi+ Kk. p, + poh, + kk, 
=M?+ M (kh, +k.) + kk, 


8) The factor —2 in front of the matrix elements is obtained as follows. Each interaction with 
an external meson contributes a factor —7 from the perturbation theory, and there is another 7 
from the Fourier transform, i(227)2(p—MZ), of Feynman’s propagation function Ay%(2,1) for 
nucleons. The 47? is removed by the integrations performed in the transition from configuration 
to momentum space. A common _ factor (272)48( pi +41 —/2— 42) obtained as a result of this in- 


tegration is not written. 
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taken between % and w, Furthermore from the fact that ite (Py + Ky) 14= te De 
+h,)u, we conclude that Hphi,u,=Ughgt,. Therefore, in the matrix element we 


may make the replacement 
ke, = +2p,:4,-2MUk,. 
All together we have, in the matrix element, for the PS(PV) case, 
rho, thy +M) rh =2M (EF + 2p, 2) —[AM + + 2p: Ay jk. 
With the help of such devices we find for the various matrix elements 
PS(PS) gM —ig? (We +2py+A:)7 ake), 
PS(PV) 2?M=+i(g?/L)i(2M —R,k,) um, 
5S!) LOM = ig? (+ 2p, -4&) (2M +k), (4) 
S(V) My +i(g?/ee) Malet 
where the quantity R, for PS(PV) is defined in (6). 
For scattering of type II we obtain 
PS(PS)  8°Mn=—ig* Apr Fa— ) Hake), 
PS(PV) ¢Mn=+t(g*/) it. (2M—R,k,) 4, 
(5) £Mn= + ig? (2p, 4y.—) (2M —k,) u, (5) 
SV) My =—i(g 2/2 tek yh. 
The quantities R, and R, in the PS(PV) case are 


a Sak ay Des (6) 
2p,-k, 5 oF a 2p, *ky— ff 


In the charge exchange scattering III we get contributions from diagram I 
and II, the final neutral meson being emitted in one case by a proton and in 
the other by a neutron. Let us denote by gp and &yx the mesic charge of proton 
and neutron, respectively, for the coupling with the neutral meson field. Using 


values of gp and gy appropriate to the different theories (2), the matrix elements 
may be written 


m +Por'+N Min=slerDu +o-Tu}, 
m* + N72 +P Mn=21 ¢r7Mu +2.Miz} 


where DM, and M,, are taken from (4) and (5). There is of course no reason 
to assume, as we have done, that the charged and neutral meson fields have the 


same parity and the same type of coupling with the nucleons but we restrict 
ourselves to this case. : 


(7) 


To obtain the cross sections for the processes I, II, and III we need the 
absolute squares of the matrix elements in (4), @), and (7) averaged over the 
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spin of the initial nucleon and summed over the spin of the final nucleon. The 
spin sums are performed with the help of Feynman’s projection operators 
(2M)(p,+M) and (2.4)~*(p,+M) applied to the spinors #, and 7, respect- 
ively. In taking the absolute squares of (4), (5) and (7), four distinct quantities 
appear and give rise to the following spurs when summed and averaged over 
the spins: 


i) M2 (Theyre) (Fe hy2ty) > (SAL) Spey (DP, + WD) ey (Do + M)), 
ii) 4.(z,2¢,) (722) — (241?) Sp[(p, +. AL) (a. + AL) 
iii) 40 (Hae ye,) (Hy) > (2M?) Spl, (p+) r+ A)! 
iv) 407 (Figtty) (Rye) > (20°) Spl (1 + VW) hs (2+ 1). 


Evaluation of the spurs shows that iii) and iv) are identical. The absolute 
squares of the matrix elements are therefore expressible in terms of three quanti- 
ties A, B, and C obtained from tne spurs i), ii) and iii) : 


i) A=QM)-42(h-p) Ar-Pe)—# Dre AP) bs 
ii) B=Q/M){prAt+ AW}, (8) 
iii) C=(2/M) {Ay Pit hy Dole - 
The squares of the matrix elements (4) for process I are 
PS(PS) | A\|5 =¢'*M* 2p, 4: +p£) A, 
PSCPVYNEY, = gM '{RZA+B-R,C}, 
S(S) | AH \t=gtdl (2p,-2, +) {At B+C}, (9) 
S(V) | Ajo aed. 
For process II we obtain 
PSCES) ‘el Hy =e 1M (2p, ho) A, 
PS(PV) | Hin=e ee RZA+B-R,C}, 


S(S) | Wig (2p ho— we) {AtB—-C}, (10) 
S(V) | Ana ipA. 


The squares of the charge exchange matrix elements, for the reaction 77~+P—> 
z+, are: 


2 = SAT" A = &x =r BE |" y 
PS(PS) | A lin=8s open pace 


PS(PV) | Hijn=st ale A (Rigrt ReSr) + B (Set Sr)" 
—C(Rigit (Rit Ri) ExSr t+ Rese) | 
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2 - 24 &N ce fp -} 
S( 5) | A \in=Z WA a Qb,+hy— fF 
r EP ‘ 
eNVB EN - } 
+ EME EE WhoP 
; &p 
tC i bs 
a; {a -kte)*? (2p,-4%—-#)* 
S(V) | A in=e° My (gy—fp)°A.- (11) 


For the other reaction z*4+NW—7°+P we must interchange gy and gp in (11). 


(b) Differential Scattering Cross Sections in the Laboratory System. 


For comparison with eventual experiments it is convenient to express the 
differential cross section in the laboratory frame of reference in which the target 
nucleon is initially at rest. To be sure, the angular distribution of the scattering 
in the center of mass (C.JZ) coordinate system (total momentum equal to zero) 
gives a more vivid reflection of the different assumptions for the meson-nucleon 
interaction ; thus if the square of the matrix element, | H'|*, is independent of the 
angle of scattering, there is an isotropic distribution in the C.J system, and 
deviations from this are due to the angular dependence of | #|?. In the laboratory 
coordinate system, however, a certain part of the angular dependence of the 
Cross section is of purely kinematic origin and expresses the ratio of the elements 
of solid angle for a scattered particle in transforming from the C.MZ to the 
laboratory system. This part of the angular dependence is easily separated out 
so that there is no difficulty in locating the effects of the different meson theories. 

Let us denote by 4,=(&,, K) and £,= (&,, RK) the energy-momentum four- 
vectors of the incident and scattered mesons, respectively, in the laboratory system. 
(Ei=Ki+@ and E3=K2+2). Similarly let p,=(¥, 0) and p=(W, B) 
represent the energy-momentum four-vectors for the initial and final nucleon 
states. (Wi'= Pi + M *). Energy and momentum conservation give £,+ M=£,+ W, 
and A,;=K,+P,. The differential cross section for the scattering is given in 


terms of the square of the matrix element, | 7 |°, and the density of final states, 
Pr, by 


do=2n—Or_jp72M@ | M | Qe | Qn 
current SEO DB NOTE, 
The incident current, with the normalization chosen 


the incident meson, K/£;. The factors / 
normalization of the spinors w, and x, 


» is simply the velocity of 
M and M/W, arise in correcting the 
from (%)=1 to («*”)=1. Normalization 
of the mesoa wave functions brings in the factors 22/E, and 27/£,. 


9) R. P. Feynman, reference 4, page 758. 


—— ay 
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In computing the density of final states we need only consider the volume 
in phase space associated with one of the final particles since the momentum 
of the other is immediately fixed by the conservation laws. Fixing our attention 
on the final meson we have for the density of final states, py, 


prdE y= (22) *Ky-dK .d (cos 9) dd 
where dE; is a differential increment in the total energy of the final state and 


6, é measure the polar and azimuthal angles, respectively, of K with respect to 


fe 

K, as axis. An especially simple form of the cross section results if we choose to 
express the density of states, py, as differential in K, and ¢, regarding the 
differential increment in final energy, @#,y as arising from an increment d(cos@) 
keeping K, and ¢ fixed. With 4,=4,+ W, and W.= (4+ Kf + Kf —-2K Ke 
cos 0)’, we have (02;/0 cos 0) =K,K./W,. The differential cross section is thus 


E M 1 Wee 
do = (2n)*| HP - » 22 Kidd 
G7)" VK, WEE, (Qn)? KK, , 
» MK 
=|H |? 42 dk,d4. 
| Z| KE. 0g 
Since E,dE,=K,dK,, we obtain finally 
do= (M/K;~)|H \'abdE,. (12) 


The form (12) is very convenient for the subsequent integration to obtain 
the total cross section since the | H|? in (9), (10) and (11) are all expressible 
as functions of A, alone. For the angular distribution of the scattering, however, 
we must express Z, as a function of the meson scattering angle 8. The most 
revealing way to do this is to consider the scattering first in the C.J/ system 
and then to make a Lorentz transformation to the laboratory system. If 0* is 
the angle of scattering of the meson, and 7*, /°* refer respectively to the energies 


of the meson and nucleon in units of their respective rest masses, all quantities 


in the C.JZ. system, we find: 
i) £y=py** 4+ M(CP—1) cos @* 


i) pvpea1=MVPPa1 (13) 
PND no ae eee) eee 
JS1+2(M/ pir + (M/p)* 


where 7 is the energy of the incident meson in the laboratory system, in units 
of its rest mass; y=Z,/p. The expression of cos 0* in terms of the laboratory 
quantity cos @ gives the results 


: * 
vad G+ Ip) — =I) cos 
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+ p/M) (7+ M/) + GV cos 1— (p/M)* sia’O (14) 
(+ I/p)?— (7-1) cosd 
He d(cos 6*) — (14+2CI/pr+ U7 “i (7 + #/M) cos @ 
ee d(cos 0) V1— (p/MY sin’ 6 
+ (7+ M/p) V1 —(p/M)* sin” G}* 
1+ M/p)?— (FF —1) cos’ OF 


apyacteay 27 


Since dE,, according to (13), is equal to d(cos 4*) multiplied by ‘3 Samir 
independent of the scattering angle, we see that the purely kdnentalae factor - 
the laboratory angular distribution, dH,/d cos , is simply proportional to the cathe 
of solid angles /=a(cos 6*) /d(cos 4) given by (14, iii). In the tables of numerical 
results given in part (d) cf this section we have given values of J for cee 
scattering angles 6=0°, 90°, and 180° for incident meson energies pals 3 and 
10. The discussion of the angular distributions given by (9), (10), (11) in con- 
junction with (12), (13) and (14) is postponed to § 2(d). 

Evaluation of the quantities A, B, and C of (8) and hence the squared 
matrix elements (9), (10), (11) ia the laboratory system is facilitated by noting 
that all of the products of four-vectors in (8) may be made to contain ~,= (JZ, 0) 
as a factor. Thus, from ~,—4,=p~,—4%, we conclude, by squaring both sides, 
that 4,:~,= ,-p,= ME, Note also that ~,-~.= WW,= M° + M(E,—E£,). The 
expressions for A, B, C of (8) and R,, R, of (6) are therefore 


i) A=E,B./MP—(12/2M) (Z,—E,), 
ii) B=4+(2/M)(£,—&); 
iii) C=(2/M)(Z,+£,), 


2 29 
oe (15) 
2ME, +e 


Vv) R= Sle 2ME, 


2ME,— pe 


For experimental purposes it is useful to have the correlation between the 
scattering angle, 0, for the meson and the angle, ¢, between the direction of the 
recoiling nucleon and that of the incident meson. In terms of the C.JZ angle 


é* we readily find 

tan $= (1/l'*) cot 1/2 6* (16) 
where /’* may be obtained from (13, iii) and @* expressed in terms of @ by 
(I4, i). he kinetic energy of the recoiling nucleon coming off at the angle ¢ is 


W,—- Ma 2MCP =D 


else Vee TL ‘y 
1+2* tan? ¢ a) 
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(c) Total Scattering Cross Sections 
It is a simple matter to obtain the total cross sections from (12), (9), (10), 
(11) and (15) by peiforming the integration of the differential cross section 
with respect to Z,. (Integration of the azimuthal angle gives a factor 27). The 
limits of integration for Z, are obtained from (14) by setting @ equal to 0° for 
the maximum £,(equal to £,) and @ equal to 180° for the minimum £,. 


Min (E,) = E,(190°) =GP +) E+ 2 (18) 
M?+ j2+2ME, 


We give the results of the integration for each of the different scattering processes 
(1) and meson theories (2). We also give the expression in each case for the 
cross section in the extreme non-relativistic limit (V.R.) of zero kinetic energy 
for the meson (designated as the Thomson limit by analogy with the electro- 
magnetic case) and in the extreme relativistic limit (£.R.). 

For process I the cross sections are: 


_ 20 Mgt {2ME,’ + (2M? + ) E+ SAME, + ps} 
(2ME, + £)?(2ME, + + WM)? 
of(N.R.) =2(¢2/M) [14 (e/M) JP A+ 4/M)%; (ZR) = ag(4ME,)*, (19) 


PS(PV) 
0 =4n Megip-*\(2ME, + 2)? (2ME, + 2+ MW?) {4 (E+ M1) (Ze) + 


+ (Ee p2)(6ICE + 3M EL, 3M pe + Ay) + 2M EL, — 1) + B+ py"), (20) 
o,(V.R.) =Same as PS(PS) (in units of g*); o(E.R.) =7(g/p)‘ME,, 
__OnMPg|2ME 2+ (18M + 2)Ee + 24M + lOMp)E, + 8M +810 e+ 1} 

(ME, + 2)°(QME, + 2+ IP)? ai 
o(N.R.) =40(g2/p)1 4+ p/M) 2; 0 E.R.) =7g'(AME,)“, 
_2n Mg 2.ME3 + (OM? 12) E24 2MEE, + 1} | 
pA(2ME, + 2 + M0)’ (22) 
o,(N.R.) =Same as S(S) (in units of g°*) ; CHE RA =e / ph) Hag 


For process II there is a characteristic logarithmic factor entering which we 


PS(PS) 6; 


S(S) 


SCP )reey 


shall abbreviate as “log”: 


log==log| [+ 


4a Be — 12) x 
= |. (233) 
QMBE, +3M? pe — 


The cross section for proce s II are: 


ey (2MEtE toe joe ee © . 
PSPS) on™ Se) {Cee 18) °* GAPE, BE, + 1) MEH 
on (NR) = g?/M) 1 — (H/2M) P21 + 4/M) > ; (24) 


on(E.R.) =1g"(2ME,)™ log (22M), 
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PS (PV) 
ee 2M E2—-3 2 M(EZ— #2) 
= we (2ME, ++ 0? wes 42+ MM)? 
a4 IPE, —2)( ME, nw —340F—£) M(E2-F) 


o,(N.R.): Same as PS(PS) (units of g*); o,(E-R.) =71(g/p#)'ME,, (25) 


S(S) 

a =7(£) we (2.ME, + SM") 4 log (4d —)° \, 

oe (a 4M? (E£7—/") Oe WE, —24) (ME,+ #) —34"( IP— pf) 
(26) 

oye (VR) =40(g2/) (+ p/M)2; onl ER) =ng(2ME,)* log 2B), 


S(V) 4, and a; are identical and given by (22 

In the charge exchange case, III, let us for definiteness consider the reaction 
n-4P-—->2°+N. Examination of (7) shows that the total cross section may be 
written in the form 


Om=(£x/£)*07+ (e/g) out Interference term (27) 


where the “Interference term”, proportional to gygp arises from the product of 
M, and M,, in squaring the matrix element. We shall give below the interference 
term and the limiting forms of the total cross section for each theory. 
ESE ) 
P 1 3 
Int. term =27g°¢ yg eS aaa 6 eS ee 
oN PIOME, + 2+ 40 (2ME,+ #) (Ef—/) 
61 (V.R.) =2(g/M)? (1+ 4¢/M) 1 —(4/2M)*)* 
(gy +8r)?+ (4/2M)*(gy—gsr)'+ (H/M) (ge—S5)}; 
on) E.R.) =%g*%g p(2ME,)— log (2E,M-"), 


log} » (28) 


PS(PV’) 
rete teat sdaltl M er i (SMC + 2) +8 +4Mpe 2M (2Me— pT) 
2ME, + 2+ Me (2ME,+ 12) (2ME, + 2+ M*) 
_ QME, + +81?) [ MEF + (M+) E+ Mee} 
(2ME,+ 2+ M*)? 


(2ME,+ + M*)?(2ME,+ pe) 
ic subi di 
M(E;— 2) 


(29) 
ME, + MY — he 2M 7 

[ ‘ ae 2ME, + log } 

%,(N.R.) : same form as PS(PS) in (28), 

om (ER) : mE" (Sn—Sr) Me E,, 
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SG) 


Int. term= 2ag"¢n| 2ME, + pf + 40> QME,— 2 +40? —(2/2M 
xa 2 2\/€ AL} 2 Pay / 9 ay / 9°. og y 
(2ME, + \(2ME, + 2+ IP) (A — (24, +) 
(30) 


4ng*(gy—gp)* J tg ep ZF, 
O(N.) =—2 ANT S8P) GL ( E.R.) =e S| : 
e+ p/m? WHER) =o log SF 
S(V) Total cross section=oy,=(gy—gp)*¢ "0; 
‘where a; is given by (22). 


(d) Numerical Resuls 


A study of the expressions in (b) and (c) for the angular distributions and 
total scattering cross sections shows some important differences in the predictions 
made by the various meson theories (2). These differences are most vividly 
presented by tabulating some of the results for different energies, Z,, of the incident 
meson. For the scattering processes I and II, results are given in Tables I and 
II, respectively, for the total cross sections and the ratio of 0° to 90° to 180° 
scattering in the laboratory system for the meson energies A,=1, 3, 10y. Table 
Ill refers to the charge exchange scattering, II]. We have taken #=286 electron 
masses.”” 


Table I. Lowest Order Scattering x-+/P or x++V 


PS(PS) alg4 8.9 xX 10-8cm? 5.3 x 10-*8 2.1x 10-8 
a (0°) : (90°) : ¢(180°) 1: 0.74: 0.53 1: 0.32: 0.14 1: 0.059 : 0.014 
S(6) olg4 1.7 x 10-5 1.8 x 10-°6 1.6 x 10-27 
a (0) : ¢(90°) : 6(180°) 1: 0.74: 0.53 1: 0.45 : 0.24 1: 0.13 : 0.047 
PS(PV) alz4 8.9 x 10-% 6.0 x 10-*6 3.3 x 10-4 
a(0°) : 4(90°) : (180°) | 1:0.74:0.53 1:0.29:0.11 1: 0.057 : 0.013 
SY) ole’ 1.7 x 10-25 8.2 10-25 | 84x 10-4 
a(0°) : 4(90°) : ¢(180°) 1: 0.74: 0.53 1: 0.32: 0.14 1: 0.059 : 0.014 
Kinematic Factor 
1: 0.74: 0.5 : 0.46 : 0.25 1: 0.15 : 0.055 
(0) =7(909) = (180°) 0.74 : 0.53 1: 0.46 : 0.25 | 5 dd 


The important feature to notice about the total cross sections is their decrease 
with energy £&, for the PS(PS) and S(S) theories, in contrast to their increase 
with £, for the PS(PV) and S(J’) theories. Cross section increasing with the 
energy are of course characteristic of all meson theories with derivative couplings 


to the nucleon. 


10) A more recent value for the mass of the x-meson is 276 me (F. M. Smith quoted in H. Bradner 
UCRL 486): This will change the numbers only slightly. 
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Table Il. Lowest Ooder Scattering z~ + or x* +P 


Ey | 1p | Sn | 104 
ole4 1.2x10-%7cm? | 9.8x10-% 6.3 x 10-33 
AY rey | / % / : 
PSPS) (0) :4(90°) :9(180) | 1:0.74:043 | 1: 0.65: 0.44 | 1: 0.38 : 0.22 
ae ale? L7x10-5 sO" | 1X10 
Se a(0°) : (90°) : (180°) 1: 0.74: 0.53 1:1.09:1.01 | 0.071:0.90:1 
olg4 | 4.2% 10-27 6.0 x 10-25 | 33x10-™ 
ae 5 2 : 0.057 : 0.013 
(0°) : 6(90°) :6(180°) | 1:0.74:0.53 1:0.29:012 | 1:0.057:0. 
SY 4 oalg4 | 1.7x10-> 8.2 10- | 3.4x10-4 
; o(0°) : ¢(90°) : o(180°) | 1:00.74: 0.58 1:0.32:014 | 1:0.059: 0.014 
Kinematic Factor ) ee 
1: 074: 0.53 1: 0.46 : 0.25 1: 0.15 : 0.055 
(0) +7 (90°) +7 (180) ; ) 


For process I the decreasing cross section given by the S(S) theory shows 
a more rapid downward trend than for the PS(PS) theory. This follows from 
the fact that these theories give cross sections which, in units of g*, are asym- 
ptotically equal at high energies (e~1/£,), while they differ markedly at low 
energies. In the Thomson limit, 4,=, the PS(P35) cross section (in units of 
g') is of the order 1/M* whereas the S(S) cross section starts from a much 
larger value, of the order 1/°. The PS(PV) and S(V) cross sections in the 
Thomson limit are respectively equal to the PS(PS) and S(S) values. At high 
energies (Z,>3y) they become asymptotically equal in units of g*(¢~&,). The 
increase of the PS(PI’) cross section with energy near 4,=yp is therefore very 
much more rapid than is the case with the S(/) theory. For process II the 
total cross sections show the same general trends as for I, the main difference 
being the (1/Z,) log Z, behavior in the extreme relativistic limit for the PS(PS) 
and S(S) theories, iastead of the 1/Z, behavior as in process I. 

In the interpretation of the angular distributions shown in Table I and I, 
it is useful to have the purely kinematic part, common to all theories, separated 
out. The last line of each table gives this kinematic factor at 0°, 90°, and 180° 
and represents the angular distribution in the laboratory system that would be 
produced by an isotropic scattering in the CZ system. In the Thomson limit 
all theories predict isotropic scattering in the C.d4Z system. For process I the 
S(S) theory gives a practically isotropic CZ scattering in the energy range 
from E\=y to L,\=10“. The square of the S(S) matrix element, | 4|3, given 
in eq. (9), is proportional to 4+ B+ C~4+4+ (4/M)E,4+ 4 Z,/M, from (15). The 
dependence oa the energy of the scattered meson, £,, gives a preferential forward 
scattering in the C.JZ systems but this does not cause appreciable departure from 
isotropy until 4, becomes comparable with JZ The deviations from isotropy 


begin to be noticeable at E,=10/% as we see from Table I. For process II the. 


hy 
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S(S) theory gives an increasingly strong backward scattering in the C.M. 
system ; at £,=10y the effect is large enough to cause a strong backward scat- 
tering even in the laboratory system. The reason for this behavior is seen (cf- 
(10) and (15)) to come from the factor (2ME,—p°)~*, which is most effective in 
favoring backward scattering, and also from the factor 4+ B—C~4- (4/M)E, 
+£,E£,/M°, which favors backward scattering until 4, is larger than 4/7. 

In contrast to the S(S) theory, we find a strong forward scattering in the 
CM. system at high energies predicted for process I by the PS(PS) theory. 
For process II the PS(PS) theory gives backward scattering in the CZ system 
but the effect is not as pronounced as for the S(S) theory due to a competition 
between the factors A and (2ME,—yp’)~ in eq. (10). The S(V) theory gives 
an angular distiibution which is the same for processes I and II and is exactly 
identical with that of the PS(PS) theory for process I. The PS(PV) theory is 
indistinguishable from S(l”) on the basis of angular distribution alone. 

To summarize, for scattering of type I three of the theories (2) give essentially 
identical results in predicting marked forward scattering in the C.JZ system, while 
the remaining theory, S(S), predicts an isotropic C.J/ scattering in the energy 
range #<#,<10u. More diversity is found for the scattering of type II with two 
of the theories, PS(PY) and S(V) predicting marked forward scattering and the 
remaining ones predicting backward C.M. scattering, more pronounced for the 
5GSy-tuan for PS(FS). 

Finally we consider the charge exchange scattering, process HI. Without 
knowing the relative magnitudes and signs of the mesic charges gy and gp of 
neutron and proton, respectively, for interaction with neutral mesons, it is not 
possible to state the results of the different theories in terms of a single coupling 
parameter. Instead we give the total cross sections for £,=1, 3, 10y in terms 
of g, gy, and gp, fixing our attention on the reaction 77> +P>7 +N. 


AYO AD 
co ft On =E [8.932 yt 12.22.67 + 20.90¢ yep] x 10-*cm’*, 
E=3p om=e[d.26¢3+ 9.80¢2+14.1Igygr]x10-%, (32) 
£,=10p Om=Z[206g4+ 6.30g¢+ 6.69gxgp] x 10, 

S(S) 
L£,=p On=Z (gn—£p) 1.70 x 10-*cm’, 
E=3p om=ei1.85g3-+ 1.66¢2—3.43¢ xg p] X 107, (33) 
E,=10p m= (1.59 7+ 1.24g5—2.09 gg] x 10, 

PSCPP) f 
=p on: Same as PS(PS) in units of g°, gm fps 
E,=3p 6 =2'[6.02¢ 5+ 6.00¢¢+2.54¢yer]x 10cm’, (34) 


E,=10 Typsea aly Pros lee 0.6r yer] x10; 
1 t 
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S(V) 7) fo (gw—-&r) E915 a, given by’ (22). (35) 
The dependence on (gy—&p)* shown by the S(V) theory in (35) is appro- 
ximately valid for the S(S) theory as well, in the energy range considered. 
The PS(PS) theory shows roughly a dependence upon (gy+Zr)° in the region 
of small kinetic energy for the meson, PE, <2p, but a more complicated behavior 
for larger energies. The PS (PV) theory starts as (gytgp)* at very small meson 
kinetic energy and makes a transition to a (gy—£r)* dependence at very high 


energies. 
To give an idea of how radically the angular distribution and total cross 


section of the charge exchange scattering depends upon the choice of gy and gp, 
we have considered the two cases gy=£p and —£y=£r- The results are given 


Table Ill. Charge Exchange Scattering: n-+P>72°+N 
or 


(Lowest Order) zt++N>r+P 
A, in Su 10 
PSPS) alge? 42x10-%em? | 29x10 | 15x10 
4(0) : (90°) (180) | 1:0.74:0.53 | 1:0.48:0.27 | 1:0.19: 0.088 
XS) ol s2g0? 0 | g3xl0 | 7.5x10-% 
a(0°) : (90°) : ¢(180°) — | 1: 0.016: 0.22 | 1: 0.036 : 0.082 
——————— ae | 5 
PS(PV) alg2e0? 4.2 x 10-27 1.5x10-% = | 6.0x 10-4 
0 (0°) : ¢(90°) : ¢(180°) 1: 0.74: 0.53 10-5:1:10-5 10-*:1:10-77 
S(V) o/g°g0° 0 0 0 
0 (0°) : 6 (90°) : o(180°) —_— Sis — 
Kinematic Factor 
J (0) 7 (90) :.7)180°) Zs 0.74 : 0.53 ks 0.46 : 0.25 | zk: 0.15 : 0.055 


E, | lp Su | 104 

Pes alg2ey? 2.6 x 10-29 8.9x10- | 1.7x10-% 

a(%) + (90%) r6(180) | 120.74:059 | 0.027:0.73:1 | 0.002: 11421 
XS) algtse® 6.8 x 10-25 6.9x10-%8 =| 4.9x 10-7 

0 (0°) : 6(90°) : ¢(180°) 1:0.74 0.58 1:0.67:0.48 | 1:0.50:0.87 
PS(PV) alg2ge? 2.6 x 10-29 95x10 =| -7.2x 10-4 

o(0°) + (90%) : (180) | 1:0.74:0.53 | 1:104:0.11 | 1:10-5:0.013 
S(P) aleter? | 58x 10-25 3.3 x 10-4 1.4 10-33 


o(0) : (90°) :¢(180°) | 1:0.74:0,58 1:0,32:0.14 1: 0.059: 0.014 


Kinematic Factor 


1: 0.15 : 0.055 
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in Table III. It should be emphasized that the neglect of the mass difference 
between neutron and proton and between neutral and charged mesons is partially 
responsible for the very extreme angular variations shown, for example, by the 
PS(PV) theory when we set gy and gp equal in absolute value. A more exact 
calculation should still yield trends similar to those shown in Table III. In 
particular the dependence of the total cross section in the S(V) theory on 
(gy—g,pr)° is preserved even if the mass differences are accounted for. 


§ 3. Higher Order Corrections to the Scattering 


In this section we shall consider corrections to the lowest order scattering 
matrix -element which are of fourth order in the meson-nucleon coupling constant 
g. These corrections produce additional terms in the cross section of order g°, 
or of order g* relative to the lowest order cross section. The divergences inherent 
in such corrections are removable by the technique of mass and charge renormali- 
zation only in the PS(PS) and S(S) theories from among the four theories 
considered previously in (2). In the PS(P?V) and S(V’) theories it is not possible 
to generalize the renormalization procedures of electrodynamics because of the 
presence of derivatives of the meson wave function and hence extra powers of the 
meson momentum in integrations over the momentum space. We therefore restrict 
the discussion to the PS(PS) and S(S) theories. Because of analytical com- 
plications the corrections are calculated only in the Thomson limit. In the 
following we shall first list the different types of Feynman diagrams appropriate 
to the higher order scattering, follow this by a separate discussion of the self- 
energy of a free nucleon and of the renormalization of the meson-nucleon coupling 
constant, and finally shall apply these results to obtain numerical values for the 
g‘ correction terms in the matrix element for the scattering processes IPIl andl: 

To obtain the higher order scattering diagrams we may start with the lowest 


y > / “4 
Nin N71 u Vy)/ Pu Py (Ny; 


Fig. 2. Feynman diagrams for the fourth order meson-nucleon scattering. 
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order diagrams of Fig. 1 as a framework and insert virtual meson or nucleon 
lines wherever this is consistent with charge conservation. Fig. 2 contains the 
complete list of diagrams which contribute g* terms in the matrix element. They 
are divided into categories I and I according to the diagram of Fig. 1 from 
which they are obtained, and as an aid to the memory, are labeled with letters like 
B for “bubble” term, / for vertex term, P for vacuum polarization term (analo- 
gous to the electromagnetic case), V for normalization term, an C for convergent 
term. Only the matrix elements corresponding to the C diagrams give convergent 
integrals over the momentum space. All the others contain infinite parts which 
we shall show can be interpreted in terms of corrections to the nucleon mass and 


mesic cnarge, ¢. 
(a) The Nucleon Self Energy 


A free nucleon of momentum p (with spinor ~, satisfying pu= Mx ; uu=1) 
may vistually emit a meson of momentum k, propagate in a virtual state of 
momentum p—k, and subsequently reabsorb the same meson restoring itself to 
its original momentum state. The resulting change in the amplitude for a free 
nucleon, in momentum state p, to arrive at a later time in the same momentum 
state, is expressible in terms of a correction 4M to the mass of the free nucleon. 
The. analysis of Feynman shows that for the PS(PS) theory 47 is the diagonal 
element between 7 and u of the “ self-energy matrix” 


i(g*/a)\r.@—k—M) rea 8) 


where d'# means (27)~dk,dh,dh dh, This differs in sign from the electromagnetic 
self energy matrix after replacing the 7, in the electromagnetic interaction by 7;. 
Such a change of sign is characteristic of the pseudoscalar or scalar meson-nucleon 
interactions and is readily obtained from Feynman’s Lagrangian formulation of 
quantum mechanics applied to the nucleon interacting with the infinitely many 
meson field oscillators.” In general there is a factor ig*/z for each virtual meson 
in any integration over the momentum of such a meson, provided the above 
convention for d@& is followed. 

To avoid ambiguities in handling formal expressions which are infinite in 
value, as is the case with the self energy, we shall follow Feynman in the 
introduction of a convergence factor C(A®°—2)=— (#—/“)(F°—#)"' with 4>M 
multiplying the d'&(A°—")~* in the integration over a virtual meson. This makes 
finite the self-energy and all quantities involving integration over virtual mesons. 
Identification of the self-energy contribution to more complicated matrix elements 


like the bubble terms of Fig. 2, is then a simple matter, free of misinterpretations. 
The self-energy matrix now has the form 


11) R. P. Feynman, Rev. Mod. Phys. 20 (1948), 367. 
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i(e*/2) |r. p— kM), fake f2). (36) 


Evaluation of this integral in the Appendix (a), and application to the state of 
a free nucleon of momentum p gives for the g° correction to the mass 


PS(PS) 
AM=(g?/87) M42 log (4/M) -5+ w+ (1S) log o—ov = T(w)} (37) 


where 
o=(4/M)*: t=40—’, 
+ © 2-0 
T(w) =tan Wars + tan ye Cia 


The nucleon self-energy matrix for the S(S) theory is obtained from (36) 
by replacing 7, with unity. We find 


S(S) 
AM=— (g2/82) M46 log (4/M) + <— w—0(3— 5, «log f(a NT (oe 
: (38) 
(b) Renormalization of the Mesic Charge of the Nucleon 


A measure of the strength of the meson-nucleon coupling is most directly 
obtained by considering a process in which the nucleon of interest interacts only 
once with the meson field, yielding a matrix element proportional to the first 
power of the coupling constant g. Renormalization of g comes from a considera- 
tion of the higher order corrections to such a first order process. 

We therefore examine the scattering of a free nucleon by a meson potential ; 
this corresponds to the diagram (i) of Fig. 3, in which a nucleon of initial 
momentum p is scattered to a final state of momentum p+q as a result of interac- 
tion with a meson potential varying in space and time as dexp (—ig:x). The 
lowest order matrix element is 


£M =¢¢ (TF sty) (39) 


where we have written the result for the PS(PS) theory and denoted by w, and 
u, the spinors for the initial and final states of the nucleon, respectively. 
Corrections to the lowest order result are provided by the remaining diagrams 
(ii), (iii), (iv) and (v) of Fig. 3. Because of the necessity to distinguish between 
neutron and proton in their interactions with neutral mesons, let us for definiteness 
suppose that ¢ represents a charged meson field. The diagrams (ii) and (iii) 
correspond to what Feynman calls ‘renormalization terms” and if we assume 
that we are dealing with virtual charged mesons in the two nucleon arms of 
(ii) and (iii), these diagrams together yield a matrix element simply proportional 


to the lowest order element : 
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jor) 
x 
iS) 


p+q 
q 


Fig. 3. Feynman diagrams for the scattering of a nucleon by a meson potential. The lowest 
order diagram is shown in (i). Corrections due to emission and reabsorption of a 
virtual meson are shown in (ii), (iii), and (iv). Creation of a virttal nucleon- 
antinucleon pair by the meson potential produces the cffect shown in (v). 


M=—rg* + sM (40) 


where the factor 7 is defined by” 
r=(i/z) \is@—k— M) pM (p—k—M)77,(R—)1htkC(k—).  (40)’ 


After the integration is perfotmed, p is to be re laced everywhere by JZ For 
the PS(PS) theory we obtain, according to Appendix (b), 


Yps= (1/87) {2 log (A/M) +4304 w2—=0)log w— (w/z )(10—3e) T(@)}. 
(40)” 
Since 7 is completely independent of the scattering process, it is clear that the 
renormalization terms may be considered to provide a correction to the coupling 
“Tate of aces —rg’+g. If we allow virtual neutral mesons in the two 
nucleon arms of (ii) and (iii), the correcti g —(1/ 2 +02 
The S(S) theory ae ft va Sunn Hegtes » nape ed a 


rs=rrs— (1/82) {844 (1—w) log o—8(w/V=)(3—@)T(@)}. (41) 


12) Reference 4, page 778. 
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Diagram (iv) of Fig. 3, the ‘vertex term” in the scattering, contributes 
only if the virtual meson cutting across the vertex is neutral. (¢ is still chosen 
to represent a charged meson field). The vertex contribution to the matrix for 
the scattering is then, in the PS(PS) theory, 

ETE w8r/7) ( (p+q—k—M)~y,(p—k—M) 73 (K— pe) akC (Re — pe). (42) 

From (9b) of the appendix, where the required integration is performed, it 
is found that the vertex term contributes the matrix element 


My = SxS rv ("gM (43) 
where for our present purposes it is important to note that the multiplying factor 
v(q’) depends upon @* alone and is sensitive to the cut-off parameter 2; v(q*)—>© 
for Aco, The part of wv(q*) which is sensitive to 2 may be absorbed as a 
correction to g in the following manner.* Let v(@g*) be developed in a power 
series about the value g’=/’: 


v(@°)=v(/*) +c(q?—-") ad (Gg je)? zea. 
where the coefficients c, d,--+++- are easily seen to be independent of the cut-off. 
Now the meson potential ¢ in (89) can be written in the form ¢=(q°—/”)™ p 
where (q°—/“)™ is the propagation factor for the virtual meson @g in the Fourier 
decomposition of the meson potential. Alternatively, the relation (g?— °)¢= 
may be regarded as the expression in momentum space of the meson field equa- 
tion connecting the potential with its sources, p. As a result the vertex contribu- 
tion is proportional to 
WP) b= )b+ep ta P-L )p te 
The first term in this series, and the only one sensitive to 4, is a constant times 
the potential ¢; the remaining finite terms are independent of ¢ and are properly 
to be interpreted as higher order corrections to the scattering. From the term 
v(ye)d we see that the vertex diagram contributes the correction Sr pulE) + 
to the coupling constant g. After performing the integrations in (10, 11b) of 
the appendix we find 
Ups((2) = (82) *{ —4 log (A/M) +2.09}, (44) 
v5(2) = (82) 1{ —4 log (A/M) + 11.89}. (45) 
Diagram (v) of Fig. 3 corresponds to the creation of a virtual nucleon- 
antinucleon pair by the meson potential and is analogous to the electromagnetic 
vacuum polarization effect on the scattering of an electron by a potential. The 
matrix element which it contributes is of the form 2g°(@’—/")"/(@)gM where 
JK(@) is a divergent integral over the momentum of the virtual nucleon and may 
be cut-off by the same method as for the electromagnetic case. The factor 2 


* We wish to thank Dr. K. M. Case for a discussion of this point. 
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corresponds to the two possibilities, neutron and proton, for the intermediate 


nucleon. Expanding /(@’) about ?=/£, the matrix element is proportional to 
2 2 2 1 eeeeee 
(1) Ka) b= (4-2) TFT (E94 FST OF 


Both /(/f) and its first derivative /'(#) are divergent (sensitive to the cut-off) 
but /’(#°) is well defined. The first term in this series can be regarded as 
correcting the lowest order element (q2—/£)—p for the fact that the meson mass 
has an addition dy proportional to /(#"), as is readily verified.” The second 
term provides a correction to g” of amount 4(g°)/g? = 2g7/'(F). (One obtains 
a correction to g® since there is a factor g in the source p and the nucleon closed 
loop is symmetrically placed between source and point of scattering). Therefore 
4g=e7]'('f)+g. In the application to the problem in which we are interested, 
the scattering of free mesons by nucleons, the /’(j£) correction to ¢ will automa- 
tically cancel out and it is therefore unnecessary to obtain its explicit expression. 

Considering all the diagrams of Fig. 3 together, and allowing both charged 
and neutral intermediate mesons whenever this is consistent with charge conserva- 
tion, we see that the part of the total matrix element proportional to the meson 
potential ¢ is 


9 1 9 a 4 ° ° Q a 
sll (+ 38at Ger) tess orl) +9°J' (#) Cir): 


The scattering experiment considered here may thus be used to define an “ ex- 


perimental” coupling constant, g“?, given by 


ex 9 ik 2 1 9 2 2 ° 
ger =e(1l— (g°+ [Ext seer tsenser(e) +g°/J' ())- (46) 


By taking ¢ to represent a neutral meson field, and allowing the incident nucleon 
to be alternately a neutron and a proton, one finds corrections to gy and gp. 


exp 2 2 2 2 9 1 9 ° ° 
svr=gal— (etext (go tee) +> exter S)), GD 

exp 3 2 Te 2 » 1 9 9 ° 
ePr=gll—(g-+ge)rt (etsr)ue) + = (gi+e¢)J'Ue)). (48) 


(c) Bubble Terms 
Let us turn next to the higher order correctoins to the meson-nucleon scat- 
tering and’ begin by considering a typical “ bubble term” A, of Fig. 2. Using 
the same notation for the nucleon and meson momenta as in Fig. 1, the associated 
matrix element can be written (7?S(PS) theory) 


8B = —igty,(D, +k, —M)“732°073(4, +h, -— M) A734), (49) 
0=(i/n) |, tiy kM) (le?) a RCE — (2). (49)’ 


13) K. M. Watson and J. V. Lepore, Phys. Rev. 76 (1949), 1157. 
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The operator 277,0,7; is formally the same as the self energy matrix (36) in the 
PS(PS) theory but differs in that (y,+4,)*+-7*. According to Appendix (c) 
the operator 0, has the form 


0,= — (87)7{ (p, +h, + M)[4 log(4/M) +U]— (p, +k,)[2 log 4/1) + X)} 
(50) 
where UV and X are finite terms independent of the cut-off and given explicitly 
in the Appendix (c). Note that 


7Oars= — (82) 74 (p+ hi — M1) (2 log (4/1) + U-X]— M[2 log (2/M) +X} 


and that the (y,+%,— J) factor in this expression may be regarded as canceling 
one of the (p,+k,—/)- of (49). We may therefore put 4, in the form 


LB =S(GMutF), Ol) 
Gm —9°(¢2/82)[2 log (3/AL) +U—X}, (1 
gF=— ig iy,(pith,—M)(g°M/87)[2 log 4/12) +X](p,4+h,—M) 75s 


where g°M, is the lowest order matrix element (3). Formally, G and F both 
become infinite in the limit A->©. 

The fact that g‘GM, is proportional to the lowest order matrix element, 
oM,, suggests the possible removal of its 2-dependent part through the renormali- 
zation of g discussed in the previous section. Let us consider the following 
matrix elements for process I which involve only charged mesons in the inter- 
mediate states: the lowest order element itself, g°M,, the part g*GM, of gh, 
and the contribution —rg*M, from the renormalization diagrams “V, and JV. 
Now, according to the renormalization of g obtained in (46), we should express 
g everywhere in terms of the “ experimental” coupling constant, g**”. To the 
fourth order in g, this makes a difference only in the contribution of the lowest 
order diagram, gM, This is to be written 

eeMy=(e"")"Mat 
+ (gM {| Qertestss)r—Wwwe eve) 28)" }. (92) 
The second line of (52) represents a fourth order correction which must be added 
to all the other corrections obtained ; to this order of accuracy it is not essential 
to distinguish between g°(g**”)* and g'. These corrections in (52) will sub- 
sequently be used, one by one, to eliminate the divergences inherent in the 
contributions from the diagrams of Fig. 2. Thus by adding the correction 2¢*M, 
of (52) to the part g*GM, of g'B, and —rg'M, from diagrams WV, and JV/’, we 
obtain the net contribution 
g(G+r) Du. (53) 


Comparison of G in (51) with ~ in (40)” shows that the contribution (53) is 
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finite, independent of the cut-off. For a neutral virtual meson in the diagram By 
it is necessary to add —rgpg’M, for WN, and Ny, ee sant the correction 
r(gkter)g MN, from (52). The net contiibution is gy(G +r)g Dt- There is no 
difficulty in extending these considerations to the charge exchange reactions ae 
It is only necessary to use the expression (47) and (48) for the renormalized 
coupling constants gy and Zp. 

The térm g'F in (51) leads to a finite correction after taking into account 
the charge, 4, in the nucleon mass discussed in (a). The “ experimental ”’ mass 
of the nucleon is M/***— +4, and we should express M everywhere as J“? 
—d4M. To the fourth order in g, this makes a difference only in the lowest 
order matrix element, (g°*)’M, of (52). Substitution of M°*"—dAM for M in 
the propagation factor (p,+,—1/7)~™ and treatment of 41f as a small perturba- 
tion, gives 


(ge?) = —i(g?) tors Dit hy — MP) sts + 
+i( ge) ie7,(Dithi— Ue?) 74M py, +h,—M) 7. (4) 
In the fourth order correction represented by the second line of (54), the 7? 


may be replaced by Mand the g*? by g. When this correction is added to the 
_g'F term of (51), a result is obtained proportional to 
(2°M/8z) (2 log(4/M) +X) —4M. (55) 

The expression (37) for 4M shows that (55) is independent of the cut-off. 

To summarize, we obtain a net finite contribution from the bubble diagram 
B, and the renormalization diagrams ‘V, and J,’ by taking account of the nucleon 
mass and charge renormalization. This finite bubble contribution is characterized 
by a single number, which we shall henceforth call simply 4/. Appropriate powers 
of g, gy, and g, multiplying 4,’ will give the bubble effects for the different 
reactions 7- + P>2-+P or 27+ Po7"+N, etc. 

Entirely similar considerations apply to the diagrams #,,, WV, and Vj, of 
Fig. 2, yielding a characteristic number 4,). These number 2,’ and &,', for the 


Thomson limit, are listed in Table IV, for the two theories PS(PS) and S(S). 
Details are to be found in Appendix (c). 


(d) Vertex Terms 


For the scattering process 77 +P—+2-+P, the diagram V, of Fig. 2 provides 
a matrix element (PS(PS) theory) 


— 1g "tey, (p,+h,—M ) Ns S ws PA yey (56) 
with 
A,= (i/7) Ke +k,—k—M)"7;(p,-k—M) “7, (k — 2) "d*kC(ke— pt). (56)! 


Evaluation of this integral (Appendix (d)) gives 
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A,= — (27) log(A/M) +finite terms. (57) 


Addition to (56) of the correction —g°gygrv(/") Dt from the charge renormali- 
zation terms in (52), and comparison of (44) with (57) shows thar the net vertex 
contribution from I, is finite and may be written g°gyg,}' where V7’ is a number 
independent of the coupling constants. A similar result holds for diagrams eS 
Vy, and V;; of Fig. 2. In the Thomson limit ’’= V7 and V>=Vi7. Numerical 
results are given in Table IV. 
(e) Convergent Terms 

It is clear that all effects due to the “ polarization” diagrams P,, iain 
and P;, are exactly cancelled out by the polarization terms in (52). We are 
therefore left with the “convergent” diagrams C, and Cj. For the pseudoscalar 
case, the diagram C; is represented by the convergent integral 


Cp=Fe(1/2) [rs Be— BM) 79GB M) 76 Pr“ B— MY To Hk te 
(58) 
with the abbreviation gq=p,+k,. The convergence factor C(A*?—y’) which has 
been used previously to cut off divergent integrals is not necessary. After rationali- 
zing the propagation factors and eliminating the 7,’s, C; takes the form 
k(q—k+ M )ka*k 7 (59) 
at fo 2 217 Jo? __< Sale SHE, 
[i —9p,-Al{(q—R? — 0" |[K*— 2p, A — 7" 
Replacement of g by p,—, in (59) gives the integral C,. Evaluation of these 
integrals in the general case of arbitrary meson energies has proved too difficult. 
In the Thomson limit the integration is carried out by the methods outlined in 
Appendix (e) and the results given in Table IV. 
(f) Compilation of Results 
All the results for the higher order matrix elements in the Thomson limit 
are assembled in Table IV: net contribution of bubble term 3° (types I and IJ), 
net contribution of vertex term lV", convergent contiibution C. For comparison 


the matrix elements in lowest order are also listed. 


PS(PS) — My=—4(2M+ 4); eta (D— 1), (60) 


Gawd /=)\ 


S(S) Dty= —2/# 5 Mr = t/t. (61) 
(It is evidently convenient to multiply all PS(PS) matrix by 244 and all S(S) 


‘matrix elements by /2). 
To obtain the higher order matrix elements for the various scattering processes, 
ply the numbers in Table IV by appropriate coefficients 
containing 2, gy» gp and sum. These coefficients are listed in Table V. 
From the numbers in Table IV it is clear that the additional terms in the 
e of order unity times g” relative to the lowest 


it is necessary to multi 


scattering cross section will b 


658 J. Asnxin, A. SIMON and R. MARSHAK 


order o, As an example, if we assume —gy=Lr=fo We obtain ; 


PSPS ) g,/a4,=1—0 A3 g*—0.03 go; 


6 1,/0>=1—0.64 g° + 0.16 go, ™ (62) 
011/0)=1—0.30 g°—1.88 g.°, 
SS) 0, /5,=1—1.27 g*—4.30 ce 
6 f6;=1 +112 2440.67 ge, (63) 
6 731/89==1—0.94 £°—0.07 go 
Table VI. 
Comparison of Lowest Order and Higher Order Matrix Elements. 
Thomson Limit. 
PS(PS) 
ee ey Sa et ee ee 
T Lowest { Higher Order Matrix Elements 
be Order 7 1S 
Diagram | (2am)m | (2Mi)B? | (2Mi)ve | (2ah)C 
I 092 | 0110 | —0.203 | —0.309 
II 1.085 —0.039 ) —0.108 | —0.091 
\ 
S(S) 
Andes PE Mesa a Se 
Type Hares Higher Order Matrix Elements 
ae Order 
Diagram | (in) M (ip) BP | (in) ¥° (én)C 
I 1 —0.575 | 0.557 —0.461 
II od —0.099 | 0.089 —0.059 
Table V. 
Coetticients for Correction Terms 
Process By Bu Vy Vu | Cy | Cn 
nr-+P—on-+P s2(g°-+2) 0 28° ySp 0 gig? ) a 
RPV | gig gs) 0 26°¢ Sp 0 s*s3 | sce 
n-+N-n- +N 0 S(S2+ ep) 0 28°88 p Se |) 
m++P—ort+P 0 gX(2-+¢2) 0 2g yf p gt Fag 
oe SS 4 : } 
. ; eei(ent sp) | se2(eyt Sp) | 
m+ Pom+N | geylgttes) | sep(s*+ep) a One Teepe | eee 
| Sp &8y | s 
SER Suter) | wets) ) 
rt+N—n+ P| po (ptt 2 24 92 St a eee ee 4 
ss fs, | 


14) For process II, PI(PS), and go=0, Corinaldesi and Field (reference in footnote 6) obtain 
1—(8/2r) g?=1—0.48 y*®. Our result reduces to theirs in the limit ~=0. 
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§ 4. Discussion of Experiments and Conclusion 


Data bearing on the nuclear scattering of 7-mesons comes from experiments 
by Fretter, Brown and McKay,” by Lovati et al,” and by Camerini et al” 
to cite somé of the more recent work. The first three experiments were performed 
with cloud chambers and the last with photographic plates. The cloud chamber 
experiments agree in their finding of rather small cross sections (<10-* cm*) per 
nucleon) for the large angle scattering of particles in penetrating showers (which 
include protons in addition to m-mesons). However, the cloud chamber ex- 
periments yield an interaction cross section (i.e. a cross section for the production 
of nuclear stars and secondary penetrating showers) for the penetrating particles 
an order of magnitude greater. Since an appreciable number of the nuclear stars 
produced by the secondary penetrating particles may be due to the recoil nucleons 
associated with z-meson scatterings,” the scattering cross section may actually 
be closer to the interaction cross section. 

Some evidence supporting the interpretation of the interaction cross section 
as chiefly a scattering cross section is provided by the photographic experiment. 
Twenty-nine z-mesons (with energies between 85 and 1300 Mev.) are observed 
to produce nuclear stars in the emulsion; of these 29 stars, 7 are accompanied 
by single ‘shower ” particles (in one case the “ shower” particle was identified 
as a m-meson) whereas 22 are not accompanied by any “ shower” particles. It 
is tempting to regard the 7 1, stars examples of direct 7-meson scattering 
and an appreciable fraction of the 22 0, stars as examples of charge exchange 
scattering (with the m decaying into two unobserved gamma rays). The 
interaction cross section, on the basis of rather poor statistics, was found to 
be close to geometrical. On the above interpretation, a rather large scattering 
cross section, say 2—5-10-™ cm? per n° cleon, would be indicated. 

In order to compare theory with experiment, it is necessary to know the 
meson coupling constants and the energies of the 7-mesons. It seems most 
reasonable to evaluate the coupling constants from the experiment on the absorp- 


tion of slow z-mesons by hydrogen.” It is found that :*? 


a ee 


15) W. B. Fretter, Phys. Rev. 76 (1949), 511. 

16) W. W. Brown and A. S. McKay, Phys. Rev. 77 (1850), 342. 

17) Lovati, Mura, Salvini and Tagliaferri, Nuovo Cim. VI (1949), 207. 

18) Camerini, Fowler, Lock and Muirhead, Phil. Mag. 41 (1950), 413 and private communication. 

19) The possibility of this interpretation depends on the fact that a fast meson can transfer a 
large fraction of its energy to a nucleon as a result cf an elastic collision. Thus, according to 
(14), although a 5 Mev z-meson scattered through angles of 60°, 120°, 180°, will transfer 0.7, 
1.8 and 2.31 Mev. respectively to a nucleon at rest, a 400 Mev. z-meson will transfer 118, 233 
and 268 Mev. and a 1600 Mev. a-meson will transfer as much as 835, 1270 and 1356 Mev. at 
the respective angles of scattering. 

20) W. Panofsky et al, Phys. Rev. in press ; unfortunately, the resolution is only good enough to 
place an upper limit of 0.21 on pol toc (fo is the momentum of 7°, wo its mass). The best 
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S(S) : (ge—&y) /he=0.012, 

PS(PS): (&e+&yn)'/te=0.11. 

We take g=(gp—gy)/v~ 2 for S(S), 
g=(erten)/vW 2 for PS(PS). 


As far as the meson energy is concerned, we can use the momaess for minis 
in Table I and II; the average energy of the z-mesons in the experiments cited 
can not be far from this value. We find for the direct scattering cross sections 
for the four theories (processes I and II are averaged for the purposes of this 
discussion) : 

F455 x 10- cm’, Cay 2 x10 cor, 


ab P=: -3 2 
Ops(Ps) =o x 10 = cm’, Opspr) a x 10 cm. 


The charge exchange cross section in all four theories is about twice the direct 
scattering cross section. In evaluating ays and orgps, we have neglected the 
higher order correction since gys3/Ac and gpsps2/he are so small (cf. eqs. (62) 
and (63)”). If we compare oss, and gps with experiment assuming that the 
scattering cross section is comparable with the interaction cross section, it would 
appear that the theoretical values are much too low. On the other hand, the 
value of og, and gpypy) are much too high. In view of the large values of 
&svy/te and gpypy)t/hc, indicated by the z- absorption experiment™ the higher 
order corrections for the derivative couplings must be very important ; furthermore. 
it is clear that the strong increase of scattering cross section with energy cannot 
be real and must be cut down by the reaction of the meson field. Since neither 
the reactive corrections nor the damping effects can really be calculated for the 
S(V) and PS(P/7) theories,” we can only conclude that the derivative couplings 


value for the ratio of 7°-emission to y-emission appears to be about 1.5 (W. Panofsky, private 

communication). 
21) R. Marshak and A. Wightman, Phys. Rev.; in press; we choose the values which are found 
assuming identical field and coupling properties for both the charged and neutral z-mesons. 
The values given for S(.$) and PS(PS) are to be regarded as lower limits since (fo/ aoc) may 
be appreciably smaller. Similar calculation have been carried out by Aidzu, Fujimoto, Fukuda, 
Hayakawa, Takayanagi, Takeda and Yamaguchi (paper to appear Shortly) for spin zero 
mesons. The same method applied to PS(PV) leads to a value much larger than unity for 
(ge+gw)*/&4e and to an equally meaningless result for the case S$(J”). Strictly speaking, the 
S(/) neutral meson is excluded because the two gamma emission is forbidden (cf. J. Steinberger, 
Phys. Rev. 76 (1949), 1180). However, in order to make a numerical comparison for the scat- 
tering problem, we choose (gp +gw)?/%c1 in the PS(PV) case and (gp—gy)?/4e=1 in the 
S(V) case. 
We have found that the higher order corrections for © 
in the Thomson limit (4=p), 
referred to in footnote 6). 


23) cf. W. Heitler, Proc. Camb. Phil. Soc. 37 (1941), 291; 
Roy. Irish Acad. 49 (1943), 101A, 


ts 
to 
ww 


> wu but<M are only slightly larger than 
(cf. also E. Corinaldesi and G. Field, Phil. Mag. 41 (1950), 364 


W. Heitler and H. W. Peng, Proc 
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can easily lead to geometrical cross sections for the z-meson scattering. 

It thus appears that the non-derivative coupling theories S(S) and PS(PS) 
are self-consistent weak coupling theories whose predictions can be directly 
compared with experiment. If our proposed identification of a major portion of 
the interaction cross section with the scattering cross section is confirmed by 
further experiment, the S(S) and PS(PS) theories could be discarded. On the 
other hand, the weak coupling predictions of the derivative coupling theories 
S(V),-PS(PV)* lead to contradictory and physically meaniagless results. One 
qualitative prediction of all derivative coupling theories may perhaps be believed, 
namely the large increase in scattering cross section in the energy region pL E< MV; 
this behavior is also found in the strong coupling theories® which are probably 
much more appropriate for derivative couplings. This is in striking contrast to 
the decreasing scattering cross section predicted by the non-derivative coupling 
theories. 

Our results emphasize the importance of performing an experiment on the 
scattering of low energy z-mesons (i.e. those produced artificially by high energy 
accelerators) by protons in order to decide whether the cross section is an 
increasing or decreasing function of the energy, and to determine a good absolute 
value. Evidence from other sources, e.g. the photon production of 2-mesons, 
favors a pseudoscalar field for the z-meson and the low energy experiment would 
help to decide whether the pseudovector coupling is indeed correct. It may even 
be possible to determine whether the strong coupling theory in its present form 
gives a suitable description of the meson scattering. 

This work was supported by the joint program of the ONR and AEC, 


Appendix 


In this appendix most of the integrals occurring in the higher order scattering 
calculations will be evaluated. The methods developed in the appendix to 
Feynman’s paper on the Space-Time Approach to Quantum Electrodynamics 
(reference 4) are most useful for this purpose and will be employed throughout. 


(a) Nucleon Self Energy 


It is convenient to notice that in the self energy integral (36) and in the 
subsequent integrals to be discussed 


(k2— 2) °C he— #7) = (kh —-F) -1_ (2-2) 71 


=—{" aL (Ke —L)-* (1a) 


24) The spin one theories can be included in this class. 
25) W. Pauli, “ Meson Theory of Nuctear Forces”, Interscience Publishers, 1946. 
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where Z is considered to have an infinitesimal negative imaginary a This 
allows us to do convergent integrals on # directly, leaving at the end an integra- 
tion on the parameter ZL from # to #. The self-energy matrixes for the PS(PS) 
and S(S) theories thus have the form 


PS(PS):  grsWrs (2a) 
S(S): gw 
where 
= dL 
ee EA pepe wate te (3a) 
if = (p—ky—IF (KL)? 


Using Feynman’s integral (16a) from his appendix, and following his notation, 
the requisite integrals for W are 


(81) (@ZC : he) dh (Kt — L)~2(K'—2p-b)7} 
= j aL\ ( 1; (1—x)p,)22[ M2 (1-2)? + Le] de 


=2'(1; (1—2)9.)[2 log (2/M) +log x—log((I—2)*+az)Jdz. (4a) 
The integrations in (4a) are elementary and yield for W 
W=— (1/82) (p+M) {4 log (4/M) +2—w log wW—2V = T(w)} 
+ (1/82)p{2 log (i/M) —= +0+0(1—a) log wav = T(e) }. (5a) 


Where @=(4/M)*? and 7(w) and c are defined by (37)’. For the PS(PS) 
theory we note that 7,(9+/)7,=p— WM gives zero applied to a free nucleon wave 
function, For the S(S) theory we may replace p by Min W after applying the 


matrix to a free nucleon wave function. The results for 4M are given in (37) 
and (38). 


(b) Renormalization of g 


The factor r defined by (40)! for the PS(PS) theory may be abbreviated 
rrs=TsRYs (1b) 


as 


where 


R=—(i/2)\(p—k— M) "pM p—k—M)(K—L) d'kedL 


=—(i/n)| POBtM 2 BOR ee 


I ne nan 
. 


(K°—2p-k) M (k—2p-k) (K*—L)? (2b) 
This integral can be handled according to formula (20a) of Feynman’s appendix. 
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We find 
(82) [d*édL(Ke—L) -*(K2—-29.k)2= M-[log w—2( o/ V= )T(w)], (3b) 


(82) [eed ted (Kt —L)*(Bt—2p. ‘7 
=M~p,[—2+0 log w+ (2/V 7 )o(2—) T(o)], (4b) 
(8i) [obya*edL (HP —L)*(Ie—2p-8)4 
=— M~p,p,{1+20+ 0(1—w)log w— (2/V 7 )w'(3—e) 7(o)] 


+5of2 log(¢4/M) —1/2+ 0+ (1 —<) log o—av 7 T(w)]. (5b) 


Insertion of the integrals (3b), (4b), and (5b) into the formula for R and use of 
the properties or 7, in the pseudoscalar case, yields the expressions (40)” and 
(41) for rps and 7s. 

Let us consider next the vertex contribution to the charge renormalization. 
The integral in (42) of the text is 


ei: (9,—k+ My pi—Kk + M raha 
C1) Vy wy aN WHF a 


where we have used the abbreviations p,=p,+@, Pi=p- Since we are dealing 
with free nucleons we have pp=p2=M*. Note that p,=p;'+2p1+ 9+ @ and 
hence 24,,g=—q@*. The numerator of the integrand in (6b) may be simplified as 
follows: (P,—k + M)r(pi— Kk + M7, =(P.—k +M) (Pi-k —M)=— (P.-k 
+M)k where p,—M on the tight has been replaced by zero since it operates 
on a free nucleon spinor w, for momentum p;. From (42) we see that with an 
extra 7, on the left, it is necessary to form —i7;,(p.—-k+ UM) k=’. The 
numerator in (6b) is therefore equivalent simply to k* as far as the matrix 
element between % and , is concerned. The & integration is best performed 
after combining the three terms in the denominator of the integrand in (6b) 
using Feynman’s identity 


1 ey xax 
=6) ar| . Tb 
@ bc 0 Jo [ax4+h(1—x—2) +t}! Ce) 


For brevity we introduce the notation 
1 = 
Vefasi) =6( at ads fle, ‘) (Sb) 
0 0 


_ where f(#, ¢) is an arbitrary function ; the integral in (8b) is a kind of average 
of the function f(x, #4). With the technique of (7b), the integral (6b) becomes 


(6b) = — (é/z) facaol aene[ (k—Q)?—4}4 
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ea) [aldol dte(Ke + 2k- 0+ O)[ke—4}* (9b) 


s (1/m) faba} — (124) + Q’ (244")*} 


where Q= (1—x—¢)p,+/p, = (l—2) pit+/@ and 4=2zL+@Q. Note that Q@ 
= WV? (1—x)?+¢q'{t?—t(1—+x)] thus establishing the fact that (6b) is a function 
of g? alone, as indicated in (43) of the text. In obtaining (9b) we have used 
the results j di#[(k°—d *=(¢/24)4~° and \ Keak ke — 4} *=—(2/12)47. The 
integral § £-Qd*s[k°—4]~* clearly gives zero. 

According to the physical argument following (43), it is sufficient to obtain 
(6b) for. the special case g’=yp°. After performing the Z integration in (9b), 
and remembering that 24>, we find for (6b) 


Srvp( 2) = —4 log(a/ M1) + 344 ae ae log [1 —x)?+ ox + o(#—#(1—2))] 


Hi Py a ee ae Gli} 
0 Jo (l—xr)*+r4+(f—t(1—+)) 


Inverting the order of integration on x and ¢ gives the reduction 


8rups(") = —4 log (A/M) +3 +4 dx(1—2) log { (1—z)*+er} 
—8) dx{ 1—x—20 tan-[(1—z) (20) “}} (10b) 
Mi 1=4f dx{ 20> tan- [(1—x) (20) —]} 


where # (x) =(1/w—1/4) 1—x)?+ 2. 
A similar argument for the S(S) case yields 


8rvs(p°) =8zvps (ft) + 160" dx xO tan [(1—x) (20). (11b) 
0 


The integrations in (10b) and (1lb) were in part performed numerically for 
w= (6.4)?=40.96 
(c) Bubble Terms 


The only difference between the operator 0, defined in (49)’ and the self 
energy operator W of (8a) lies in the fact that (~,+%,)°++M*. Introducing the 
notation =p, tk, and a=q@°?/M*, and using Feynman's integral (16a), the 
integrals required for 0, are 


(8i) faz. ; ky) d*k( ke? —L) "(Ie —29-k- Me +q)7= 


=2) (1 5 190) dy 2 log (A/M) +log (l—y) —log{ ay?—(a+ w—1)y+o}]. 
(Ic) 
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It is important to notice that the quadratic expression ay’— (atw—l)y+o 
vanishes for two values of y in the interval (0,1). This is a consequence of the 
fact that g°= (M+ })*, with equality holding only in the Thomson limit. We 
denote the two roots for y by y and y,, requiring y<y,. In the Thomson limit 
the roots become equal: y=y7,=(M+y)~'. The presence of these roots offers 
no difficulty when it is recalled from (la) that the parameter Z is to be regarded 
as having an infinitesimal negative imaginary part. 

Carrying through the integration in (Ic) gives 


(82) \ dLd'k(k®—L)-* (Kk? —29-k— M2 + @?)=4 log (4/M) + U, (2c) 
=—2 log (@°M™) +2. + 2x, —) —2% log y-—2(1—) log (1—) 

—2y, log 7,—2(1—1) log I-41), (8c) 

(81) |dLted*2(K°—L) ~2(k°—29-k—M*+@")=99(2 log (A/M) +X), (4c) 


9 9’ 1 . ° 9 9 9 
X =—log (¢?M~) aoe tha EoD +Io—-Io log W—(1—y%’) log (1—») 
+y1—y¢ log y,— (A—pr’) log (1-1). (Se) 
Assembling the parts of 0, from the integral 


if p,+h—k+M | dtkdl 


0,;= —— = a = = (6c) 
(p,+k,—ky—-M’ (k—L)’ 


7 


gives the result (50) quoted in the text. 

We may briefly indicate here what happens when the argument of the text, 
applying the charge and mass renormalization procedure to the bubble term, is 
carried out for the S(.S) theory. The bubble matrix element is obtainable from 
(49) by replacing all 7,’s by unity. Rearranging 0, conveniently as 

0,=— (1/87) { (p+ k,—M) (2 log (4/M) +U—X) + M(6 log(A/AT) +2U—X) }, 
(7c) 
the charge renormalization, taken in conjunction with the first term of (7c), 


requires consideration of the quantity 
— (82)-1(2 log (A/M) + U—X) +75 (8c) 


analogous to (53). The quantity (8c) is finite according to (41) and (40)”. 
Similarly the mass renormalization, taken together with the second term of (7c) 


leads to a net correction to 
—(82)—1M (6 log (4/M) +2U—X) —4 Mg. (9c) 
Eq. (38) for 4M, shows that (9c) is also finite, independent of cut-off. 


The bubble diagram &,, of Fig. 2 presents us with an operator 0,, obtainable 
from 0, in (49)’ through the replacement p, +k,-p,—k,. With a=M~°(p,—ky)’, 


666 J. Askin, A. SIMON and R. MaARSHAK 


the quadratic expression ay —(ato—ly+e appearing in (Ic) is readily shown 
which coalesce to —#(Jf—p)™ 


to have two negative real roots —Jo and —J; 
in the Thomson limit. The logarithm in (Ic) is therefore always well defined. 


The quantities analogous to U and X of (3c) and (5c) are 
U=—2 log ((p,—hy)°M) +2—2(1 +») log (1+ Jo) +2y, log Vo 
—2(1+ ,) log +y3) +29, log I, (10c) 
9 9° 1 ° ° 
=— log ((pi—ky)’M~) eer er ae! log yo— (1—e') log (14+%) 


—y,—y2 log y:— (1—y*) log (1 +9) (11c) 


where, of course, the y, and y, have a different meaning than in (Sc) and (5c). 
(d) Vertex Terms 


The characteristic integral A, defined by (56)’ is almost the same as the 
integral (6b) for ‘the vertex correction to the scattering of a nucleon by a 
potential; the difference comes from the. fact that (p,+,)°=+-M*. With the 
abbreviation g=p,+k,, 

Hae ef (q—k+M)7(Di—K+M )rahal (1d) 
a JU (q—k)?— 7 (p,—k)*—- LLY 
According to (7b) and the definition of Av in (8b), we may write 


A,= — i far aol Et rt M)is74z 
Tv 


[(A—Q)*—4} 
rer ee v (q—k—Qt+ M)r3(Pi—kK— Qt M)rs, 74 
‘laLA \ ver Mogg (24) 


where Q=(1—x—A p,t+tq and 4=Q?+Lx+(JP—¢*)t. Only the even powers 
of & contribute to the second form of the integral in (2d). Using the fact that 
A, is to be applied to the spinor x, obeying p=, we obtain 


A,=2*{ dL Av} — (124)""— (q—Q4+ M) Q(244)-, (3d) 
After the Z integration is performed 
1 i=t 
82d,=—4log (¥/M) +3444 del dx log [M-(Q'+ex+ (M—a")t)] 
0 0 
teed 2 def dra 04 0 é (4d) 
0 Jo Q+er4+ Ul-)e 
In the Thomson limit, the x and ¢ integrations are not difficult. All energy- 


momentum four-vectors reduce to their fourth components alone and all matrices 
7; may be replaced by unity (after the 7,s have been eliminated). A change to- 


ee , 
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the fourth component of Q as independent variable, in place of ¢, is found to be 
convenient since the x integration may then be performed immediately. The 
remaining integration on Q, is possible analytically but simpler to do numerically. 
We may note that in the Thomson limit the diagram V/ of Fig. 2 contributes 
the same amount as V;. The contribution of V,, is obtainable from (4d) by 
making the replacement g=p,—,. 

It should be remarked that in (4d), for s=1—¢ and g=p,+k, the expression 
4=Q0+ 0-4) 4+ W-P)t=e?—(¢+e—M)t+ # has two roots for ¢ in the 
interval (0,1) just as for the bubble integral (1c). This causes no difficulty, 
however, and may be handled as in the bubble case. 

The scalar theory gives, in place of (3d), 


A,=r [azc} — (124) + (a—Q+M)(2M—Q)(2482)*}. (5d) 


Replacement of q by p,—k, gives Ay. 


(e) Convergent Terms 


The diagram C; of Fig. 2 requires the integral (59) (PS(PS) theory). 


af k(q—k+M)katk wus 
 J[k?—22,-h\[(q—k)— Mk —29,-2\[k?—-"] 


i 


(le) 


The matrix element of (le) between 7, and w, is understood. For handling such an 
integral with a product of four terms in the denominator, we use the identity 


= 1—t—r 
(abcd) =6) at {de| dy [att bx +ey-+d (1—t—2—y) |" (2e) 
0 0 0 
and the notation 
ct 1-t f1—!-z 
Av ft, x, | at\ dx\ dy ¥(t, x,9). (3e) 
0 
Setting a=(q—ky—-W, b=h’—-p, c=k’—2f,-k, d=k’—2p,-k, 
C, =r \4ola'a (k—Q)'— A}*k(q—k+M)k, (4e) 
Q=tg +yp,+ (l—t—- 4-9) Px, (5e) 
4=Q°— (@2— M2) t+ fer. (Ge) 


A shift of variable in (4e) from & to K+Q, and performance of the & integrations 
_ gives : 


Gus x tAol aah? — 4) (k+Q)(q—k—-Q+M) (k+Q) 


=i(242)~Av| (q+3Q—2M) 4+ Q(g—Q+ M)Q4*}. (Ze) 
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The integral C,, appropriate for the diagram Cy may be obtained from (Te) if. 


q is interpreted to mean p,—,. 
We have not succeeded in carrying out the parametric integrations in (Je) 


for the general case. In the Thomson limit, however, the integration is readily 
performed since Q and J become independent of the parameter y. As is seen 
from (5e), in the limit g=(M+/)74 Di=P2= Miro Q reduces to Q=[M(1—z) 
+ytly, A farther simplification is achieved by changing to the fourth component 
of Q@ as independent variable in place of 4, since this makes 4 linear in x, 
Several of the integrals in (7e) reduce, in the Thomson limit, to integrals 
involving 4-1 already performed for the vertex term (4d). Somewhat more 
difficult are the integrals containing J~*. After the x integration there is left an 
integration over ¢ (or Q) of 4-1 with x replaced by 1-4 From (6e), however, 
for +=1—¢ and the Thomson limit, 4=(Q— )°. The double root of 4 at Q=s 
is the transform of the double 100t in (lc) encountered for the quadratic argument 
of the logarithm. There is thus an apparent divergence in the integrals J--- (Q-—2)= 
a@Q which must be performed over the interval O<Q<M+yp. The situation is 
remedied by noting that if the Thomson limit is not exactly reached, the dege- 
neracy in the roots of 4 is removed. It is then possible to take the principal 
value of the integrals and subsequently allow the roots to approach one another. 
Such a situation does not arise for the integral C,, where we find instead integrals 
like §---(Q+p) “dQ over the interval OC QO< M—z. 
For the S(S) theory, corresponding to (7e), 


C)=i (242)-Av| (¢+3Q—10M) 4+ (Q—2M) (a—Q+ M)(Q—2M)4>} 
(Se) 


where J=p,+,. Diagram C,, gives a similar result with g=p,—A,. 
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§ 1. Introduction 


Recent developments in experiments with artificial mesons have yielded much 
information regarding the nature of the z-meson, but its quantitative: properties 
are not yet obvious, mainly because of: difficulties with meson theory. The 
existence at present of more experimental data, especially the comprehensive 
analyses of cosmic ray phenomena at high energy, urges us to draw up a consistent 
picture of the meson. Unfortunately, however, there may be some ambiguity and 
inconsistency among the various experiments, a part of which will be eliminated 
by adequate corrections accounting for experimental conditions. Such experimental 
results, though lacking in perfection, should first be analyzed in the light of 
current meson theories since the discrepancy between experiment and theory will 
give a clue to later developments. In the present paper we attempt to give a 
brief summary of mesonic interactions in cosmic rays together with the future 
aspects of this field. ; 

First of all we give some kinematical relations between an observed coord- 
inate system and the center of mass system of two colliding nucleons with few 
assumptions about the mechanism of the meson production (§2). Next a brief 
account of our theory,” to which we tentatively refer, and its characteristic 
features are presented (§3). The greater part is devoted to the analysis and 
interpretation of several remarkable points of nucleonic showers (§ 4). 


.§2. Lorentz Transformation Between Laboratory 
and Center of Mass Systems 


For the interpretation of meson showers produced by a nucleon-nucleon 
collision, it is necessary to provide the Lorentz transformation between the 
laboratory system (1.s.) and the center of mass system (c.m.s.), since it is more 
convenient to work in the latter system.”:?..? 

We label the quantities in c.m.s. and 1.s. with and without asterisks, res- 


pectively. Suppose a nucleon with energy 4 and momentum P collides with a 
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nucleon at rest of mass 4% Then the Lorentz factor ¢, transforming one system 
into the other system, is given by 
f=V7 (E+ M) /2M =E*/M, (2.1) 


where we set the velocity of light to unity. 
The transformation formulae of momentum pf and angle 9 of a produced 


meson are expressed as 


pt ={ (e—fp cos #)*—(1-F)#Ps, (2.2) 

tan 0* =p sin 0/(p cos 6—fe)é§, (2.3) 
or 

p={(e*+Ap* cos 0*) —A—P) PS, (2.2") 

tan 0=p* sin 0*/( p* cos 6* + fe*)&, (2.3’) 


where € and p represent the energy and mass of the meson and # is the relative 
velocity between both systems, &=1/V1—f. 

The momentum and angular distribution in 1.s. F(~, 4) dpd@ and that in 
c.m.s {( ~*, 6*)dp*dd* are connected by 


F(p, 9) dpdd =f ( p*, O*) Japdd, (2.4) 
where / represents the Jacobian between both sets of variables: 
J=0(e—Bp cos 8) /€p*. (2.5) 
In the case of an isotropic angular distribution in C.m.s., we obtain 
F(p, 9) =g( p*) («Bp cos 8) sin 8/2€p™*, (2.6) 


where g(/*) is the momentum distribution in c.m.s. The main behavior of the 
angular distribution is governed by p* in the denominator of (2.6). For small 
6 and large #, the emitted angle of a meson in l.s. is restricted as follows 


(n/p) + 1/8) 292 | (#/P)- 1/5) |, (2.7) 
which means that the emitted mesons are restricted to a cone with the vertical 
angle @~1/¢ for p> &p. 

The angular or the momentum distribution is obtained by integrating F(p, @) 
over ~ or 4, provided the function g(/*) is known. The simplest case is g(p*) 
=0(p*—p,*), namely, the unique momentum £,* in c.m.s., as adopted by Rossi® 
and Gamba and Radicati.”. The angular distribution is expressed as 


0 (4) en Seg ae es (€.*— °F’? sin? 0)" f° 
267 (1—f* cos? 0) (fp —F fv sin? 0)? * 
where it should be noted that the angle of the emitted meson is restricted so as 
to have sin @< p,*/€8u. This maximum angle corresponds to the meson emitted 


at an angle in the backward hemisphere. As inferred from (7), @(@)/@ increases; 
only slowly for @S1/€. The momentum distribution is 


(2.8) 
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EF ( p) ={PPe— Fe—e,*)7 (7 e*/F BP *e. (2.9) 
For larger ~, ¥(~) has a maximum at §p’/«,* and # is restricted such that 
9 (€*—p) [prize /2(e.*—p). For smaller p, Y(p) tends to ocp™'”. 

If g(p*) ‘is represented by a power of p* as assumed by Heisenberg,” 
g(p*)o(p/p*)", P(A) and ¥(p) are obtained as follows. Approximating £* as 
G—fp cos 0% (1—f cos 0) p+ 4F/2p, the integration is carried out for two ranges 
of ~, p=. P and p< p, where P=p/~2(1—f cos 0). For p> A, the upper limit of 
the integration must be put at ~, the maximum acceptable momentum, but this 
does little to affect the result for ~>1. Then we obtain 


0 Oo (sin 6/(1—8 Se 9) 2"? for p= p, (2.10a) 
(1—8 cos 0)?" sin@ for pS Pp. (2.10b) 


In this case also, the emitted mesons have a core with angular departure O~1/€. 
The momentum distribution is obtained as 


¥( pool yo (/p) 85 for p> Fe 
Be §(e— Bp)?— pF}? bonis fore <6. Gat) 


Thus ¥() has a maximum at p=¢p. 

For 2=0, both (@) and ¥() show logarithmic dependences on (1—f cos @) 
and p/p, respectively, but are not shown here. 

Generally speaking, almost all secondary mesons are restricted within the 
angle 0<1/¢ and their momenta concentrate about p~&p. Such properties are 
due to isotropic emission in c.m.s. If the emission is not isotropic, the results 
‘are more complicated. For example, there may exist double cones, if forward 


and backward emission are favored.°*” 


§3. Theory of Meson Production at High Energy 


The cross-section for meson production in a nucleon-nucleon collision increases 
with increasing energy of the colliding nucleon, if the coupling between meson 
and nucleon contains a derivative of the wave function of the meson. It becomes 
larger than the area of the effective meson field, namely the geometrical cross- 
section, as long as we apply straightforward perturbation theory. This fact is 
hardly understandable and suggests that the higher order process is more effective 
than the lower one. Actually we can observe the multiple production of mesons 
at high energies. This experimental fact favors the existence of the coupling with 
derivative, as far as current meson theory is concerned. Therefore, we may ignore 
scalar meson theory and have only to consider the pseudovector coupling of 


pseudoscalar meson. We do not consider the spin 1 meson because it is highly 


improbable on the basis of various arguments. 
The multiple production of mesons is extensively treated by Lewis et al. on 
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semi-quantum mechanical grounds.» Their theory is extended by Fukuda and 
Takeda,” accounting for the charge exchange effect, which we refer hereafter as 
I. Their theories are essentially classical, since they take only the terms 
remaining as #0 and neglect the radiative correction. However, the classical 
treatment will be a good approximation, because the case where a considerable 
number of mesons is produced corresponds to the higher quantum state. 

The probability for emitting mesons is given in J as 


a(n) =0,A(n), (3.1) 
1 2 Nm F(a +2) ( 2*Y 
A(n)=(£) 5 reine ) (3.2) 


where og, is the scattering cross-section of a nucleon, g the pseudovector coupling 
constant and zw* is the energy transferred to all mesons in c.m.s. The latter 
quantity can not be determined by the present theory and will include some 
unknown effect, such.as damping. Here we may tentatively assume that w* is 
proportional to the maximum available energy in a collision 


w* =72(E*—M)=y1V*. (3.3) 


Whether 7 is a constant or not will be decided by comparison with experiments. 

Because of the unsatisfactory nature of our theory, the absolute value of the 
cross-section is not convincing, so that we mainly account for the relative pro- 
bability for emitting 2 mesons’ Comparing the probabilities for » and #+1, we 
obtain 


A(arh)) we? 2(n+3) w*\? 
us i ~ . 
Se A (2) a (x = 1)*(x +2) (2a+ a Le ) r (3.4) 


which is approximated for high multiplicity by 
R(2) ~ (g°7/ n°) (w*/p)*. (3.5) 
The most probable multiplicity and the root mean square deviation are found to 


be 7 
n= (g°/7°)' (wo* /e)*, (3.6) 


4n= Vn/3 : (3.7) 


These results may also express the classical nature of our theory, if one 
compares our results with the theory of Fermi,” who considers only the density of 
final state and ignores the interaction between nucleons and mesons. Both theories 
show an approximate coincidence, especially in the energy dependence. 

These theories are seen to contradict the simplest assumption, that the energy 
of a produced meson is independent of the primary energy, as adopted by sever 
authors.” The average energy of emitted mesons is 


e* =z* /n = (a /g) 3/26 y1!S atl) (3.8) 


~ 
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which increases slowly with incident energy. Which of the assumptions is better 
will be decided by comparison with experiments. 

Our theory can further predict more physical quantities. The angular distribu- 
tion of emitted mesons is nearly isotropic. As for final nucleons, they are 
concentrated forward and backward with the angle about u/Z&* if the scattering 
potential is vector or pseudovector type, whereas they are isotropic in other cases. 
The non-isotropic emission of the final nucleons may affect the angular’ distribution 
of mesons, and it may be possible that the fastest meson is emitted like the 
nucleons. 

The charge dependence of produced meson is considerably dependent upon 
the type of scattering potential. The ratio of the numbers of neutral to charged 
mesons is estimated as 3/5 or 1/4 for the momentum of a nucleon p*=2M 
according to the symmetrical or the mixture of half symmetrical and half neutral 
potential. If we adopt the former case, we can obtain the total number of mesons 
by multiplying 1.36 by the number of charged mesons, J, in higher multiplicity. 


n2=1.36 XN. (3.9) 
§4. Analysis of Experiments 


Various experimental data concerning our problem show seeming discrepancies 
with each other, when we deal with the raw data. Such discrepancies mainly 
come from the different experimental methods and mostly disappear with an 
appropriate correction as shown in-what follows. The most convincing experimental 

results thus obtained are discussed in the light of the above theory. 
1. The energy of the agent nucleons. The kinetic energy of nucleons effective 
to produce mesons seems to be greater than about 2 Bev. These are referred to 
as the A-component in our previous paper.”” Some method to assign the energy 
described in // are not always applicable to such high energies discussed here. 
We confine ourselves to the following two methods. 

One is the absolute intensity of the associated shower phenomena, which is 
closely related to the energy of the primary rays through their energy spectrum. 
Unfortunately, however, we have few cases where the intensity is estimated. In 
only two available cases, we can estimate the agent energies as = 10 Bev and 
>20 Bev in the experiments of Fretter,”” and Janossy and Rochester,” respectively. 
The latter experimenral arrangement is used by Butler et al.,"” who estimated the 
average agent energy as-~7 Bev. But this seems to be an underestimation, since 
the whole incident energy is assumed to be transferred to the penetrating particles 
emitted within one steradian.” If we assume that half of the available energy is 
converted into mesons, 7=0.5 in (3.3), the transferred energy in one collision is 
about 7 Bev for 20 Bev incident energy. Actually, on the one hand, there may 
be plural collisions in a lead nucleus and, on the other hand, a considerable pat 
of the released energy may escape observation so that our estimation may not be 
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inconsistent with RA. 

The other method is to make use of the integral multiplicity-frequency relation. 
This relation is well approximated to ~V -2 in the experiments at lower altitude 
if V is smaller than ten. In Fretter’s result, this relation is fairly distorted as 
discussed later. If we correct this distortion, V~* relation is found valid V2.6 
and the steep behavior for smaller V is explained as due to the selection by the 
>9 Bev, provided energy is 


~~ 


triggering device. This leads to the agent energy 

equal to about 1.5 JV as estimated in //. The most remarkable evidence for this 
assumption is obtained by FLO, who find a marked change in the slope of the 
multiplicity spectrum at N=6, which is attributed to the magnetic cut-off at 
about 8 Bev.® 

2. Momentum distribution of mesons. We have not yet enough data about 
the momentum distiibution for individual nuclear collisions, but have the statistical 
data. At higher energies, the cross-section for meson production is inferred as a 
function of the ratio.of the momenta of meson and nucleon from the similarity 
between the energy distributions for both components." The higher average 
energy of secondary mesons in BRB may be due to the absence of lower energy 
primaries. Their average momentum, ~0.8 Bev/c, is too high provided the power 
distribution in c.m.s. is assumed, (2.11), but consistent with the unique energy 
assumption, (2.9). Nevertheless, the experimental evidence seems to be not so 
certain as to decide in favor of either theory. 

The momentum distribution obtained by the Bristol group” shows a surprising 
coincidence with that obtained by the indirect analysis of Sands,” although the 
energy spectra of primary nucleons are somewhat different for both experiments 
because of the different altitudes. This will result from the lower efficiency of meson 
produetion by the lower energy primaries, where the energy spectra will differ. 

3. Charge dependence. Also, for the charge of produced mesons, we have 
little direct data. We are obliged to argue this problem from indirect knowledge. 

The ratio of charged to neutral mesons can be estimated from the total 
energy of electronic rays, W, and p-mesons, W™, referring to the following 
decay schemes : 


neutral z-meson — two photons, 
charged z-meson—> charged #-meson+ neutrino, 
charged w-meson— electron (positron) +two neutrinos. 
The total energies of both components are given by Rossi™ as 
W =0.285 Bev cm™® sec, 


W ™—0.289 Bev cm@ sec. 


From the above, we can estimate the total energies transferred to the charged 
and neutral z-mesons, W, and W,, as 
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W,=0.37 Bev cm=-? sec7, 
W,=0.22 Bev cm~ sec™. 


These figures are consistent with the result of the symmetrical theory, which gives 
neutral-charged ratio 0.60 for z=1 and 0.36 for larger x. : 

The ratio of positive to negative mesons is 2:1 for a proton incident in 
both cases of coupling mentioned in §3. If the main contribution to the positive 
excess comes from the mesons produced in the upper atmosphere,” where the 
primary nucleons consist of 1/3 neutrons and 2/3 protons,” and the mesons are 
mostly produced singly as argued lately, we get a positive excess of about 20%, 
well in agreement with observation. 

4, Angular distribution, The angular distribution is often used to assign 
the energy of an incident ray, but it seems to be inappropriate considering the 
different results by the different experimental methods, The average angles of 
forward secondaries obtained by some authors are ‘compared in Table I, with the 
primary energies assigned by the simple relation 6=1/€, where the angle is 
corrected to the true one if the projected angle is measured. 


Table I 
FLO 
Observer B light heavy total Ff BM W*) 
Average angle 30° 22° 30° 28° 26° 38° 14° 
Primary energy (Bev) 5.8, 12 5.8 7.0 8.1 3.3 30 


Among these, the first two, B and FLO, are observed by photographic plates 
and only thin tracks, following the nomenclature of B, are counted. /ZO dis- 
criminate between showers occuring in light and heavy nuclei and notice that 
the angular distribution is considerably different for each case. For heavy nuclei 
‘the estimated energy ~6 Bev is too low to reconcile with the minimim energy 
of primaries of about 6 Bev (see § 4.1 and 6), considering the rather flat energy 
spectrum in this region. On the other hand, the estimated energy ~12 Bev for 
light nuclei is not inconsistent with the average energy of primaries. From this 
fact, the assignment of the absolute value of the energy by the average angular 
spread leads, for showers produced in heavy materials, to a serious error. 

Furthermore, there are many sources of error in cleud chamber and counter 
work. The average angle of / is of course too large. Beside the above source, 
the error comes from the mixing of fast protons in penetrating particles. We can 
correct this effect accounting for the distribution of grey tracks in D and obtain 
the average angle ~13°. This seems to give a reasonable value, but one must 
not forget the fact that a considerable number of particles with large angular 
spread escape observation and these particles contribute greatly to the average 
angle. In the counter work, W, the average angle is surprisingly small, which 
means that almost all protons may be absorbed by the lead filter between the 
two lowest counter trays and the large angle ones may escape. Then the average 
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angle except for photographic works serves only to give the relative order of the 
energy, such as the comparison of / and BM. 

In photographic works, however, we can discuss detailed praperics One 
remarkable point is the forward restriction of the secondary particles of mere 
stars in FLO. If the energy of emitted mesons is unique in c.m.s., the angle is 
limited by the relation sin#<p,*/€Sp. Putting the maximum angle as 60° and 
E~2, p,*/u> 3/2. If a meson is emitted backward with this momentum, this 
track should be observed as a grey one. This contradiction suggests that we 
cannot accept either the unique energy emission or the single collision in a 
nucleus or both. There is another piece of evidence against the single collision 
even in a light nucleus. Some of the light stars have an asymmetric angular 
distribution, which is suggested by FLO as a possible indication of a spin dependent 
interaction in a single collision. But some of these stars have two or more 
groups of secondary particles. This fact may not be due to the spin dependent 
interaction, but may be due to the plural collisions in a nucleus, although the 
experimental evidence is not so clear as to permit the decision of the above 
alternative. 

The angular distribution in the singie collision is observed in a star obtained 
by Freier and Ney.” The produced mesons, 10 or 11, are noticeably grouped 
around the two emitting angles, ~1° and ~10°. These angles are transformed 
into ~12° and ~168° in c.m.s., if we adopt the energy of the incident nucleon 
as ~60 Bev as estimated by them on the basis of the relativistic increase of the 
ionization. This represents the narrow angle emission in forward and backward. 
However, this cannot be the evidence for the anisotropic emission, because there 
may be a considerable fluctuation and the method of estimation of the energy is 
not free from ambiguity 

The anisotropic emission is also inferred from the analysis about the core of 
extensive air showers.” But this does not necessarily mean the anisotropic 
emission of mesons, if we consider that the scattered nucleon plays an important 
role in the development of the core. Then the scattered angle of the secondary 
nucleon must be small, as is the case of vector or pseudovector potential (see §3). 

5. Multiplicity. It has been disputed whether or not the genuine multiple 
production of mesons exists. The recent experiments seem to have settled this 
problem in such a way that genuine multiple production certainly occurs at 
extremely high energies together with plural production.» ‘Even in the 
moderate energy region, the multiple process is not necessarily neglected as 
discussed by several authors.” 

At what energy multiple production becomes predominant is an interesting 
problem. We shall see this from the distribution of observed multiplicity v. In 
the photographic works®"? *) and in counter works, we can find the integral 
v distribution as ~y-? for vy <10, but in other experiments one sees a considerable 
deviation from »-*. For example, we see ~v7*° in BM and v-* in F Such 
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deviation is supposed to be due to the bias in the experimental conditions, if we 
notice the fact that in W and P the factor of about 2 is multiplied by the 
observed » in order to get the true number of shower particles. In the cloud 
chamber experiments, the particles with small and large divergent angles may be 
missed, because of the low optical resolving power in the former case and of the 
limited illuminating region and the counter selection in the latter case. If we 
tentatively multiply the factors 1.5 and 2 by the observed » in BM antletty 
respectively, accounting for the looser counter selection in 2, the corrected v- 
distribution agrees with ~»-*. The agreement becomes better, if the small con- 
tribution from grey tracks is accounted. 

y-* distribution is regarded as representing the approximate proportionality 
between » and the primary energy, though the energy distribution is slightly less 
steep than £~*. Then we can use » as indication of energy as seen in § 4.1. 
This behavior, including the slight difference as mentioned above, is well explained 
by the plural production theory of Heitler and Janossy.™ Then we may consider 
that the meson is singly produced as far as »~? distribution holds. The »-distribu- 
tion becomes steeper for »=10, which means the set-in of the genuine multiple 
production. Actually the multiple production may begin at smaller » than 10 
since both the theory of Heitler and Janossy and the experiments give a gradual 
bend in this region. Then we adopt ~10 Bev as the critical energy where 
multiple production becomes predominant. 

If we substitute this critical energy, corresponding to W*=2.5 Bev, in (3.4) 
for n=1, we get the relation 


(gn)?/42=32 (p/W*)?=3.0 x 107. (4.1) 


To vesify our theory in §3, we see the relation between » and 6, assuming 
G@=1/2, in an individual star with many thin tracks. The most systematic data 
are given by FLO. We plot the y-(1/6—1) relation in Fig. 1, together with 
the formula (3.6) and the result of Osborne’s theory. The heavy and light stars 
are completely separated as emphasized by FLO, though they show the similar 
inclination. If we examine each star in detail, three light stars, which have the 
large values of »*”/(€—1), seem to have two or more cores, and one heavy star, 
which has small »**/(¢—1) show a single core, though other heavy stars may 
have two or more cores. If we adopt the lowest value of yi? /(E—1), a good 


estimation of gy will be obtained: 
3 
(g/q)2/40= (27/4) 0 (u/W*)?s10~2.2, (4.2) 


accounting for the contribution of neutral mesons as in (3.9). The estimated 
value (gq)?/4z is about 50 times larger than that in (4.1). 

The reasons for such a discrepancy are considered as follows. (1) 7 is not 
a constant and increases with incident energy. (2) » is still larger than 4 in 
the above estimation, so that the plural collision takes place almost always even 
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in a light nucleus. (3) @ is smaller than 
the above estimated value because of the 
same reason as in (2). 

The magnitude of 7 can be estimated 
from the absorption of nucleons in the 
atmosphere. In oider to explain the 
longer absoiption mean free path than the 
collision méan free path, about a half of 
the energy of a nucleon must remain 
after a collision with an air nucleus.” 
This estimate holds for nucleon energies 
near 10 Bev, which foim essentially the 
bulk of cosmic ray intensity. This amount 
of the suiviving energy corresponds to 
y~1/2, piovided the average number of 
collisions in an air nucleus is two. There- 
foie, the increase of 7 affects the result 
at most 4 times, even if 7 become unity 
in the highei energy region. 

The other two causes are more sen- 
sitive, since both make the result larger 
If we divide the 
secondary paiticles into two groups, 2 
decreases about one half and @ decreases 
two or mote times. Such a posibility is 
fzirly plausible, if one looks at the distribu- 
tion of shower particles in detail. For 
this reason, the estimate (4.2) is not 
reliable enovgh to obtain the magnitude 


in the same diiection. 


H. Fukupa, S. HayAKAWA and Y. YAMAGUCHI 


Relation between multiplicity 
and angular divergence 


Fig. 1. 


Maximum available 
energy assuming 


{(/¢)—-1} x2 


Oy 5 10 


50 «100 
Number of thin tracks y 
Our theory (arbitrary scale) 
-~—- Osbome’s theory 
Light } 
FLO 

Heavy 
Light 

Ss 
Heavy $ 
Light ZV 
Bradt, Kaplon & Peters 
Leprince-Ringuet et al. 


xOOrP>BO 


of the coupling constant g. This presumption will be supported by considering 
the parallel behavior between heavy and light stars in Fig. 1. On the contrary, 
the estimate (4.1) has an ambiguity of at most a factor 2. 

Referring to (4.1) and assuming »=1/2, we obtain 


g°/42~0.12. 


(4.3) 


This figure is not inconsistent with that obtained from the analysis of the ex- 


periment of artificial mesons.™ 


6. Nuclear interaction of secondary particles. 


To interpret the behavior of 


secondary particles, their constitution is different from each other according to 


the expeiimental conditions. 


The energy range, in which the protons and mesons 


are identified as fast shower particles, is shown in Table II for each obseiver. 
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Table I). The energy range of fast particles 


Proton Meson 
SA Minimum energy | Minimum range | Minimum energy {| Minimum range 
Mev in Pb g cm-? Mev in Pb g cm-? 
Bs 330 124 49 18.5 
BM 230 78 34 11.6 
oh 120 14.5 Al 14.5 


The constitution of both components is much different according to the energy 
range. Fowler showed that about 80% of the thin tracks with energies greatei 
than the above values are mesons but that in the lower energy region this ratio 
is reversed. Accordingly a large part of the penetrating secondary particles 
in the cloud chamber photographs may be protons. In the counter work of 
Piccioni,” almost all should be mesons following his description, though there is 
some objection to his interpretation.” 

The mean free paths for the nuclear interaction of secondary particles obtained 
by several authors are summarized in B. They criticized the results of other 
works and stated that the mean free path is the geometrical one. One should 
be careful to draw any conclusion from this result about the nuclear interaction 
of mesons, since the interaction varies with the energy of the meson. 

Firstly, we consider the nuclear scattering of a meson by a free nucleon. We 
may ignore the damping effect, since we consider meson energies of at most a 
few Bev.” 

Accounting for the straightforward perturbation calculation, the pseudoscalar 
coupling gives the larger cross-section than the geometrical one if we adopted 
f?/42=16, while for pseudovector coupling the cross-section approaches the 
geometrical one at «;,~M if we adopted g’/47=0.1. In the foz:mer case the 
splitting of a meson is possible even for the ordinary energy €;~y to JZ, while 
in the latter case the splitting may not take place and the nuclear interaction 
should rarely be observed. 

Nevertheless, the actual situation is much different, because a meson strikes 
a compound nucleus. If the momentum of an incident meson is smaller than 
200 Mev/c, corresponding to the maximum momentum of a nucleon in a nucleus, 
the simple elastic scattering should almost be forbidden by the Pauli exclusion 
principle for a recoil nucleon. This effect will considerably reduce the scattering 
cross-section of mesons with energies of several hundred Mev. 

However, the cross-section for nuclear interaction will not be so greatly 
reduced, since there is a competing process, the absorption of a meson by a 


* Other photographic works, 7.9 and FLO, use about the same discrimination. 
** Most of cloud chamber works except BAZ discriminate between the tracks by the penetration 


of a lead plate without electronic interaction. 
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nucleus.* This process is just the inverse process of the production of a meson 
in a nucleon-nucleon collision.” This cross-section is larger than that for pro- 
duction for the same matrix element, because of the large density of final states, 
in which only two nucleons are present in the former case, whereas two nucleons 
and one meson are produced in the latter case. The absolute value of the cross 
section is largely dependent on the magnitude of the coupling constant, but if 
we adopt the experimental value for the production cross-section, the absorption 
cross-section is the order of ~10-* cm*. Here one must notice the fact that the 
magnitude of the coupling constant f?/4x determined from this experiment is 
much smaller than that obtained from the cross-section for meson production by 
y-rays.” If we adopt the latter value of f, the cross-section becomes very large, 
about 10-% cm’. If we refer to the result of B, the absorption process 1s more 
probable than the others. 


§ 5. Conclusion 


Although we cannot draw definite conclusions from the above analysis because 
of poor statistics in the experiments, we may Say, referring to J//, that the 
mesonic interaction is dependent upon the energy of the colliding nucleon as 
follows. 

Below 2 Bev elastic scattering is more predominant than meson production. 
Above 2 Bev meson production is still single, though we observe multiple mesons 
in a nuclear collision which are attributed to the plural collisions of a nucleon 
in a nucleus. At about 10 Bev genuine multiple meson production sets in. The 
behavio: of the multiple production can be explained by our theory I, but we 
cannot rule out other theories at the present stage of our knowledge. 

The existence of multiple production strongly suggests the necessity of 
pseudovector coupling of a pseudoscalar meson, which is supported by various 
arguments. Pseudoscalar coupling is not always necessary and may not exist or 
may be weak if it does exist. One of the arguments for this assumption is the 
contradiction, which appears when we estimate the magnitude of the pseudoscalar 
coupling constant in the meson production by y-rays or protons. If we take into 
account only pseudovector coupling in the case of proton bombardment, the 
magnitude of the pseudovector coupling constant is estimated as g?/4a~0.2. 
This value is consistent with the case of y-ray bombardment and with our 
estimate in the present paper. However, this magnitude seems to be too large 
to evaluate the probability of various processes by the simple perturbation theory. 
If we retain our above estimate, we may fall into self-inconsistency, because our 
theory is grounded on the perturbation theory. The development of other 


* This process was emphasized by Dr. Steinberger in a conversation with one of the authors 
(Ss Hi). 


On the Production of Cosmic Ray Mesons 681 


appioximation methods, for example, the improvement of the strong coupling 
theory, is strongly required. 

We should like to express our sincerest thanks to Professor Feld and Mr. 
Lebow, who gave us their experimental material and valuable advice. 
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$1. Introduction and Summary. 


The characteristic of the ‘elementary particles, as was definitely shown by 
Yukawa in his theory of the meson, is their mutual transformability. Hence, in 
the world of the elementary particles, it is meaningless to ask what particles are 
simple and what particles are complex. For example, though a neutron transforms 
itself into a proton and a negative Yukawa particle, it is incorrect to say that the 
former is composed of the latter particles. As a proton transforms itself like- 
wise into a neutron and a positive Yukawa particle, it may also be justified 
to state that the proton is a comolex particle composed of a neutron and a 
positive Yukawa particle. Thus the concept of simplicity is complementary 
rather than contradictory to the concept of complexity in the world of the 
elementary particles. Cosequently, even in the case when we investigate the 
behaviour of each elementary particle separately, the existence of all the other 
elementary particles which interact with it must be taken into account at the same 
time. It was just for this reason that we emphasized in our earlier paper™ the 
importance of the method of the mixed fields in the theory of the elementary 
particles, 

The fundamental principle of the method of the mixed fields, which was there 
described was based upon the view that part of difficulties which appeured in the 
current theory was due to the overlooking of intimate relations between the elementary 
particles. In the history of the development of the theory of elementary particles, 
predictions of unknown particles were always made by using this method consciously 
or unconsciously. The prediction of the meson by Yukawa as early as in 1934 
was just the case. Later on, one of the present author® also adopted consciously 
this method in order to overcome the difficulties of the meson theory, and pre- 
dicted the existence of two sorts of mesons having different masses, before the 
discovery of 2- and p-mesons in cosmic rays. 

Since 1945, we have studied the quantum electrodynamics from’ this stand- 
point in order to clarify how far the method of mixed fields can be used for 
solving the divergent difficulties which are inherent in the present formalism. First 
the self-energy of the electron due to the electromagnetic field was investigated. 
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In order to obtain a finite result, we had suggested the necessary existence of 
a cohesive force field described by a neutral scalar field, whose quanta were called 
C-mesons. In fact, if we set up a relation like 
fr=24 (1.1) 

between the coupling constant / of the C-meson with the electrori and the 
elementary charge e, the diverging term in the self-energy vanishes at least in 
«*-approximation, and the remaining terms can be amalgamated into the empirical 
mass of the electron. A similar conclusion was also obtained independently by 
Pais® in his theory of f-field. Subsequently, a very promising aspect of this 
theory was revealed by Itoh, Koba and Tomonaga.” They proved that the 
introduction of the C-meson could overcome the serious difficulties appeared in 
the elastic scattering of the electron by a potential field whose important réle in 
the quantum electrodynamics was first pointed out by Bethe and Oppenheimer 

Next, we attacked the problem of the vacuum polarization by taking into 
account the existence of various sorts of charged particles, in accordance with 
our methodological standpoint”. In this way, it was found that the self-energy 
of the photon could be made zero, if we assume the following relations between 
the various sorts of charged particles : 

N-2N¢® 43N® =0, 
2/2) yo) 


aw) 
3 (1) 23) (Wh!) 3) (Ul)? =0 (1.2) 


=1 
where V, NV“ and NV denote respectively the number of sorts of the charged 
scalar (includiag pseudoscalar), spinor and vector (including pseudovector) 
particles which exist in nature, and pj”, pf’? and p& respectively the mass of the 
z-th sort of the above mentioned types of particles. In spite of this success, the 
induced charge diverges as usual showing the limit of applicability of the method 
of mixed fields. 

Meanwhile, considerable progress in the quantum electrodynamics was made 
by the application of Tomonaga-Scwinger’s complete covariant formalism with the 
renormalization procedure. The divergent self-energy and induced charge of the 
electron, as had been ingeniously proved by them, could respectively be amalgam- 
ated into its observed mass and charge in a covariant manner. In spite of 
the great success of this theory in explaining the Lamb-Retherford shift of the 
hydrogen atom as well as the anomalous magnetic moment of the electron, it 
becomes immediately clear that there remain yet some more difficulties. Especially, 
the most important defect is the problem of the self-energy of the photon®, 
which turns out to be indefinite owing to the occurrence of yet undefined 
mathematical symbol, as was pointed out by Pauli and Villars. Furthermore, it 
should be remarked that the renormalization procedure could be justified only if 
the quantities to be amalgamated were finite. Moreover, the defect of this for- 
malism becomes more serious when applied to the meson theory. 
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In our oppinion, the Tomonaga-Schwinger formalism is considered in some 
way to be an abstract formalism, behind which the physical model of the elementary 
particles lies hidden. Here, the word “ model” means not only the intimate 
relations between the elementary particles which can be revealed by the method 
of mixed fields, but also their internal structures. So long as the model merely 
plays the role of warranting the correctness of the procedures (e. g- renormaliza- 
tions of mass and charge) involved in Tomonaga-Schwinger formalism, it is 
not necessary to know their detailed features. But, as soon as the defect of 
the formalism becomes obvious, it is required to obtain the more precise know- 
ledge about the model. 

Now, in our earlier paper”, we stressed the importance of standing upon 
the historical and realistic view point, in order to find out the right direction of 
the theoretical progress. As we mentioned, the indispensability of. this view 
point was first pointed out by Taketani™ in his excellent works on the 
history of science. According to him, our cognition of nature is a spiral process 
repeating the circle corresponding to the three stages of advance, which are 
called respectively pienomenological, substantialistic and essentialistic stages. In the 
first stage, separate experimental facts are described by themselves. Next, comes 
the stage in which the structure of the object giving rise to these phenomena is 
clarified. Finally, we arrive at the highest stage, in which it is made clear 
what phenomenon a system with a given structure causes under given conditions. 
Looking upon the present state of the theory of elementary particles from such 
a view point, it seems to be in a state of searching for a path to stblimate itself 
fiom the substantialistic to the essentialistic stage, preliminarily clarifying the 
model of the elementary particles. We believe that the usefulness of the method 
of mixed fields in the present state certainly owes to these circumstances. There- 
fore, it should be remarked that the method of mixed fields is based essentially on 
the historical and realistic view point. Here, “ historical” means that it is only 
effective in the beginning of the substantialistic stage, and “ realistic’? means 
that all the fields introduced have to be considered as really existing in nature. 

In order to overcome the remaining difficulties in the Tomonaga-Schwinger 

formalism, an ingenious method of regulator has been proposed by Pauli 
and Villars® who stated this method as a formalistic generalization of the 
method of mixed fields. Though all the results thus obtained turn out to be 
finite and definite, there appears again a new kind of indefiniteness owing to the 
multiplicity of the regularization procedure. As far as the formalistic view point 
is taken, direct reference to the experiments is the only way to get rid of this 
indefiniteness. But, such a phenomenological aspect seems to us so unsatisfactory 
that we never consider it as a final solution. If we want to find out the physical 
background ensuring the uniqueness of the regularization procedure, the introduc- 
tion of a realistic view point will again be required. However, as investigations 
by Umezawa et al., Rayski et al.“, and Feldman show, no success has yet 


to be somewhat artifici 
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been achieved by the mixture of the veal fields in removing at once all the 
difficulties from the present formalism. For example, the induced charge produced 
by pair formation turns out by no means to be finite, unless we admit the intro- 
duction of imaginary coupling constants. 

In spite of these circumstances, we don’t think that the formalistic view 
point is preferable to the realistic one, because, from the fistorical and realistic 
standpoint which was mentioned above, it is not surprising that the method of the 
mixed fields which can reveal the external and accidental connections between the 
elementary particles is merely applicable in the beginning of the sudstantialistic 
stage of theoretical advance, and fails in solving those problems which lie beyond 
the limit of its applicability. In order to solve the latter problems, it will be 
required to elevate the theory into a higher stage where the internat and inevt- 
table connections between the elementary patticles, or, in other words, the structures 
of the elementary particles, are found. The theory of the mon-local fields which 
has recently been proposed by Yukawa" seems to be very promising as an 
attempt tending this direction. 

But, whatever the final solution may be, it seems worthwhile at the moment 
to determine the limit of the applicability of the method of mixed fields, in order 
to clarify where truly the problems to be solved lie. 


§ 2. The Theory of the C-Meson. 


As is well known, the most fundamental difficulties appeared in the quantum 
theory of the wave fields are the diverging self-energy of the elementary particles 
and the problem of the vacuum polarization. Though a remarkable progress was 
recently made by the advent of Tomonaga-Schwinger’s complete covariant form- 
alism with renormalization procedure, the fundamental difficulties were avoided 
rather than solved by this formalism. In fact, as was mentioned in §1, the 
renormalization procedure could only be justified, if these difficulties were truely 
solved. As far as this formalism gives finite results in conformity with the ex- 
periments, it may be regarded as an abstract formalism, behind which a concrete 
model lies hidden. But, as the defect of the formalism becomes obvious, we must 
look for the precise structure of the model. 

As a possible model which makes the self-energy of the electron finite, we 
proposed the theory of the C-meson. This theory was then extended to all the 
éther charged particles (proton, ~ meson, /#-meson, and so on), though the 


relations between the coupling constants obtained in the Bose-Hinstein cases seem 


al®™, 

In the first place, we shall discuss the consequences of the theory of the 
C-meson which can be compared with the experiments. At first sight, it seemed 
that the theory of C-meson would give a reasonable explanation for the mass 
difference between the proton and the neutron, and hence we had expected that 
the mass of the C-meson. could be determined from this fact®. But, this attempt 
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proved afterward to be by no means successful, because the best value, which 
could be obtained if the C-meson would have a vanishing mass, amounted only 
to 75% of the observed mass difference™. Nevertheless, this result is rather 
favourable, because the mass of tae C-mesoa previously determined in this way 
was so small that it was irreconcilable with the other facts. As Wightman” 
pointed out, the energy difference of the mirror nuclei can no longer be 
understood if the mass of the C-meson is smaller than 276m, where m denotes 
the mass of the electron. Also, Zilsel, Blair and Powell® found from the analysis 
ot the proton-proton scattering that the C-meson with a mass between 40m and 
140m considerably affects the symmetrical property of the nuclear forces. 

If the C-meson has a mass far greater than that of the electron, its contribu- 
tions to the Lamb-Retherford shift as well as the anomalous magnetic moment 
of the electron are negligible as com>ared with the radiative corrections in con- 
formity with the experiments®?™. The C-mesonic correction to the elastic scat- 
tering of the electron, as was shown by Koba et al.™, is also negligible. Generally 
speaking, as long as the Compton wave length of the C-meson is assumed to be 
far smaller than that of the electron, the existence of C-meson can not give rise 
to any detectable effect in the electronic phenomena. 

The effect of the C-meson will probably, become conspicuous in those phenomena 
in which the proton, 7-mesoa, or #-meson takes part. But, in the cases of the 
proton and 2-meson, the C-mesonic effects lie often hidden behind those of the 
nuclear fields. In fact, the anomalous magnetic moment of the proton due to the 
interaction with the C-meson turns out to be far smaller than that which is due to 
the nuclear interactions, though it may be comparable to the radiative correction. 

We may expect the creation of the C-mesons ia the high energy collisions. 
But, as the C-meson is considered to decay into an electron pair with a rest 
lifetime of the order of 10™" sec, the creation of the C-meson will always be 
observed as that of the electron pair. First, the creation of a C-meson by the 
collision of a high energy photon with a charged spinor particle was calculated™, 
but the result turned out to be very small as compared with that of the ordinary 
pair creation. Next, the creation by the Brems-C-strahlung of a charged particle 
was discussed™°, This effect becomes considerable only when the mass of the 
incident particle is comparable to or larger than that of the C-meson. But, as 
the absorption curve of the cosmic rays underground which consist mainly of 
the y-mesons, has been explained correctly by taking into account electromagnetic 
effect alone, the Brems-C-strahlung of the y-meson must be negligibly small. 
From this fact, it is concluded that the mass of C-meson is larger than 500%. 
We may expect that the C-meson with such a large mass will be found in the 
mixed shower of the cosmic rays or in the high energy nuclear phenomena. 

Next, we shall investigate the se/f-stress of the electron in the light of 
the theory of the C-meson™. As Pais stressed in his excellent book™, it 
should be required in a consistent relativistic theory of the electron that not 


. 
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only the self-energy is finite but also the self-stress is sero. The latter was 
required so that the self-energy may have a transformation property of the inertia 
mass. The self-energy of moving election, which was calculated directly by 
using the Tomonaga-Schwinger formalism or the usual peiturbation theory with 
relativistically improved integration method (w-method), has just the required 
transformation property, nevertheless the self-stress of the electron at rest is finite. 
As Pais and Epstein™ pointed out, this conflict is closely related to the divergent 
difficulty of the self-energy. 

Thus we might expect that the difficulty of the non-vanishing self-stress 
would be solved by the introduction of the C-meson too. -But, actually, it was 
shown by Yukawa and Umezawa™ that this expectation was partly true. Ac- 
cording to them, we can derive the following relation between the self-stress S 
and the self-energy yp of the electron at rest: 


hi scsod fy el 9 
S= AG m oe )+ Seams (2.1) 


where m denotes the mass of the electron. This relation is the generalization of 
that obtained by Pais and Epstein. The first term in the right hand side of 
(2.1) represents the contribution from the processes which give rise to the self- 
energy, whereas the second term, denoted as Sy.p., is that which is due to the 
process in which pairs of the charged particles take part as in the case of the 
vacuum polarization. In the following we shall call them respectively the self-stress 
of the mass type and that of the vacuum polarization type. In the usual quantum 
electrodynamics, where the electron interacts only with the electromagnetic field, 
the self-stress of vacuum polarization type vanishes identically, justifying Pais- 
Epstein’s formula. But, this term cannot be ignored for the C-meson. 

In the theory of the C-meson, we can easily show that self-stress of the 
mass type, which was a stumbling-block for the usual quantum electrodynamics, 
becomes zero, as was expected™. But, instead of it, the diverging self-stress of 
vacuum polarization type appears due to the interaction with C-meson. Never- 
theless, it should be remarked that, though the difficulty was not removed, its 
nature was entirely changed. The difficulty in the theory of the C-meson is 
quite similar to that of the vacuum polarization which we shall discuss in the 
next section. 

Now, we shall discuss the self-energy of the C-meson due to the virtually 
created pairs of the charged particles”. Though, it is the exact counterpart of 
the self-energy of the photon, which we shall also discuss in the next section, 
this difficulty cannot be removed by taking into account the existence of the 
various charged particles at the same time. However, we are not yet in a 
position to state anything definite about the self-energy of the C-meson, because 
its role in the theory of the nucleons has never been clarified. In this connection, 
it is interesting to remark that this divergence can easily be removed, if we 
assume the existence of two kinds of C-meson having the same nature and 
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interacting directly with. each other. PPE 

Finally, we shall add a remark concerning the higher order approximation 
of the perturbation theory. The self-energy of the electron in the fourth order 
approximation was calculated by the method of Feynman and Dyson, but it 
could never been made finite by the introductioa of the C-meson alone™. Never- 
theless, this result is by no means unexpected, because it is a matter of course 
that the difficulties of new types connected with the vacuum polarization will 
appear successively, as we proceed to the higher order approximations. Therefore, 
the more we raise the order of approximation, the more kinds of elementary 
particles must be taken into account simultaneously. 


§3. The Problem of the Vacuum Polarization. 


In the quantum theory of the wave fields, the problem of the vacuum 
polarization is confronted with two types of difficulties, one of which is the 
appearance of non-gauge-invariant terms in the observable quantities (non-vanish- 
ing self-energy of the photon, etc.), and the other is the occurrence of divergence 
(infinite self-charge, etc.). In this section, we shall review this problem from 
our methodological standpoint stated in §1, and show how far these difficulties 
could be removed by the application of the method of mixed fields. 

According to the well known calculation in the Tomonaga-Schwinger theory, 
the current induced in vacuum by an external electromagnetic field described by 


1 4) is given by® 


the potential .4¢*(whose source we shall denote /“~=— r 


apt tilays \ Ry (2—2!) A(x") deo! (3.1) 


where X,, is the world tensor of tne second rank which consists bilinearly of 
the invariant delta functions (and its derivatives) belonging to the charged particle 
virtually created in vacuum, and the integration is extended over the entire 
four-dimensional volume 2’, whose volume element we denote dw’. For the 
gauge-invariancy of this expression, it is required that the condition ass =0 is 
. . . . - 
satisfied. But, actually, this condition is by no means valid, and instead we 
Gbtain ey as 


OKuy 5 4m 
Sr ale eM (3.2) 
with 
+1 (for charged scalar particle), 
n=. —2 (for charged spinor particle), (3.3) 
+3 _(for charged vector paiticle). 


As Pauli® emphasized, the left hand side of (3.2) is indeterminate due 
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to the singularity of 


on the light cone which has the form eee erie 
occurrence of such an undefined mathematical symbol seems to be rie 
‘block in the development of the Tomonaga-Schwinger theory. 

When the external field is that of the photon, the appearance of the non- 
gauge-invariant term in df, leads at once to the difficulty of non-vanishing 
photon self-energy in conflict with experiments. Moreover, the calculated value 
of this self-energy, as was shown by many authors? , depends on the 
method of integration. The cause of this ambiguity may also be considered to 
originate from the singular character of the invariant delta function. . 

In order to get rid of these difficulties, we shall introduce the realistic 
standpoint that all the charged particles existing in nature should be considered 
at the same time. Then, K,, becomes the sum of those belonging to each of 
the really existing charged particles, and we obtain instead of (3.2) 
7G/2) yw) 


, 0) 
Pv — 3(2) 2 | x J” (x, 1) 23" 4® (x, po!) eo 5h 4 (x, 1) (3.2') 
04%, Ox, i=l isi isi 

where V, N%® and V®, and p, pw? and pf? have the same meaning as 
those defined in §1, and 4®(x,p) denotes the J”-function belonging to the 
particle with mass #%. From (3.2’) we can easily see that the difficulty as regard 
to the non-gauge-invariance is removed, at least in é-approximation, by assuming 
relations (1.2) between the charged particles existing in. natteee , a. 

In this connection, we shall add some remarks about the relation to the 
correspondence theoretical treatment of the vacuum polarization in the theory of 
the positron developed by Dirac? and Heisenberg. According to Weisskopf™, 
the physical significance of this theory is summarized into the three postulates, 
stating respectively that the following quantities are meaningless : 

(1) The energy of the vacuum electron in the field-free space, 

(2) The charge and current densities of the vacuum electron, 

(3) A temporally and spatially constant, field-independent polarizability of 

the vacuum. 
Here, the postulates (1) and (2) are the definition of the vacuum, while the 
postulate (3) means the renormalization of the charge. 

In order to make the definition of the vacuum gauge-invariant, it was remarkea 
by Weisskopf™ that one must take as the energy of the vacuum electron which 


should be subtracted 
Uy=—2/(2n)* |) (2-6 4) ns eA} dP (3.4) 


instead of the usual zero point energy of the electron, where P denotes the 
momentum of the vacuum electron and the integration is extended to all the 
momentum space. Further A, and A denote respectively the scalar and vector 
potential of the external electromagnetic field. Now, if we expand (3.4) in the 
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power of ¢, the ¢-term turns out to be identical with the self-energy of the 
photon obtained by the usual perturbation theory. From this relation, we may 


see that the problem of gauge-invariance is closely connected with the consistent 


a be 
definition of the vacuum™. 


The vacuum energy for any sort of charged paiticle is generally given by™ 
u =n/ 2x) {if ( Pe) + Ay} dP (3.4’) 


where 2 is defined by (3.3) and # denotes the mass of the charged particle 
concerned. From this expression, it is immediately seen that, if we take into 
account all the charged particles existing in nature simultaneously, and assume 
(1.2) as well as some additional relations being valid for them, the total vacuum 
energy vanishes identically. Hence, in such a case, it becomes unnecessary to 
subtract the vacuum energy. 

Next, we shall discuss the properties of the induced current (3.1) more 
precisely. By carring out the integration, we may write (3.1) as the 
following foim 


Of,=(a+aljt+al}+---- ) fee (3.9) 


where the non-gauge-invariant term discussed above is omitted, and @;, G3) @s)*** 
..-denote numerical constants. The first term in the right hand side of (3.9), 
which changes the strength of the original current by a factor 1+4,, should be 
considered as being already included in the observed external current. That is, 
we must renormalize the charge of the incident particle by taking into account 
this. factor. This procedure corresponds exactly to the postulate (3) of the 
correspondence theoretical treatment mentioned above. 

The actual evaluations of a, for the charged particles of scalar, spinor and 
vector types were performed by many authors®*?®®), but the results have given 
rise to serious difficulties. Firstly, it was shown that the charge renormalization 
factor a, diverges for each case, and moreover depends on the nature of the 
charged particle concerned. Though Tomonaga-Schwinger theory avoided these 
difficulties by enforcing the charge renormalization, this procedure will be 
valid only when they were truly solved. 

For the solution of divergencies mentioned above, the method of mixed 
fields is of no use, because the renormalization factor @, has minus sign in all 
the cases, including higher spin particles and, moreover, though the divergences 
in the scalar and spinor cases are logarithmic, the quadratic divergence appears 
in the vector case”, The introduction of the tensor coupling for the spinor as 
well as for the vector cases cannot improve this bad situation®. The cancellation 
between the different orders of approximations seems also hopeless®. We believe 
that this difficulty lies surely beyond the limit of the applicability of the method 
of mixed fields. 


On the contrary, the realistic stand point is very favourable for the solution 
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of the latter difficulties mentioned above, because, in this case, the renormalization 


factor always becomes the total sum of those for each of the really existing 


charged particles without regard to the incident particle. 


Finally, it should be remarked that a, diverges in the spinor case with 
tensor coupling as well as the vector case with vector coupling, and a, and a, 
diverge in the vector case with tensor coupling? ®. These difficulties can 
neither be avoided by Tomonaga-Schwinger theory nor be solved by the method 
of the mixed fields. 
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§ 1. Introduction 


The well-known difficulties inherent in the negative energy Bose fields limit 
the unambiguous application of such fields in the ordinary quantum field theory. 
A correct incorporation of the negative energy Bose fields into the ordinary 
theory of the positive energy Bose fields, however, seems to give a promising 
method in order to solve the convergence difficulties of the quantum field theory. 
For examples, in Bopp’s field® or Pauli’s regulator method,“ it seems to be 
an essential point of the theory that the negative energy fields or the fields 
having the imaginary constants of coupling with the real fields are mixed with 
the positive energy fields. As stated by Pauli, the current mixed theory of 
ordinary fields may stand on the realistic point of view, on the other hand his 
regulator method may stand on the formalistic point of view. 

Although the regulator method could be considered to be a generalized 
mixed field theory as mentioned above, it will be necessary that such fictitious 
fields have to be eliminated by some limiting procedures in the final results 
which make them to be only formal auxiliary fields and to have no corres- 
pondece to any observable one. 

The introduction of a new hypothesis into the fictitious fields, however, will 
allow us to infer that it would be possible to bring about the reconciliation of 
the realistic point of view and the formalistic one, and the particles being accom- 
panied by the field would appear to be as real an existence as any other 
particles known in physics. Recently, the present author tried to intioduce a 
hypothesis into the theory of negative energy Bose fields. 

A brief consideration was presented, but it is noy yet to give a full account 
on it. Now, we shall give detailed accounts of the underlying idea, which is a 
close analogon to Dirac’s positron theory. 


§2. An assembly of similar systems 


Any quantized field, e.g. Yukawa’s field, is equivalent to a system of 
identical Bose paiticles, ice. Yukawa’s particles. 


As well-known, a state of the field will be determined by giving the distri- 
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bution of all numbers x, of the particles which occupy the 7-th proper state. In 
the ordinary field theory, it is sufficient to consider only one system of the identical 
paiticles in order to consider the behaviour of that field. 

The problem we must now consider is how to extend the field concept for 
the situation of the negative energy Bose particles. 

In place of considering only one system of the identical particles which 
represents the quantized field, let us consider an assembly of the similar systems 
of the particles which represent one state of the field respectively. We assume 
that a statistics is satisfied by this assembly whose element is not a particle, but 
the whole system of the particles having the given statistical properties in 
accordance with that given quantized field. 

An arbitrary statistics of the assembly could be assumed without any con- 
tradiction, e.g. Bose or Fermi statistics. 

If only one system of assembly should exist in nature everywhere, the 
statistics of the assembly would be superfluous and yield no more results than 
that obtainable in the ordinary theory. 

The assumption of the assembly of positive energy Bose field, therefore, seems 
to be of a superfluous redundancy. The introduction of the assembly and the 
statistics, however, will be expected to give an essential change of the situation 
for the negative energy Bose fields. 

Up to present, several models of negative energy Bose fields are presented. 
But we here consider the most simple one as follows. 

At first, let us consider a scalar field U. It satisfies the well-known field 
equation : 


(—-*) U=0, (1) 


and it has the positive definite Hamiltonian density HZ. 
Then, let us introduce a scalar field V which satisfies the same equation as 


the field U: 
(Q-#) v=0 (2) 


and has such a negative definite Hamiltonian density —// that U are inter- 
changed by V in the Hamiltonian density H of U and the negative sign —1 


is multiplied. 
The quantized energy of the V field, therefore, will be given by 


—H=— 1 £,, E,=V Kite 
Z 


R=, diy Soccvess 


where Kk, denotes the z-th proper wave vector as usual. 
Consequently, the paiticles accompanied by the IV’ field may be considered 
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as the negative energy Bose particles which seem to have no correspondence to 
nature. 

If the particles would obey to the Fermi statistics, the ingenious method of 
Dirac’s positron theory would save the difficulties. For the Bose particles, 
however, Ijirac’s method is not applicable. 

Here, we introduce the assembly of the negative energy Bose field as men- 
tioned above and assume that the assembly satisfies the Fermi statistics. Let 
us denote the variables of the 7th system of the assembly by 2”. We consider 
the configuration space of m systems: 


1 1 
Curie eee ) 
2 2 2 
(nf Me Ms # ns , sa aan ecaentat ot hs ) 
(28), nS", 18° ,.2..cennnee ¥ 


Then we can apply Fock’s second quantization method for this assembly in the 
configuration space of #, This gives us the quantized wave functions $(%,, M2» 


ee. > 4) and $*(m, %, ......; 2) which satisfy the following commutation relations 

Pte, tan eee Sele (Ry Maensans jr (4a) 
where Onn! = On, ny! Ong ng! 

[P(104) to) vveeees P), BC ti, hy --0--3 2), =0 , (4b) 
and 

A at eg eee eae oe A A ; #)],=0. (4c) 


According to Pauli’s exclusion principle, this assembly gives such distributions 
of systems that two systems could not occupy at the same time the same state 
of the system, i.e., the identical distribution of particles can not occur in two 
systems. 


§3. The definition of a vacuum 


For the negative energy Bose field and also the positive energy Bose field, 
we assume that the fields should be given by the Fermi assembly of the system 
of quantized field particles. A perfect vacuum will be a region where the 
following conditions are satisfied. 


I. For a positive energy Bose field, only the zero paiticle state, in which 
all m,’s are equal to zero, is occupied. 

Il. For a negative energy Bose field, the zero particle state is unoccupied 
and all other states are occupied. 


This assumption requires there to be a distribution of one positive energy 
system and infinite negative energy systems everywhere in the world. For the 
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positive energy system, there is no contradiction with the ordinary theory as 


stated before. On the other hand, the negative energy systems have a very 


analogy to the negative energy sea of a vacuum of Dirac’s paiticles. The 
interaction of the negative energy system with an other field may give a transi- 
tion of one of the occupied states of a vacuum to the unoccupied zero particle 
state. For example, the system which holds single negative energy paiticle, e.g. 
m,=1 and other 7.;,=0, may pass into the zero particle state; all 2,=0. Such 
a transition may appear as a creation of single positive energy particle. 

Thus the unoccupied states of a vacuum are possible to be interpreted as 
the system of real observable partcles. 

A vacuum state may be schematically elucidated as Fig. 1. 


Fig. 1 
Positive Energy Field Negative Energy Field 
al nee O all of the not zero the zero part. O 
i 8y part. states unoccupied state unoccupied Neg. Energy 
the zero part. state all of the not zero 2) 
occupied part. states occupied @ | 


Some detailed applications of our theory to the current problems of the field 
theory will appear in the later issues of this journal. 

We wish-to express our cordial thanks to Prof. H. Yukawa for his guidance 
and encouragement through out our study life, and also to Prof. S. Sakata for 
his kind interest in this work. 
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Resumo. Unue ni esploras la kondi¢on de integrebleco en integrata formo de super-multa-tempa 
teorio, kaj due proponas noyan esprimajon por transformada funkcio, kiu estas komplete Lorentz- 
nevarianta. Plue ni aplikas ¢i tiun formon je la kalukulado de S-matrikso kaj klarigas la gene- 
ralan egalecon de Tomonaga-Schwinger’a formalajo al tiu de Feynman. Fine unu, provo de 
integra formuligo de kvantuma kampteorio estas diskutata por ebligi estontan generaligon de la 


teorio. 


§ 1. Introduction and summary. 


After the first stage of rapid developments of his meson theory, Yukawa” 
gave from a most general standpoint a critical review regarding the basis of the 
current theory of elementary particles. One of the main points which he 
emphasized in this article was that the quantum field theory of that time was 
not yet formulated in a completely Lorentz-covariant manner, and in this respect 
he suggested that the concept of the general transformation function once pro- 
posed by Dirac? would play an important role in the future expansion of the 
theory. 

In response to Yukawa’s proposition, Tomonaga® soon published his relati- 
vistically covariant formulation of the quantum theory of wave-fields, the so-called 
super-multiple-time theory, and showed that the transformation function U(¢, a), 
which transforms a state vector Y(¢,) into &(e@), possesses those properties as 
Dirac’s general transformation function should have. 

Some years later Schwinger? independently completed the same formalism 
and Dyson” could express the transformation function U, including the S-matrix 
as a special case, of the quantum electrodynamics in a most compact and 
practical form. He owes his success to the introduction of certain concepts and 
calculation rules of Feynman’s® theory, which had grown out of a quite different 
idea, namely a space-time approach to quantum field theory, into the Tomonaga- 
Schwinger theory. 

os this note we shall try to give a simple covariant expression of the trans- 
formation function or S-matrix, which is valid not only in the quantum electro- 
dynamics but also in various méson theories, where Dyson’s formula would 


* The main content of this work was read before the S i 
: ymposium on the Theory of Elementary 
Particles held on December 9, 1949, in Tokyo, . 
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suffer from the complication due toythe normal-dependent part of the interaction 
Hamiltonian density. Our expression resembles in its form the general tians- 
formation function of Dirac most closely and, as we hope, confirms on one hand 
Yukawa’s suggestion to a certain amount and on the other hand completes the 
proof of the equivalence between the Tomonaga-Schwinger and the Feynman 
theories, which has been carried out in quantum electrodynamics by Dyson”. 

We are aware that our method here described is still insufficient in many 
respects and must be further scrutinized before it can rest on a firm basis. 
Neveitheless it might be allowed for us to make here a rough sketch of it, 
deferring more fundamental considerations till a later opportunity, because we 
hope that our method represents at least a convenient empirical rule for the 
calculation of S-matrix, which is of practical importance. 

In the first place we examine the well-known integrability condition of the 
field theory in its integral form (§2); this will clarify the physical meaning of 
that condition and the role of the normal dependent part of the Hamilton density 
function. Then we give a formula to construct an interaction Hamilton density, 
which satisfies the integrability condition, out of a given Lagrange function (§3). 
On the basis of these considerations we then propose an invariant expression 
for the transformation function, making use of a modified P-symbol and the 
Lagrange density function, prove its equivalence to the usual expression (§4). 
Further an application of this formula to the S-matrix is studied ‘and simple 
practical rules for its calculation described (§5). Finally the current quantum 
field theory is summarized in an integral form and the possibility of generalizing 
it to a non-local theory is discussed (§6). 


2. Derivation of the integrability condition. 


When the super-multiple-time theory was founded”, it was made clear that 


an integrability condition must hold for the interaction Hamiltonian density, and 


7)8) 


fuither, when this formalism was applied to meson theories”®, the general form 


of that condition was found to be* 


[a2 _—H(@, n(@)), 89 
| da(x) 0a(a’') 
wheré # and a’ are any two points on a space like surface o, m(#) and n(a’) 
denoting the unit vectors normal to the surface at # and #’ respectively. (In 
the coordinate system which is tangential to a at #, the components of the 
vector n(#) turn out 2,=0 (4£=1, 2,3), n= —n=1.) - 

In the following we derive the same condition alternatively from the 
uniqueness of the integrated solution. Although the calculation then becomes 
more -complicated, the physical meaning of the requirement of integrability can 


=H (a', n(x") |=0, (2-1) 


* We use the unit c=1 throughout this note. 
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be seen more clearly, and it leads naturally to the covariant integratioa method 
to be described in the next section. 

It may be noticed that the integrability condition is to be hepa on the 
Hamilton density function also in the case of Schrédinger or Heisenberg repre- 
sentation” and even in the classical theory of wave field, as long as the latter 
is expressed in the covariant canonical formalism. In this note, however, we 
restrict ourselves only to the interaction representation. 

Given a state vector ¥(o,) on a certain “ initial” space-like suiface a, and 
the Hamilton density function H/(a#,(s)), one can at once write down the 
state vector &(ep) on any “ final” surface a, For that purpose one may in- 
troduce, according to Dyson”, a one-parameter family of space-like surfaces {o,} 
between a, and a,, in such a way that there is one and only one member 
through every point. These suifaces act the role of the time, and the relation 
suchiPaset. prion iy di posterior’ or “ simultaneous’, between any two points is 
completely fixed. Consequently one can define the well-known chronological 
operator P without ambiguity. 

The solution of the Tomonaga-Schwinger equation is thea expressed in the 
form 


Y (ap) =U (Gp, a,)¥ (4), (2-2) 


m=l ml! 


o J (oy bin te oF yr 
U (63, 0;) =>) — (=) | a‘x, \ d'xial d‘ 2. 
oT oT sa 


x P[AH (a, 0(2;)), A (ay, W(Hy)), e200 2°* , H(ax,,; n(x,,))], (2-3) 


the convergence of the series being assumed. On the right hand side the 
integrands depend, in general, on the suiface, but since we have fixed the set of 
space-like suifaces, these integrals have definite meaning. 

The expression (2-3) depends, therefore, implicitly on the intermediate 
surfaces {a,}. But we could as well derive (ey) from ¥(e,) by making use 
of another set of surfaces {o/}. between @, and oy, and the result should be 
identical with that obtained through {¢,;}; otherwise the Y(e,;) could not be 
determined uniquely and the causal relations would be lost. Thus we require 
that the right-hand side of (2-3) should be invaiiant, except a trivial phase 
factor, under any space-like deformation of the intermediate surfaces. This is 
the condition which a Lorentz-invariant theory must satisfy without fail, because 
the latter propeity is exhibited not in the employment of curved suifaces or a 
generalized time, but in the fact that the prediction of the theory is independent 
of the choice of the reference system. 

It is necessary and sufficient to find out the condition that when a certain 
intermediate suiface o, undergoes an infinitesimal deformation at a point x, the 


transformation function should remain essentially unchanged. We have, for the 
general term of (2:3), 
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é 
do, ell 


mi =) |@er fc er. {a2 P(A (a, 2(a,), 
X Hy) 10(305)) seeny ZT (lm, n(@,n)))| 


L(Y are Pan. (ra, P( 2A MED) , 
h 65 or o7 


imn1)\ ba ,(a,) 


FT FOC UC) Vig, og H(@n-1) (m1) ) 


eee a, leeds, jé Mohs Teo 


FT (Hj, (a5) )], (1, 2 (H;)), ++) (m2) M(Hm—2)))s (2-4) 


where #j denotes a variable point on the paiticular suiface o,. The first term of 
(2-4) is due to the change of the integrand through its normal-dependent terms, 


while the second comes from the rearrangement of the 
a operators according to the definition of the P-symbol, 


Je : : : ; 
since a point near #,, which lay before deformation on 


Fe. 1. the future side of aj, is now found on the past side. 
(Fig. 1). Summing up (2-4) with respect to m, one obtains 
OU (ay, G7) 
00; (3) 
'\ mor On 
=~ 4 Jeaz : ) [di,...\dt0e, 
Hea Boe o1 or 
P(Q( ay 5), F(a, 12(00,))y +225 H (Bq; MIHm)))s (2-5) 
with 
ry — OH (Hy MH5)) _ tT ore’ n(ae')), Har, 2 LD A ED) 
Q(X, #5) = 3a,(2b,) oii [A (aj, 2(9})), 1 (ary, 0(90;) ) J 


If, therefore, Q(a,, 9%) is a c-number function, we have 


Bends) =? (65 04) U(a7,01) (2-7) 
da,(2;) h 
where c(a,,9,;) is a cnumber commuting with all operators, and U is altered by 
a trivial phase factor. This conclusion can be at once extended to finite defor- 
mation and / then 1emains essentially independent of the choice of {o;}. 
We shall put for simplicity c=c(¢), and this condition is summarized, written 


in a symmetrical form, as 


O(a, 95) — O(a, 2,) =0. (2-8) 
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B1(a, (ats) _ 071 GPn MOD) EL Hi(ae m(@es))» Hp n(x;))] 


- 60; (H;) 6a ;( 2%) : 
a ieee 4 9 __ rye’, n(ae,)) |=0, (2-9) 
| ih tn ad) ZA ——— (a4, 4 ; 
h da ,(H;) 6a ,( x 


which is identical with (2-1). 

From the derivation above described, it is. easily 
understood: why the interaction Hamiltonian density of 
the non-covariant one-time theory just satisfies the in- 
tegrability condition, only if it is expressed in a covariant 
manner. For we know that the evaluation of the 
S-matrix (interaction energy is assumed to vanish at 
t=+0co) in the one-time theory gives a unique result 
independent of the intermediate reference system (for 


example i) or ii) in Fig. 2). 


§3. Construction of the interaction Hamilton density function. 


It is to be remarked that the integrability condition is in principle always 
satisfied, as long as the canonical formalism is consistent, because the uniqueness 
of U(o,y,¢;) except a phase factor, can be proved from indirect considerations. 
For example one can set up a system of Lorentz-covartiant equations of motion 
for the wave fields in the Heisenberg picture, not referring to canonical variables, 
and if one specifies the wave fields (with their derivatives if necessary) on the 
initial space-like suiface o,, one can completely determine the wave fields at 
every point of the space-time, including of course those on ay. But this means 
taat in the Schrédinger or interaction representation the state vector ¥ (ey) is 
uniquely determined from ¥(¢,), the only arbitrariness lying in the phase factor. 
(A similar line of reasoning has been followed by de Wet", making use of a 
covariant canonical formalism*. ) 

But when we wish to extend the theory to cases where the usual canonical 
formalism fails, the integrability condition will appear as a guiding principle, or 
at least as a criterion, for the determination of the interaction Hamilton density 
function. In these cases a systematic rule to construct such a function will 
become useful. 

It was pointed out previously by Kanesawa and the author™ that the 
interaction Hamilton density function, which satisfies the integrability condition, 
can be constructed from the interaction term of the Lagrange function by supple- 


menting it successively with suitable normal-dependent terms. This statement 
has been verified in several cases investigated so far. 


* The author wishes to thank Mr. G. Takeda, who has informed me of de Wet’s article and has 
made it available for him. 
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Here we shall give a simple formula to determine these additional terms. 


H (ae, (ee) = 3} Hy(ae, 2(0)), (3-1) 
with Za 
Fi, (a, n(ax))=—L(a), (3-2) 
H,, (a, n(ar)) == (St )" [ater piece til ae 
x [Z(a), L(a0,), oo. , L(x,)). (3-3) 


In the above formula the square bracket is the abbreviation of repeated 
commutators according to the notation of Hausdorff’, 


[4] =A, 

[4, Bj] = AB—BA, 

[4, B, C]=[[A, 2], C); 

[4, 8, C, D)=[[l, B),C], D); 


(3-4) 


[42 Ga apcqe[L 142), C]a).yZ).0 


The integrations on the right hand side of (3-3) are extended only over 
the space-like regions with regard to the point a. o(#) is the space-like surface 
through #; o(a#,) denotes a space-like surface pas- 
sing both # and @, and lying on the past side of . Z 
a(%) ; o(#,) means a space-like surface through AK 
and a, and lying posterior to o(a#) and o(a,); and / ae 2 (X) 
so on. (Fig. 3). Since one has only to do with Z x © (x2) 
the infinitesimal neighbourhood of m, fuither charac- si . 
terization of the surfaces o(H,), a(@,),...... is not Fig. 3. \ 
necessary. 

In the expression (3-3) for H,,,(a,(a)) we are concerned with 7 points, 
any two of which are found at an infinitesimal space-like distance, and so we 
are forced to specify their mutual positions more clearly. Let us take this 
occasion of introducing a set of notations to express the relative positions of 
space-time points. We shall agree: 

XH, > H, means “ w, lies in a future time-like position to a,’’. 

H,<@#, means “ aw, line in a past time-like position to a,”’. 

H,~2%, means “ #, lies at a finite space-like distance from m,”’. (3-9) 

#,0 2, means “x, lies at an infinitesimal space-like distance 


froma,” 
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The generalization to several points is trivial except for the case of those 
lying infinitesimally close together. We introduce, ia analogy to (3-4), the 
symbol 

(00000,000,0°++*+* OH my) = ( (-++((ae0a0,) Od) O***) Om ) (3-6) 


to represent the situation which is obtained by the following procedure: one starts 
from mm points lying at finite space-like distances to one another, first lets 2, 
approach # up to an infinitesimal distance, then lets a, draw up to the doublet 
(acow,), then lets a, come near to the triplet ((aox,)ox,), and so on, at last to 
realize an assemblage of m points situated in an infinitesimal region. A different 
situation for 7 points is of course possible, but we need only the above men- 
tioned case. 
By the help of this notation, (3-3) can be expressed more rigorously as 


4 \" o(2) G(s) o(2m—1) 
Ay, (H, A ee (=) (a 2; (ater... (ata. 


Vv 


(accar,) (acearyeats) — (Wea y2---°Im) 
x (L(x), L (ay), aaa om ? L(x,,) - (3 3 ) 
There remains still ambiguity concerning the lower limit of the integration. 


This we eliminate by the help of the adiabatic prescription introduced by Tati 
and Tomonaga :™ 


[i(we)a*xe= | 6, (20) dor, (3-7) 
where G is defined by 
puns yx & Kx) 74 } 
Cle) = | P(e) a dt (3-8) 
with 
1 sage 
F(k) Sar \F@) e NRX) 27490, (3-9) 


It amounts to putting the contribution of the lower limit equal to zero. 

In this way the Hamilton density function H(a, (ac)) is perfectly defined. 
It is not difficult to verify that this function really satisfies the integrability con- 
dition (2-1). But perhaps we had better give its elementary but tedious proof 
at the end of this note. (Appendix I). 


§ 4. Lorentz-invariant integration of the Tomonaga-Schwinger equation. 


The investigation of the integrability condition in §2 has shown that the 
characteristic role of the normal-dependent terms in A(0,(ac)) consists in the 
successive cancellation of the acausal effects that arise from the non-commutativity 
of H(a,2(a2))'s at two space-like points. Thus the essential contribution to the 


J y > a 
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integration seems to come from the invariant terms of the interaction Hamiltonian, 
the SUNS terms are used only to eliminate the ambiguity concerning the inter- 
mediate surfaces. It appears, therefore, that the addition of the poe dependent 
terms, which is often a tedious procedure, and the final reelimination of their 
effects, which has been so often experienced in meson theories, is a rather cum- 
bersome detour. 

On the other hand the rule described in § 3—though half-empirical as yet— 
for the construction of the interaction Hamilton density function from the interac- 
tion Lagrangian suggests that the above mentioned essential part would be in 
general the interaction Lagrange function itself. 

Extrapolating these considerations, we would assume that an invariant 
expression for the transformation function using only the Lagrange function would 
be possible, if the erasure of the acausal effects could be guaranteed by a suitable 
device. In the following we shall give an attempt to this purpose. 

First we notice that Dyson’s P-symbol is not, in general, a completely 
Lorentz-invariant conception, namely when two of its argument operators refer 
to two space-like points and are yet non-commutative. We therefore introduce 
a modified symbol 


P* (A(@q), B(Hs), C(He)s -+++++y 4(Hs))s 


which is defined, by the help of the notation (3-5) and (3-6), as follows.* 
i) When any two of the points X,, H,, ...... ,#, are situated at time-like posi- 
tions to each other, P*-symbol is identical with P-symbol. For example, when 


A! de ms ey 
P*(A(o,), Bs), +, Z(&,)) = A(Hq) B(a,)---Z(H,). (4-1) 


ii) When some of the points ,, %,,..-,#, are situated at space-like positions 
to each other with finite distances, P*-symbol is defined symmetrically with 
respect to these points, but as the corresponding operators commute, the result 
is effectively identical with that of a P-symbol. For instance, when 

Bq > Ly> 0 > Hy> (Hy ~ Hs) > Wy> ++ > Hey 

P* (A(0tq), Bp); «+1 L(8n) s L(a0«) J (005) 1 KH) ++ Z(H) 
=> {ARO HI]K...2+ AB... HJIK...2h 
=AB...HI/K...Z=AB...A/TK.:.Z ; (4-2) 


and when 


* The P*-symbol for two argument operators was given previously by us’, Also a somewhat 
different definition has been employed by Nishijima’), We thank Mr. Nishijima for having sent us a 
copy of his work before publication. 
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Ha > { (Hp > Le) ~ Ha} > He> «+ > Hey 


i (A(aH,), B(x); C(ax.); D(a); E(x), -+-Z(2,)) 
=! | ABCDE...Z+ ABDCE...Z+ ADBCE...2} 
3 


— ABCDE...Z=ABDCE...2=ADBCE...Z. (4-3) 


iii) When some of the points a,,%..-,H%, are situated at space-like positions 
to each other with infinitesimal distances, P*-symbol is defined symmetrically 
with respect to these points, and as the corresponding operators - not commute 
in general, the result is different from that of a P-symbol. For instance, when 


Le > Hy >... > Hy> (HO ;) > H_> --- > Las 
it (A(x), B(2y); coos H(x,). 1H), ](H5)s K(x), ---Z(2.)) 


=> | AB...HIJK...2+AB...HJIK...Z} 


se BseHl[Ke «2% (4-4) 
and when 


La > Ly, > +. > Ly> (0H ,OH,) > B,> «-- > Hy, 


P*(A(a@q); B(Ha)s +++» Han) [( a0), J(H5), K(x), L6H), val Gans 


te 
4 


{AB...HIJKL...2+ AB...HJIKL...Z 


4+ AB...HKIJL...2+ AB...HKJIL...Z}; (4:5) 


and when 
(2, 60.0. ODR 0) > Oh or ae 


P¥(A (Wa), DW) 5 «>-9 Ao dln)» LV andy sas 2 aD 
1 


ml 


{Ay By iy MY NZ, (4-6) 


where the curly bracket is used, in analogy to (3-4), to represent repeated 
anticommutators : 


\ 


{A, Bi = AB+ BA, 
1A, B,C, oon, MPS 1A, Bh Ch ath (4-7) 


From the foregoing it is obvious that the P*-symbol is defined quite in- 


dependently of any set of space-like surfaces, so that it is a completely Lorentz- 
invariant notion. 


Making use of this P*-symbol we propose to express the solution of the 
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Tomonaga-Schwinger equation in the following form*, 


ror ror 


UG os oe (4 Jere aN ty. {ee : 


m=0 77)! 


EC alee ig) ancy L(y), (4-8) 


where Z(x) is the interaction part of the Lagrange density function and is of 
course a world scalar. Thus (4-8) is perfectly independent of the intermediate 
surfaces, since P* as well as ZL(a)’s have nothing to do with them. Conse- 
quently the uniqueness of the transformation function is evident and one need 
not take any notice of an integrability condition. 

To prove that {4-8) indeed coincides with the usual solution, we show, i) 
U satisfies the boundary condition 


Glo navel (4-9) 


and ii) the infinitesimal variation of U is determined by the Tomonaga-Schwinger 
equation**. The first point can be verified at once. We shall then set up from 
(4-8) the differential equation for U(e, @;) 


a m—1l 7OF 
Ip 27 Bits) soleans (= —) | oe ja! nay 
0a (ax) sa a 


a 


arta es eG eth 


m=0 772! h 


EPP INe rs | ge WAC Acs 
De ( ee jv P* (L(ax), L(a,), «++, L(am)) 


ie Bt oN gia) ang r o(a) = pa(a}) o(2r—1) 

ote! 3 Codd ae [Aare [ ax, 
hat emtag 2 (mF)! 

% (a0°ar,) (aeeat 023) (@°W,0--.090,) 


OF (OF. 

x [L(x), L(H,), L( a). «+5 L(t) d'or) day P* (L( He 41)s ve+y L(Hn) ) 
oO] Pf 

(4-10) 


The last equality can be understood as follows: . 
i) When any of the points #,,...,#,, does not lie in the space-like neigh- 


bourhood of a, (see Fig. 4.), 
PHL) LGC.) 5, 03:7 La) 
L(y PL) (0s), 02) L( Wn) (See) 


* Yukawa!6) has pointed out that our expression appears in some respects related to the S-matrix 


in his non-local field theory.! ; fet he) 
** The main feature of our proof is similar,to that given by Nishijima,') to whom we owe much. 


Z. Kosa 


; / wr 
XN a 
La Zz o(0 
\ ee o(® © x; 
er, \ 
Vt i Z ‘ 
Zi» ras 7 a \ 
7 cia te ‘ 
/ S| Fg. ON ¢ “3 % 
7 ee aes . x 
/ rt 7 \ 
7 N be ‘ ss 
He . N 41 a *m 
ff 
7 Aon 
4 = es 
Fig. 5. 
Fig. 4. = 


ii) When one of the m variable points, say 2%, lies space-like and in- 
finitesimally close to x, (fig. 5.), then by definition 


P*(L(a), L(;), L( a2); +++» L(Hm) ) 


=> L (00) L(00,) P*(L (at); «++» L(n)) 


ae L(a,) L(av) P* (L(atq), +++) L(am))- (4-12) 


Therefore in this region, one has to correct the expression r=0 (4-11) by 
the second term r=1l. These terms together just make up the expression 


(4-12): 
1 (ae) P* (Lat) L(t)» «+» L(@tm)) = La)» Lar] P*L4)s 2 LCR) 


1 
Saget all L (ay) | P*(L (ate); »+-» 2m): (4-13) 
iii) When further a second point, say ®,, approaches the doublet (aoz,) 
up to an infinitesimal distance, (fig. 6.), we have < aie 
\* o(*) 
P¥ (L(x), L(y), L(y); L( Hs), +++» L(®m)) <n 
1 ye a a 
= AL), L(0t1)» Lat) }P* (LBs) s +0) Lm)» tae * és 
i s ‘\ 2 
(4-14) ¢ . 
/ Xen e 
But in this region the first three terms r=0, 1, 2 ‘ or 4 
yield just the same result: Fig. 6. 


Lae) PX(L (at), La), L (Qt); «+s Z(@m)) = [Z(ee), L(@)] 
x P*(L (at), E(B) ++ry L(@m)) 5 [E(@t)s L(Y] P*(L(@t,)s L(G) + 


x L(®))) + [Z(a), L(ae,), L(ay)] P*(L (ag), «-- L(s)) 
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=| L@)1 LG), La) }— 4 [2(@), £(2e,)]Z(@2) — 1 1), (se) La) 


++) [Z(ac), L(ae,), L(w,)]}P*(L(o,), vasy L(Wq)) 
=! {Z(x), L(x), L(a,)} P* (L(x), seey Lo,.)): (4-15) 


Similar relations can be derived for any r< m. 
Consequently we arrive at the conclusion, 


i 8U (Gon) _ —| Bae \"\a fata, [Pes (c(e), Ta) 7 L(@m)}} 


6a(a 
(x) (arcaty) — (ar0ary0---0@m) 


a ipsyed (+ i [ae f dem P*(L()) 0 Lm))| 


m=0 m! 


om 


== H(ax,n(a)) U(a,o;), (4-16) 
taking into account (3-1)—(3-3’). But this is just the Tomonaga-Schwinger 


equation for the transformation function. 


§ 5. Evaluation of the §-matrix. 


We shall now proceed to the evaluation of our invariant expression (4-8) 
for the case of S-matrix, 


S=U(o,—0)= 31 


m=0 m1! 


— (+) Ua. je Ip, P*(L (ay), +++) L(Gm))y (51) 


and establish some simple rules of calculation, Following Dyson’s argument,” 
the estimation of an element of S-matrix referring to given initial and final 
states is reduced to evaluation of the vacuum expectation values of the expres- 


sions such as* 


P(G(w,), $(0%)), Pe), $a), 
Ad(a1) OP (Hs) ) (5-2) 


OX Ora 


Now the P*-symbo] containing two argument operators is explicitly ex- 
14) 


pressed by 
* ; 
P* (A(a@q), B (an) Su Me) A(x) B(H,) 


418 Goh) B(e,)A(@.) (5-3) 


* As an example we take the case of neutral scalar field $(a@). 
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where the e*-symbol means 
SEA Siois ihe eit 
ale Pe, wel 0 for 2, ~x, of, 7, °he (5-4) 
—1l for ©,<X,, 
which is again a completely Lorentz-invariant definition. It is clear that if one 
replaces in (5-3) the e*-symbol by Schwinger’s e-symbol, one obtains the defini- 
tion of P-symbol. Consequently, the vacuum expectation value of P(6(2;); 
6(a,)), say, is given essentially by 
J,(#,;—X,) =I (,— Hy) Hit (Hj. HA (H,—H2), (5-9) 
while that of P*(6(a,).4(a%2)) is given by a modified function 
JE (a, —H,) = JS (ae, —H) + fe* (H,, Hy) A (H,— Hs). (5-6) 
The two functions J;(a”,—x,) and J;(#,—2,) are almost identical, since 
e*(x,. 0) differs from ¢(#%,.a,) only when a#,—2#, is a space-like vector, while 
dix,—x,) vanishes for such an a,—2#, An appreciable distinction arises, 
however, when one differentiates these’ functions twice. In general the value of 
these singular functions at the origin contains ambiguity, but we can for the 


present employ the limiting value when the argument vector, always remaining 
space-like, approaches zero. Then we have 


de(H, 0) _5. . 
a es i my a f 
ae (x) (9-7) 
but 
de* (2,0) 4 
> (8) . 
0.y ; co 
so that 
de(x,0) dd (ax, 0) ais “ 
—_———q—{_. = = 19 * 
os ax (x) (9-9) 
de*(H.0) Ad(2x,. 0) Es 
but Biche ear Pal EY beh Sones dl SE 6, . 
; OX 02% ou 


Consequently one finds that 


BPN Ha Ea) teh (on cep PA Bea ad BEE Ey) 
ave 7 OX, OX 


had laa UR ee Od (x,—7,) _ 3° p(X; —2e) | 


ON OF, OX yy O71, OX, On, (5-11) 
and, in general, 


m J(1) m | m 4X 
2 ; SAC ae + ie*(ar,, a,) OPI) _ OAR (=H) 
bess Outs OX ;9:1 Oy OXpe ni OF yp 
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This fact makes the expression of the vacuum expectation value quite simple, for 
one obtains 


<P* (6(0); $(2)) > we = S3@r, aw), (5-12) 
as well as . 
Clean é(.))) = 2) 04; es (5-13) 
2 Vin 
px se 04( 22) Bie Ors (Ki Ho) 1 5. 
( ney. hare )) Sean aaa (5-14) 


and similar relations for higher derivatives, if such are needed. These circums- 
tances are in marked contrast to the case of P-symbols, where one has, for 


example, 
O9(a;) 3d(%,) 4 (3 se Ned see Od (x,— 22) 
TBs eet = ioe es) (X., XH, Fd (x, — 23) | 
( (ert Ory dan, Snap ee O41, OX, APA ap Te) OX yy OX, 
Be EAD NOE Es) 05 19" (02,) OL) O(a), (5-13) 
2 Ot OX, i ‘ 


taking account of (5-9). The second term in this expression is just compensated 
by the effect of normal-dependent terms of the interaction Hamiltonian, as was 
verified by Matthews’? through a straightforward calculation based on Dyson's 
formula. In our expression appears neitber a 6'-function nor a normal-dependent 
term, and so one can reach the result without being troubled by the presence of 
those terms, which are ultimately to be cancelled. 

Thus we have obtained simple rules for the computation: i) one may 
employ the interaction Lagrangian Z(a#), and no surface-dependent terms, ii) 
one may transfer the differentiation of the field quantity to J§-function without 
any Care, when evaluating vacuum expectation values. 

The above argument shows at the same time that the results of the Tomo- 
naga-Schwinger theory are perfectly identical with those of Feynman's formalism, 
Where a normal-dependent term is out of question from the start.* Thus we 
hope to have completed the proof of equivalence between two theories for 
general cases, including various meson theories. 


§ 6. Discussions. 


Our expression (4:8) can be written symbolically 
20 F 


T ten a;)=exp [ Zur) aty, (6-1) 


or 


* Cf. also the recent work of Yang and Feldman.!*) 
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where the exponential function containing non-commutative operators are defined 
by P*-symbol : 


exp 4 [La@ydie= Zn = (= iF jaw yo) dam 


x P*(L(a,), ---) L(@m))- (6-2) 


The right-hand side of (6-1) closely resembles in its form the general trans- 
formation function of Dirac, though the physical content is somewhat different. 
Also the differential equation (4-9) is symbolically expressed as 


y . o ¥ 

Pieetd {exp =f L (at )atae| = Ha, n(a)) {exp + {Z(a')a'x'|, (6-3) 
6a(x) h a1 h oI 

which is similar to the well-known relation in the non-relativistic quantum 

mechanics, 


it < {exp + \zat\ =H (2) {exp ra att, (9-4) 


At 


where \Lat is the quantum analogue of the classical action function for small 


At 
interval Jz. 


“These formal affinities would be surely not accidental, and we would say 
that the Lagrange function could be utilized in the quantum field theory in a 
more direct way than heretofore. Whether it is possible to construct a consistent 
scheme of the quantum field theory based on the Lagrange function, and to 
derive the above results from more fundamental relations, is now being studied. 

Setting aside this basic problem, we shall assume for the present that (6-1) 
represents a relation resting on a secure foundation, Then we are led to sum- 
marize the main content of the current field theory in the following three 
postulates : 

I) A system of interacting m wave fields, is described by a Lagrange 
density function : 


Lr = Ly + Ley + weet Lem + ve (6-5) 


where Zi, ++.) Lom) are Lagrange functions, which the first, second, ... s-th field 
would have when interaction tends to zero, and Z represents the interaction of 
these fields. 

II) The field quantities appearing in Z obey the same equation of motion 
and the 4-dimensional commutation relations as when they are free. 

IIT) In remote past and future Z vanishes (or can be neglected) and one 


‘can define state vectors Y(— co) and F(+40c). (Nothing is assumed as to the 
intermediate Y(c)’s.) These are connected by 
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it 
with | (6-6) 
S= exp a \ L(x) 40. 


The exponential function is defined by (6-2). 

This integral formulation evidently includes what the current theory, which 
requires the existence of intermediate Y(c)’s, can predict as to transition pro- 
cesses. But if one starts from these integral postulates, it is comparatively 
natural for one to proceed to a generalized theory, which no longer assumes the 
presence of intermediate state vectors. Thus the path to the theory of non-local 
fields or of elementary particles with finite size, seems less steep in this S-matrix 
formalism by means of the Lagrange function. One trivial example of such an 
attempt is given in the appendix. (Appendix II). 

This formalism is as yet tentative and leaves many points to be discussed. 
One of them, for example, is concerned with the 4-divergence term in the 
Lagrange function, As is well known, such a term has no effect at all as long 
as the Lagrange function appears only in the variation principle. If we utilize 
it, however, in a direct way as above mentioned, the existence of such a term 
gives rise to a certain change, which corresponds to a contact transformation in 
the usual theory. This would indicate that one should prefer some standard 
form of the Lagrangian to others. But any definite statement is certainly pre- 
mature at present. 


Acknowledgement. We wish to express our sincere thanks to Prof. K. 
Husimi, Dr. R. Utiyama, Prof. Y. Nambu, Mr. K. Nishijima and many others 
for their kind interest and valuable advices for this work. 


Appendix I. 


To prove that the constructed Hamiltonian 


H (we, 2(28)) =3 H,(oe, (2), 


1 —g4 \re a(x) o(2Hm—1) 
H,, (ac, n(x) suegescvl ee ) [ato | a2, LAG), L(y); tay aay 
(a02a0,) (aecat,o+.-020) 
(3-3') 


Satisfies the integrability condition 


pq 2H, MOY) jg OH ON MOD) Car, (ey), Hie’. (0) J=9 
da(a’) Bo (ar) 


(22s ts) 


(x and a’ being two points on a). 
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From (3-1) and (3-3’) we have 


LH, n(a)), Hat, (a) JHE Se (GE) Ke 


with 
o(a) o(r—1) o(X) o(am—1) 


ve! d!a0,..| a'‘x,  aieer aa. 
r=0 


(arcar,) — arcarye...088,) (a0/2aty+1) (@t/eatp+19...°Dm) 


x [L(a0), L(y) > ---5 L(a,), [L(a’); E(Gbr21)3 0% L (am) J]. 


What we have to show is that 


o(ac) 6(Hm—1) 
K,=| aw, eee f A* Hin [ZL(ae), L(x’), L (a), away LAD) | 
(a0°2¢;) (ar0aty0.-.02m) 


holds for every m; because we have then 


a 1 
th OH, (a, 1 (9) ) _ —_ 1 1 : ) Pi ay the 
6a (a0’) a 2S 


which leads, when summed up with respect to m, to 


i OF (0, (9) ) A ea 
hemi 5 LA, n(a)), Ha’, n(20’))], 


and then to (2-1). 


Now the relation (1-3) is obviously valid for m=0, and also for m=1, as 


is easily seen by applying Jacobi’s identity. 


(a0) 
k=| da, {[L (ae) , L(a), L(a’)] + [Z(ae) 5 (Z (ae), Zar) TI} 


(a2) 


o(ac) 
-| 10, [L(o0), L(ae), L(ar,)]. 


(avoac’eat,) 


Assuming that (I-3) is correct for m=p—1, one can in general verify that it 
also holds for m=. But to avoid pompous notations which we need for a 


(1-4) 


(1-9) 


(1-6) 


general case, we shall illustrate the procedure of mathematical induction by an 


example ~=4, that is to say the step from m=3 to m=4. 


Writing # instead of L(x), a’ instead of L(a’), 1 instead of Z(ac,), 2 in- 


stead of Z(a,), and so on, we have 
o(ac) Oy Oo 
K,={ d* x, \ ad‘ x, \ a‘ a, (90, 1; 2,3, a] 


oe) pay ala) 
+{d an, | ata, | ax, [ar, 1, 2, [a’, 3]] + 
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o(a) o(ac) Og 
+{idtx, (aor, (day (a, 1, [ar 2, 3]] 


o(a) oy 
+ | da we, { tar, | dae, [ar, [ac’, 1, 2, 3]. (1-7) 


The second line can be transformed into 


o(a) ie 


da, [aay (‘ater [a, 1, 2, [a’, 3]] 


a(a) Oy 


03 
+ | d*a, d4 ly d* a0; (90, 1,2, (a0, 37] 


rate 


9; 
+) atx, (ata, | a0, [a d 2,fac, 3]] 


a(a) oy do 
a dtar, [ater j da, {{ar, 1, 2, [0e’, 3]] +[ae, 1, 3, [ae’, 2]] +[ar, 2, 3, a’, 1]]}. 


In the same way the third line of pee becomes 


a(x) o 


dx, | d ata [aay | (ac, 1, [ae’, 2, 3]] + [ar, 2, [a’, 1, 3] +[ar, 3[a’, 1, 2]]}. 
Thus all the terms of (3-8) can be put under common integral sign. 
ey 
K,=| a" we, | ate » fata { at, {[oc, 1,2, 3, ae’]+[a, 1, 2, [a’, 3]] 
+[ar, 1, 3, (ar, 21] + (ar, 2, 3, Loe, W]-+ Lar, 1, far, 2, 3] 


+[a, 2, [a’, 1, 3]]+[a, 3, [a’, 1, 2]])+[a, [x’, 1, 2, 3]]}. (1-8) 


In this way the assumption, that (I-3) is valid for m=3, is reduced to the 
relation that the expression in the curly bracket above is equal to a simple ex- 


pression : 


{ }=[a, a, 1,2,3| (1-9) 
Now K, has the form 


(a) o 9 0. 
K,=fa'o, fata, [ator | dtr [a, 1, 2,3, 4, a7] 
a(a) oO; 
+) day, d*X, “iar, [din [ac, 1, 2, 3, [w’, 4]] 


a(x) fe a(x) a3 
+ | d'*x, ata, | a we, | a2, [ar, 1,2, [a’, 3, 4]]+ 
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( (x) @ o3 
+ (ax, d'X, [ator (“420 [ar 1, [274 2,3, 4 


+d, fata, [. {ater fate (x, [a’, 1,2, 3,4], (1-10) 


to which a similar transformation can be applied. Making use of the relations 


such as 
a(x) oy a(2) 
| ater, \ he oe \ a 


c ae co 2 03 
fate=| a y a, | dx, fate, \ a‘ x, 
o( a) o 6 ros 
+(x, ja dX; jae we, ( ato, + +| ater, atx, [ator | d'*X- 


o(x) o 
+ (ax, (7 49, G Ie (arat| da, | dia, (ate, | d*x, 
(a) o3 
2 dar, | dt we, | ate we, fai xs (I-11) 


we obtain 
Kx (don fa a, fate, (ate, fae, 1,2, 3, 4,20¢J+[2, 1, 2,3, (27, 4] 
+ [ae, 1,2, 4, [’, 31] + [ae, 1, 3, 4, [x’, 20]+ [or 2, 3, 4 Lor’, 11] 
+[ar, 1,2, [’, 3, 4]]-+ La, 1, 3, [a 2, 4]) +L, 1, 4, Lar, 2, 3] 
+[sv, 2,3, [a’, 1, 4]) + Lar, 2, 4, far’, 1, 31) +L, 3, 4, (27, 1, 27) 
+ [ar, 1, [’, 2, 3, 4T]-+ Lar, 2, [’, 1, 3, 4]]+La, 3, Lar’, 1,2, 49) 
+[ac, 4, [ac’, 1, 2, 3]]+[ar, [ae’, 1, 2, 3, 4]]}. (I-12) 


These brackets can be so combined into pairs that they are at once reduced 
to single brackets. 


[ac, 1, 2,3, 4, ac”]+[ar, 1, 2, 3, [ar’, 4]]=[ar, 1, 2, 3, ae’, 4], 
[ac, 1, 2, 4, [ac’. 3]] +f ac, 1, 2, [ac’, 3. 4]]=[ar, 1,2 [a’, 3], 4], 
(ar, 1, 3, 4, [ar’, 21] + [ar, 1, 3, [ac’, 2, 4]]=[ar, 1, 3, [a’, 2], 4], (1-13) 
[ac, 4. [ac’, 1, 2, 3]]+[ar, [a’, 1, 2,3, 4]]=[or, [ar’, 1, 2, 3], 41. 
Thus the sum of all these takes the form 
[i [o, 1, 2, 3, ac’]+[ac, 1, 2, [oe’, 3]]+......4+[or, [ac’, 1, 2, 3])}, 4], (1-14) 


but the expression {  } is just the left hand side of (1-9) ‘and so we obtain 


J 
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o(a) Oy os Oz 
K,=\ d‘ ax, | d‘x, | ata, [ator [ZL(a), Lax’), L(m,), L(x), L(x), L(a,)], 


(1-15) 
what was to be verified. 


Appendix II. 
An example of non-local interaction. 


Let us assume the action function for a system of interacting electronic and 
electromagnetic fields in the following form: 


T= JZ veatation (x) d* a+ I ecsroa Us eae. 
+t0ff Ay (ar) P(E) 7*h(E) y(e—§) dtardté. (1-1) 


7(%—§) in the interaction term is a scalar function which represents in a 
certain sense the extension of the electron’s charge. 
The equations of the fields formally derived from this Lagrangian are 


C14, (x) =2e§ $F) rah ©) n(ae—€) a6, 


{re( = —ie| A" (a) 7 (a—6) d'x)+x\W(2)=0, (11-2) 
{ie (=- + icf A*(ax) 4(a—%) d'ae)—215(6) =0. (11-3) 


They may be interpreted as describing the interaction through extended charge. 
The gauge transformation is carried out as follows: 


A,(x)—> A, (a) - 22), Cy A(x) =0; (1-4) 
b(F) —> exp (—ie{[ A(x) n(a—&) dix) $ (6), (1-5) 
P(E)— $(F) exp (ef A(ae)y(ae—F) ata) ; 


where Lim 7(a)—>0 is assumed. 


w-co 
Now we apply the integral formulation described in §6 to this Lagrange 
function, and the S-matrix in the interaction representation is given by 


S=exp sa x, | 3g G( ay) Py (ots) 7 (ots —90,) A*(a). (11-6) 


The exponential function is interpreted according to (6-2). We shall study the 
self-energy of an electron in ¢’-approximation and so pick up the element of 
S-matrix corresponding to the transition (1 electron, no photon) > (1 clectron, no 
photon). This is 
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+o 


(4) (\{( Ga, dy d* ed Ws J, (2) (Tpwe 
2 ye 


~ 
ao 


x (P* (hs (He) - $'o(a1))) vse (7s) ap p(y) 
x <P*(A* (ars); A* (04) > vac 4 (H1— Hs) 7 (x,—2,). (11-7) 


The Feynman diagram for this transition is shown in fig. 7. One can see 
that the electron undergoes deflection at points a, and &;, while the virtual 
photon appears and vanishes at #; and a, The function 7 acts as an interme- 
diary between these points and conveys energy and momentum*. 

We put 

1 


- ( —2(,@) = : : 
74 (x) = oa) E() dil; (II-8) 


then the conservation of energy and momentum requires 
that the Fourier component of 7, which connects 1 and 
3, or 2 and + must be equal to the energy-momentum 
of the virtual photon &. 

Let us assume in particular that ¢(@) is given by 


“ M 
é(t) =—— 
@ VU+M 


(II-9) 


where M is of the order & divided by the classical electron radius, that is to 
say the Compton frequency of a meson. (In the limit J7>o, (2) becomes 
unity and (a) is reduced to the é-function, and the whole scheme coincides 
with the ordinary one.) The presence of the 7-function then gives rise to a 


change in the integrand, namely the factor | of the usual theory (& being 
ke 


the energy-momentum of the virtual photon) is replaced by 


a le edd sali eee 
ke ‘Ee eaMw kK B+ 


(11-10) 


Thus the assumption (II-9) has the same ettect with Feynman's cut off factor ;° 
consequently: it can make the self-energy of an electron finite, but is incompetent 
as to the problem of the vacuum polarization. 

As is easily seen from (II-10), such an extension function 7 in the Lag- 
rangian function yields the difficulty of negative energy when one goes over to 
the Hamilton formalism,** but we shall not enter into details about this model, 
since it has been mentioned merely as an example. 


* Of course all this description has only a metaphorical meaning. 
** Also the consistency of (IIe2)—(IIe5) with (2-6) should be further investigated. 
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Introduction 


In applying the general theory of quantized wave fields due to Heisenberg 
and Pauli to the electromagnetic field, one encounters with the notorious difficulty 
that the canonical conjugate of the scalar potential identically vanishes. 

There have been proposed several ways out of this difficulty, but all of them 
spoil, it seems, more or less the elegance of the general theory. Rosenfeld” 
has indicated how to construct a theory, invariant under both Lorentz and gauge 
transformations. But his method of formulation seems unsatisfactory to the authors. 
According to his theory the time derivative of the scalar potential %, is put 
equal to an arbitrary c-number function A(x). But this assumption is not 
Lorentz-invariant: The postulates of Lorentz and gauge invariance seem neces- 
sarily to result in a definite interpretation of &. 

One of the present authors has examined: to remove this inconsistency and 
to formulate the covariant formulation of the quantum electrodynamics along the 
line of reasoning of Tomonaga and Schwinger. The contents of this investigation 
will be published elsewhere. 

In the present paper we shall make some investigations about the modified 
Maxwell equations obtained from the above mentioned reasoning. Finally, similar 
considerations will also be applicable to the (pseudo-) vector meson fields. 


§1. Equations of the pure electromagnetic field. 


Adopting the classical Lagrangian density 
1 fas 2 
L,=>(B*—H’)®, (1) 
where 
Sf=rot A, 


E= grad @ +94 
at 


the canonical conjugate of A is 
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ok, 


> 


0A 


and that of @ is 


ae, 


a@ 


(3) 


The vanishing of the last quantity interferes with the construction of canonical 


formalism. 


To remove this difficulty, Rosenfeld has introduced a new quantity / which 


is canonically conjugate to @ and is assumed to be a world scalar. 


Now the eq. (2) enables one to calculate A as the functions of EH and ?, 


but @ remains completely undeterminate. 
That is 


O=A (4) =arbitrary. 


(4) 


According to the general-scheme of Heisenberg and Pauli, the commutation 


relations ([C.R]) of the field quantities are given by 
[Z, (x, t), A,(a’, ¢t) |= —70,,0 (a—av’) 
faa) v=1, 2, 3, 
[F'(a, 2), P(x’, 2) ]=—20(x—2a’). 


All the other combinations not presented here are zero. 
The Hamiltonian of the system considered is 


By =|Gae 
$= 5 (B)'-E grad 0+FA+ > (H) 


and the field equations are 


dO ws 
peer | So | 
a i[ $, ] 


where 6 is any function of field quantities. 
That is 


. 


A= E-grad ®, 
E=4A-—grad(div A), 
F=—div E, 

=A 


provided that A. is an arbitrary c-number function. 


(6) 
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If we eliminate E from (7-1), (7.2) and (7.3) and make use of the condition 
F,=0 then we obtain the equations which are completely the same ones as 
the Eulerian equations derived from (1). Therefore (7.1) (7.3) are practically 
Lorentz covariant. But the last eq. (7.4), which stands alone, violate Lorentz 
invariance of the whole scheme. If we replace A by an adequate g-number 
quantity, then the whole system of equations may become invariant under Lorentz 
transformations. 


Now we propose 
d= —divA+/' (x) (7.4)’ 
where I’ is any arbitrary c-number function. However, the function 4’ is not 
of any importance. Since this function can be eliminated by a well known gauge 
transformation, we can put 4’ to be zero without loss of generality. 
Then the field eqs. (7.1) (7.3) remain to be valid but instead of (7.2) we 
obtain 


E=4A-—grad (div A) —grad F. (7.2)' 
From (7.1), (7.2), (7.3) and (7.4)’, we obtain 
DE=0, CF=0, []4=grad F, e=-F. (8) 


Therefore, if we assume 
Fv,=0, F#,=0 (9) 
at 7=0, (¥, is the state-vector in the Heisenberg representation) then it holds 
F¥,=0 


at any instant on account of (8). 
The second condition of (9) can be replaced by 


div EY ,=0. (9)’ 
From (8), the behaviour of the field quantities at any world point can be 
expressed by those at ¢=0. For example, 


E(x,t) =|, [2@- w!, t){d'A (ae’, 0) — grad’ (div'A (ar’, 0)) —grad’ F(a’, 0) } 


9 Beet) wor 4) E(x’, 0) Jew, 


F(a, 2) =| — {—D(a—a’, 1) div’ Ea, 0) + BP CPD Fe, 0) | da. (10) 


th=0 


[C. R] of A, ® at any two world points can also be obtained from (8) and 
(5) and are expressed as follows ; 
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[A, (a, t), Ay (a’, t’) ]=—i¢,,D(e—a’, =7) 
* OD(X—X") OD(X" —X") 


+7 
wv Ox” Ox’ 


(dx")* (p,v=0, 1, 2,3), (11) 


where A=(A,4,4;), A,=—® 
and g,, is the usual metric tensor 
$u=S2= f= —£0=1. 


(11) is Lorentz invariant as easily seen. 
Finally, it should be noticed that, for the gauge transformation 


A— A'=A+grad A, 

D> 0'=0-, (12) 
A must satisfy the wave equation 

Cwa=0 (13) 
by virtue of the gauge invariance of (7.4)’. 


§2. Electrons and electromagnetic fields. 
(Interaction representation) 


Let us consider the system of electrons interacting with electromagnetic field. 
The Hamiltonian density of the total system is 


G=H4V, V=-jA+p9, 


B= + Gu Ga P*—a grad P-+ap*Ay, (14) 
J=ep*ay, p=ep*¢. 
[C. R] of electron field is 
{bE (a, ds $3(x’, t) }=4,,0(a—2’). (15) 


Now, the equations of the electromagnetic field are 


A=E-—grad 9, = —div A, 


E=4A-— grad (div A) —grad F+J, (16) 
F=—div E- p. 

And the supplementary conditions (9) (9)’, now should be replaced by 
FY ,=0, (div H+ p) ¥,=0. (Az) 


The proof of the Lorentz covariance of (9) or (17) will be given in (11). 
Now let us consider the gauge transformation 
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=I 
i) 
iw) 


A— A'=A+grad, 


b> O'=0-4, 
(18) 


teh 
vi 


po v=cr¢, 
b* —- le ae 
The proof of the invariance of field eqs. for the transformation (18) can be 
easily given. The infinitesimal generating operator G for (18) is 


c=-|! (div B+p)At+ FA} dx, (19) 


because 
6A=i[G, A] etc. 
hold. Using field eqs. and (13) we can easily show that G is a constant of 


motion, that is 


A 9, (20) 


So far, we have made use of the Heisenberg representation. Hereafter we 
shall work on the interaction representation. This transformation of representation 
can be performed as follows: 


A->A=UAU", ¥, 278 @O=UOF. (21) 


(any quantity in the Heisenberg representation will be expressed by bold face 
letters), where U is a unitary operator defined by the equation 


aU 


=VU, V=U Vu-. 
at 


z 


The equation of motion of any quantity 4 now takes the form 


dA? ive 
met A], 


where the interaction term disappears, while the Schroedinger equation for ¥ (¢) 
runs 


if* =/79%. (22) 


But the supplementary conditions retain the o1iginal form ; 
FG (¢)=0, (div E+) ¥ (¢)=0, (23) 


where the instant ¢ at which # and A=divE+p are considered coincides 


with the time of Y(t). But if the former differs from the latter, (23) should 
be replaced by 
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{¥ (ee, ¢)— | De@-—2, tt’) pa’, dar} ¥ (2!) = 0, 


t/=const 


23)! 
aD — ( 
{div B(r,t) + | AC8 SL G9 Pa Le") = 0. 
smpoast ean f 
(23)’ can easily be obtained if we use (23) and (10). The equation 
a 
=0 2 
at ( "7 
now is transformed into 
aG er 
——=—_(UGU")=-i 
a £U limite Maapultaa 
that is 
at 


Substituting from (19) into (24) and taking notice of 4 and A being arbitrary, 


the following equations can be derived ; 


dK 
= —JdF— 
ey i[V, K], 
7 (25) 
LEIS ag) 
at 


By means of (25), we can show the compatibility of eq. (22) and conditions 


(23) (or(23)’). 


§ 3. Elimination of the longitudinal components. 


Let us separate the vector rotential A into two parts in the following way 
A= B-grad I’, (26) 
where we postulate 
div B=0. (26)! 
Hence B is the transversal vector potential. Substituting from (26) into (7.4)’ 
(4’=0) the following eq. is derived ; 
aD 
a 
If we make use of a Green function G(#), which is defined by 


AG(a)=8(%) G(x)=G(—«x), 


=JI’, 
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then 
Pw, 1) =[C@—at) O(a, dat = — |G (ee—at) div! A(e?, dee (27) 


By virtue of this solution (27) and the [C.R] (5), it holds 

[E(a, 2), P(x’, t)]=—? grad G(a—ax’) (28) 
and further 

[div E(x, 2), (a, t)J=—i d(x—2’). (28)’ 


That is, div E is the canonical conjugate quantity of I. 
Commutators of J’ and the other quantities turn out to be zero. 
As for B, it is governed by the eq. 


Lj B=0 (29) 
and [C. R]’s are given by 


[Zn (a), B, (a) |, =—7 6,0 (ae— a’) 43 FE) 


Ox" Ox” 
A, v= 1; 2, 3; 
[div H(a), B(a’)},=0, (30) 
[F, B]=[V, B]=0. 
Now let us consider the following unitary transformation : 
E(t) > P(t) =e (2) 
where 
RC) =f pla, 4) (a, tae. 
Then the condition 


K¥(t)=0, K=div E+p 


becomes 
en e"F" (2) =t0. 
Making use of the [C. R] (28), we can calculate e“A’e~*, the result of which is 
e*Ke-“*=div E. 
Hence the second condition of (23) takes the form 
div E ¥’=0. (31) 


On the other hand the Schroedinger eq. (22) becomes 
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p — 
OP =T¥", 
ry 


z 


where 


at 


=—(jBd —+ Ile (x) G(x—x') (x!) doe dae! 


sal 0(2") G(x’ —x) div E dat’ de. 


Making V’ operate on ¥’ and taking into account of (31), we obtain 


OF! a 
= yr ie 32 
i (32) 
"= — | 5B de——\| pG(e— 2) de det. (33) 


This is completely identical with the equation given by Schwinger. 
Finally the generating operator G of the gauge transformation is transformed 
as follows: 


G — G7 Ges 
=—|{Fi+ (div E)a}de. 


This is the generating operator in case of the free electromagnetic field. Taking 
notice of [C. R] (30), B is gauge invariant and hence the modified Schroedinger 
eq. (32) is also invariant. 


§ 4. Fourier expansion. 


In order to apply our formalism to practical problems, it is useful to expand 
the field quantities into Fourier integrals. 
Let us put 


p= hafeteoot 


4 


ss T [ t tkx Tf 
Hmm a \ Shs A) ¢ ’ 


Bik s. afte, petkxdhe, (34) 
VS 27 


gt 1 tRX, kh 
B=3,-| (A, thelkadk, 
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0 = | o(h, tekedh. 
Substituting from (34) into field equations, we obtain 
wld, )=a(b)e™ +ar(—b ei Stig Dem +e (—DM}, 
o(b, t= — {ay (be 4+ ak (2) } it | g (Be —g* (Deh, 
J k —tkt * k oa ket 
e()=—1| fe) +Ze@}e — fer —Zr( ae 1? 
FR t)=—2i {gle —g* (— A}, 
B(Z, t) = ae {2, (A) a,(A)e™ + BX(—4)a,(—4)e*}, (35) 
c(2) =ha(é) +ka,(), 
& (2) =ha,(2) + (ka(Z)). 


{the definition of 8, a@, will be given below). 
Using (35) the Hamiltonian of the electromagnetic field can be written 


S, =| E[a*a+aa* + (ka*) (ka) + (ka) (ka*) 


—2(a,*a,+aa*) +2(g*e+eg*) ]dk. (36) 


The total momentum of the field is 


P, =| (E grad A) +F grad 0} dx 


aoe jee (a*a) + (aa*) —2 (a,*a + a9a,*) } 


+ (ka*) (ka) + (ka) (ka*) dk. (37) 
The [C. R]’s. of a's are 
[a.(t), ab @)]= 3 (Se — 5 Aube) a(k—W), 4, ¥=1,2,3 
[a,.(4), a*(4") ]=[ao(e), ay (4) ]=0, (38) 


[a(4), a." ()]=$- 3 (k=). 
Now putting 
a(k) = 2% (4) By (2) ’ (a, (2) a,(%)) =dny ’ 


a,(4) =k/é, p, ¥, A=1,2,3 
we have 


[Pa (4), BE Y= 4 a(k—-K’)  ,p=1,2, 
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[Ps(2), BF (#)]=Z0(k—-B). 


Other combinations vanish. 
Furthermore let us introduce the following new quantities : 
V2k BA) =4(2), 2VEA(k)=O(2), 2V 2 a(t) =4,(4), 
A= 12 
then we have 
[4.(2), of () J=0,,0(k—K’), 
[4.(4), d* (2’) ]=—8(h—k’). 
Let us define 
bx (2) 4, (4) =n, (4), 
(d==1, 255) 
by (2) Oo* (&) =m (2) 


where all the x’s take on zero or positive integral values only. Computations of 
§, and P, result in 


B= TD M(B) +h) +15 8) — (2) +1) 
+23 ig*(Og(®) +e Os" @I- (39) 
P,=— p» Ke (2, (2) +2,(2) +7;(2) —1 (2) )- (39) 
Now the conditions 
F¢'=0, div E ¥’=0 
run in this Fourier representation as follows : 
g ¥’=0, g*tt'=0. (40) 


Now we try to find such a state which is an eigen-state of (39) and (39)! 
and at the same time satisfies the conditions (40). Since the pair (4,,4,) and 
the pair (4,, 4) are mutually commutative we may confine our attention to the 
latter pair only. For the sake of simplicity, we shall write 2 and wz as the 
independent variables instead of 7, and z, and further C(x, m) for the components 
of Z’. 

Then our objective is to determine the vector C(v, 72) in the Hilbert space 
which satisfies the following eigenvalue problems : 


(2,—N;) FP’ =P’, (41) 
gwl=r", (42) 
Fad det ae (43) 
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: ‘ * 
The matrix elements of %)— £, and g* are 


(x m|n,—N;| n'm') = (n— m) Cat) ates ’ 


(nme\ g\n'm etal V1 On at2t,Fm,mt F Vm+16 mm—1.5n,01 ts 


(nm| g*|n'm!) = (alm | g\nm).- 
In the first place from (41), we infer that the only non-vanishing elements 
ot Cate 


C(ut+/, 2) 7 =0, 1, 2--+*+ | 
pe=a constant (0, 1, akbnee 4; (44) 


For the moment we shall assume 4 * 0, and we obtain from (42) 


Vn C(n—1,m) + Vm+1C(n, m+ 1)= (45) 


If we put in this eq. z=4+1, m=0, then, taking notice of (44), we obtain 
Cpt, D=(—D),/ AED CCH, 0) (46) 
pil} 


where A is an arbitrary constant. 
Next we put z=p m=0 in (45), then we obtain 


From this it follows that & should be zero. 
Finally, following completely the same line of reasoning, we obtain the 
following result from (43) ; 


C(pth2)=(- yy ee (1,0). (47) 


This must be compared with (46). We can conclude from the above as follows: 
If and only if A=p=0, the solution C(x, m) can exists and its only surviving 
elements are 
CZ, 4) =(—1)'CO, 0) (48) 
the norm of which obviously diverges. 
Further we can not define the vacuum state by 
n,=0, A=0, 1; 2, 3 
but rather by 


My=Ny=0, Ng=My (taking every positive integral value and zero). 


This conclusion differs from those defined by Schwinger and if we do postulate 
43=n,=0, then g ¥’=0 would be violated. 
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§5. Conclusion. 


We have formulated the quantum electrodynamics following the general 
scheme of Heisenberg and Pauli not using the Lorentz condition from the begin- 
ning, and have shown the equivalence of our formulation with the ordinary one 
if we eliminate the longitudinal components. But as we see from (35), the 
Fourier components of A, 9 contain terms which are proportional to 4 If we 
make A, 9, operate on 8’ directly, then these pathological terms disappear by 
virtue of (40). But if we make the commutators of field quantities operate on 
W’ then these special terms may contribute some effects for aught we know. 
About these problems, we hope to discuss elsewhere. 


References 
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Note added in proof: In the mean time we have found that the whole theory here presented 
is completely equivalent with the usual one, the proof for which will be given below. 
From eq. (16) and [C.R]’s we know that /(x) at any world point commutes with / at every other 
point x’. Now let us perform the following unitary transformation 
1 ct 
VV =AhY, , R=- =| F2(dx)3. 
-o 


Then any field quantity 4 is transformed into 
A(4) 7A! (x) =etFA(x)e—**, 
and the field equation becomes 
GAL” py = ee , det : 
ae [8,4] , Q/ =k RELL oe-tk, 
Making use of the character of “stated above, we know that this eq. is nothing but the ordinary one. 


The conditions (17) now can be written as follows: 


ge d (9AM) 
( , ) v/=0 , dt ( axe ) ry=0 
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1. On the “Elementarity ” of Particles. 


To determine whether an object is an elementary particle or not, is one of 
the most interesting problems in the recent years. In some respects this has 
been a problem pending unsolved ever since the Hellenic age. From a theoretical 
point of view, to be an elementary particle means that the object in question can 
be represented by a quantized field. This definition, however, will lose its 
significance, when the mutual interaction between two such fields is very large. 
Fortunately or unfortunately, so strong an interaction has never been found to exist. 

Among the questions of the elementarities of the particle the most serious 
one will be that asked about the nucleons. Then, what can be the experi- 
mental criterion to judge their elementarity? In this regard, we wish to 
advocate that the elementarity can be seen in the processes through which the 
substantial part of the rest mass is created from the energy which is not in the 
form of rest mass, as it is the case with the pair-creation, provided that there is 
no substantial effect of the very strong coupling. Let us consider a case where 
a composite particle composed of elementary particles is created through a process 
of pair-creation. If the binding energy forming this complex particle is small 
compared with its rest mass, its creation probability will be far smaller than the 
creation probability of the constituent elementary particles as separate individuals. 

If the nucleon is an elementary particle, there must be negative protons to 
“be observed. If the nucleon is composed of smaller constituents, there can be 
no negative protons. But if an extremely strong coupling exists, the situation 


* This paper was published in Japanese in the SORYUSHI-RON KENKYU 1 (1949), 99. 
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will be quite different, and the very concept of elementary particle itself will 
have to be questioned. With the present knowledge, however, we can proceed 
a little further. 

According to the relativistic quantum theory, a particle having a rest mass 
and being in a stationary state cannot be confined in a domain with a diameter 


i 
smaller than spe So long as the fundamental characteristics of the present 


relativistic quantum theory are kept unchanged, the Compton wave-length has a 
significant role to play in the theory of elementary particles. No matter to what 
extent it is carried over to the future theories, this length will at least have an 
important influence in the transition phase of the theories. 

The following is the summary of significant lengths in the present theory. 


h 

ae dg : The Compton wave-length of the election, 

= =r,=2.80 x 10-"cm : The classical electron radius, 

mo 

= -= Yo ~sr : The range of the nuclear force, 

= =F 5007" are : The Compton wave-length of the C-meson, 

= fae Fo ~ or : The Compton wave-length of the nucleon, 
=r : The cut off range of Coulomb field from the 

C-meson: theory of the mirror nuclei, 
e 1 


Mia. 1800." : The classical nucleon radius. 
co , 


Let us consider the possibility that the nucleon should consist of smaller 
elements. If the nucleon consists of paiticles of as small a mass as p-meson 


~r,. This will be 


(Klein”), their individual dimension should be at least 
Myc 


an important restriction on the dimensions of elemetary particles. 

Another important problem on the elementarity of the nucleon is to what 
extent each nucleon persists its individuality in the nucleus. For instance, is it 
possible to treat a deuteron or an «-particle as an elementary particle? In other 
words, can the photo-dissociation of the deuteron be treated with a field attributable 
to the deuteron as an elementary particle? This possibility, however, is refused 
by A. Bohr®. Taking account of Nafe, and Nelson’s” measurement of the 
hyperfine structure of deuterium, A. Bohr concluded that the electron rotates 
around the proton within the JD-nucleus and is independent of the magnetic 
moment of the neutron. In other words, the proton is known to have the in- 
dividuality in the D-nucleus. 
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The method taken by A. Bohr can also be applied to the inner structure 
of the proton. Thus we shall have an interesting problem on the anom:lous 
magnetic moment of the proton. If the proton is supposed to be an aggregate 
of such paiticles as p#-mesons which obey the Dirac equation, we should expect 


still larger anomalous magnetic moment. 
Finally, we have the problem of the mirror nucleus as an important scaffolding. 


Wightman” derived from the mass defect of the mirror nucleus a conclusion 

that Coulomb field prevails up to the points = y, distant from the center of the 

proton. His calculation is subject to criticism in some respects, but if it be 

admitted, the radius of the proton must be smaller than <5" and it is unlikely 

for the proton to be composed of smaller particles, since the Compton wave-length 
wt 

of the protoa 1s SEH. 


If the nucleon consists of the particles as small as c-mesons, the dimeasion 


of the nucleon is to be considered as about aye 
i 


2. On the C-meson. 


The C-meson was introduced in the theory to play an important role in 
problems relating to the structure of elementary particles. At a meeting of the 
Physical Society of Japan held in 1948, Sakata, Taketani and Inoue set forth 
an opinion on its observability, to the effect that the influence of the C-meson is 


appreciable only in such a Case that the domain < comes into question. 


mL 

In the case of electrons, the influence of C-meson will not appear because <7, 
for electrons, and the force range and the elementary length have no significance 
accordingly. This indicates that tne C-meson theory is in agreement with the 
Tomonaga-Schwinger’s theory in their results, and that the latter can be 
considered as the extreme case where mm, — ©. 

The above conclusion of ours has been verified by various calculations.” As 
for the p-meson, if m,~,, we can expect to some extent the observability of 
C-mesons. Further, for the proton, considerable influence of the C-meson will 
appear. However, it is still questionable how clearly we can observe the C- 
meson, because the behavior of the nuclear forces is very complicated. The recent 
observation of mass difference between the charged and neutral =-mesons will 
provide a check for C-meson. But no definite results can be derived from it, 
because the difficulties and ambiguities of the present field theory is more acute 
in the case of mesons than in the case of Dirac elections. 
eee Oy seed ee ie Taketani” estimated the observability of the C- 

e bremsung of those heavy particles C-meson’s 
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influences will become important especially in view of larger energy flow to soft 
components through C-meson bremsung. 

That is to say, in the bremsung of heavy particles the emission probability 
of C-mesons is larger than that of 7-rays, and the emitted C-meson is im- 
mediately conveited into an electron-positron pair. Nagoya group is advancing 
the calculation on this line. On the other hand, Hayakawa, Fujimcto and 
Yamaguchi” have investigated the similar processes for the pemeson. In con- 
sequence 7, was found to be larger than what we had expected before, and to 
have a mass over 500 m, which seems to be in agreement with other theoretical 
results. Further, it seems to have some connection witi the c-mesons or varitrons. 


3. On the nuclear force. 


In advancing the research on tne nuclear force, we are liable to get into 
confusions unless we take a careful methodological procedure ; an example can be 
seen in Mfgller-Rosenfeld’s treatment, in which they attempted to deteimine the 


type of meson field from the elimination condition for the singularity of ib 
a 


The behavior in the nearer neighborhood of the nucleon involves many pro- 
blems: the problem of strong coupling, the problem of relativistic formulation. 

As there are many problems to be discussed in relation with the nearer 
neighborhood of the nucleus, like the problem of strong coupling, 1elativistic 
formulation, and the C-meson in the nuclear field, it is not certain how much 
significance the elimination of co by the mixed field will have. 

The method we have taken (Taketani, Nakamura, Sasaki®), therefore, was 
to separate the problems at distance from the nucleon from those in the neighbor- 
hood. In order to determine the type of meson field we utilized the phenomena 
at a distance from the nucleon (those just on or farther than.the limit of the 
force range), and excluded the phenomena in the nucleon’s neighborhood by 
the cut-off method. 

The phenomena at distance like tne problem of deuteron, including its 
quadrupole moment and P-N and P-P scattering at E=100 MeV, can serve to a 
considerable extent to determine the type of fieid. Besides the above, the emis- 
sion, absorption and scattering of tie =-meson, 7-y decay, absorption of the #-meson 
by nucleus, and 7-7 transition, may also serve to the same purpose, which are 
not disturbed by the above mentioned difficulties appearing within the range 
when the energy is small. 

That is to say, it is necessary for the research in the meson theory to 
separate the problems within the force range from those without for the present 
purpose. This is a powerful method to be purposely taken in the substantialistic 
stage of the elementary particle theory. 
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4, On the very strong nuclear forces. 


a theory according to which 7 mesons are not elementary 
; - , - wl 

particles, but are composed of nucleons bound by very strong nuciear forces. 

Br these biading almost all of the mass of nucleons annihilates and 7-mesons are 

by 


Fermi’ proposed 


‘iit up from the particles with much heavier masses. 

But under such strong interactions, it is quite questionable, whether the 
concept of the elementary . paiticle or the composite particle has any meaning. 
And Fermi’s treatment by perturbation calculation seems to be meaningless, as 
has been already pointed out by himself. 

Further if we accept Fermi’s theory, the discrepancy will appear in the 
competition between (z-) and (-3) decays. 

Here all the interactions between “-mesons and other elementary particles 
are interpreted to originate through nucleons. In the case of #-decay of a nucleus, 
therefore, there are two Ways of processes, that is, the process of the direct 
emission from the nuclear particles and that through z-meson. It is considered, 
however, that the latter is rather favorable, because of the strong binding of 
nucieons in z-mesons, and thus the interaction scheme of the elementary pro- 
cesses has the similarity of the Sakata’s original theory. Consequently, if we 
adjust the coupling constants for B-decay and #-meson capture to the experimental 
values, the (z-3) decays will be faster than the (z-p) decay which contradicts 
the experimental evidences. 
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1. Physical interpretation of the field theory. 


The method of quantization of field gives us a formal theory of interacting 
fields. Although the complete development of the theory was impeded by diver- 
gence difficulties which were inevitabiy accompanied with it, it provided us with a 
consistent method of describing interacting fields. The quantization of field was 
carried out in conformity with the principle of correspondence ; the classical field 
remained in the quantized theory formally as it was and the particle aspect of 
theory was manifested by transforming the field quantity into the configuration 
space or into the momentum space. However, this correspondence between the 
field and the particle seems too formal. The correspondence is indeed very clear 
when there is no interaction among the fields and the commutation relations 
express the measurability of field quantities. But the situation is not so clear 
when there are interactions. 

The only successful method of treating the interacting fields we have had 
hitherto is that of perturbation and this method so well matched to our mcde of 
thinking that it has become almost impossible to think in any other manner 
than that of free particles and their transitions through virtual processes caused 
by the interactions. Strictly speaking, this way of treatment would have physical 
meanings if there were no interaction when the system under consideration was 
prepared and then the interactions were switched in during some time inte:val 
and the observation were made after it being switched off. But such ideal cases 
are seldom encountered in reality. If we consider, e.g., the Compton effect, an 
electron and a photon of definite momenta and energies are brought to collision 
and, afterwards, scattered electrons and photons are observed. In this case, what 
we mean by the free electron or the free photon is not a “bare” particie, but 
it is a particle constantly interacting with its surroundings. Such a “true” 
particle was treated in a nonrelativistic manner first by Bloch and Nordsieck'’ in 
connection with the problem of bremsstrahlung, and more extensively discussed by 
manv authors” from the new stand foint of the amalgamation theory of Tomonaga 
and ‘Schwinger. It was shown by them that all divergences could be removed 
simply by altering the magnitudes of masses and charges of the particles. Although 
the magnitudes to be renormalized were infinite in the present theory, definite 
results thus became possible to be obtained for any physically significant quantities. 
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The most elaborate investigation of Dyson® has shown that the success of the 
amalgamation theory is not restricted by the perturbation method as long as we 
deal with processes which are described by means of S-matrix. 

In spite of this success many problems are still remaining unsolved. One of 
the most important and difficult problems among them will be to establish a field 
theory which involves no divergences from the very first. Indeed, if all diver- 
gences are removed by the amalgamation, all the matrix elements of the S-matrix 
become finite ; but this does not mean we can easily construct a divergence-free 
field theory without making a round through the amalgamation process. More- 
over, it has not yet been proved if we can always obtain finite results in more 
general cases which require more general description than that of the S-matrix. 
In order we may answer it, we will have to solve such questions as follows: 
What will be the charge of the electron immediately after it is created in a 
meson decay? and is there any reason for the fact that all elementary particles 
have charges integral multiple of the elementary charge in spite of the situation 
that the charge renormalization will in general different for different types of 
particle ? and especially why the neutron has no charge at all? 

Generally speaking, it will be necessary to know what state is prepared by 
a given arrangement of apparatuses and how the state is expressed as a function 
of the field variables. 


2. Definition of the vacuum and free particles. 


In the first place, we consider relatively simple problems. Let the electron 
field be described in the Heisenberg representation by ¢ and its adjoint g¢ and 
the electromagnetic field by A, (“#=1,2,3,4). If there were no interaction between 
them, the definition of an negaton, a positon or a photon would be very simple 
and the vacuum would be defined as a state where there is no such particles. 
As is well known, ¢ satisfy the Dirac equation in the free space and its positive- 
frequency part is interpreted as the operator that decreases the number of negaton. 
Similar procedure is also applicable to the photon. The situation Kotte very 
complicated when an interaction is introduced among them. In the first place, 
¢ does no more satisfy the homogeneous Dirac equation and consequently it is 
no more a superposition of free electrons. It is usual to expand ¢ into the 
complete set of free-electron eigenfunction and to interpret its Fourier coefficients 
gp aeeyeR ne oe neat ys i aie Seewaiions as seninilating operators 
clearly not gauge nar = gt ried eva i sien ll . 
observable quantities must be invariant under the nih Ramm a a 

gaug ormation : 


A, (x) > A,(4)—A,G(*) (0,=30/dx,), 
h(x) —> E78) h(x); Q) 
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where G(x) is an arbitrary function satisfying the wave equation []?G(x)=0. 
We see thus that the above-mentioned definition of annihilating or creating 
operators is not gauge invariant. 

Another possibility is the procedure of Schwinger. As in the interaction 
representation ¢ and A, satisfy the free-field wave equations they seem to be 
more suitable to define the particles. But the situation is not so simple, because 
any measurable quantity must be invariant also in this case under the same 
gauge transformation (1), as proved by Koba, Tati and Tomonaga.” Similar 
piocedure is suggested by Yang and Feldman.” In the Heisenberg representation, 


they introduce the incoming waves ¢ and At by 
4, (4) =4,(4)—[" D@—-2) Ae) a'7, 


Ha) =$a)+i |" Se) AW) alr, (2) 


where 7,, D and S have the ordiaary meanings and the integration must be 
extended from a space-like surface through to the past half-space. The incom- 
ing waves b and A, satisfy the free-field wave equations and commutation rela- 
tions. This suggests that we shall be able to define the annihilating operator of 
negaton by the positive-frequency part go of pb. But this expectation proves 
soon to be false because ¢ is not gauge invariant. The change of b under the 
gauge transformation is not so simple as (1), but is calculated from its change 
at the infinite past as ¢ must coincide with d there. It will never be gauge 
invariant unless there had been no interaction in the infinite past. 

From these considerations we see that the definitions of the vacuum and 
particles hitherto given are not gauge invariant. But the above considerations 
seem to suggest the postulate that the particle operators will be able to be 
defined by p and ae of free fields which are connected with ¢ and A, respectively 
through an imaginary process that p and A, become ¢ and A, when the charge 
e was initially zero in the infinite past and it was increased gradually to the 
present value. If this “ adiabatic” correspondence of ¢ and as to ¢ and A, 


works or not must be examined in more detail. 


3. The adiabatic postulate. 


To formulate mathematically the above-mentioned correspondence seems very 
difficult. We shall tentatively assume that, even if the charge is not a constant 
but a slowly varying function in the space-time, ¢ and A, satisfy the ordinary 
wave equations : 


{y,(0,—ze(4) A,(4)) +” ip(x) =0, 
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[7A4,(*) = —j,(*), (3) 
flr) =te(4) P(ar$@), 


and that the gauge transformation (1) still holds. Then b will be invariant 
under the gauge transformation, because it approaches ¢y in the infinite past 
and the charge is zero there. On the other hand, A, suffers the same gauge 
transformation as A, in (1). In other words, it may be expected that, if we 
start from different gauges, we shall obtain different ¢& and A, which will be 
connected by the relation (1). If this is true, we can define the negaton 
or positon in a similar way as in the case of the bare electron field. Photons 


will be defined by Aa as usual. Especially the vacuum will be defined by 
G(x) O=0, H(z) O=0, a (4) M%=0, (4) 


where 4, is the transverse part of pe he A state in which only one electron 
exists will correspond to a state in which there is only one bare electron in 
the infinite past. Generally, a state in which there are several bare electrons 
and photons will correspond to the state of system that, when it was prepared, 
there were several true free electrons or photons whose wave packets were 
spatially far apart. 

Strictly speaking, the gauge transformation (1) will not be consistent with 
the equations of motion (3), and the above expectation must be justified by a 
more rigorous formulation. But we shall show that this expectation is plausible. 
i defined by (2) transforms under the gauge transformation as follows: 


h(x) (aye ere— [" ie(a) Sear (Al) E21) rena a". 
Now, by using the equation (3) for ¢ and go and the equation for S(x), we have 
ie(2!)S(a—2')n Aa’) $2) =S(e—2) NA (2) + TS @—-*) 9 @), 
and the above expression for Mi can be written as 
Fa) > playermoee— f° fal(Se— ergo enna) — 
i S(x— a!) 7.6 (2")p (2 JeeenHe? -Bie(a) fd tx! 


= | S@—2ng (2) da +i i S(4#— 2!) 7G (2) hb (2' pe RONCO Ole (2’) d tz’. 


If we assume that any such integral involving the derivation of ¢ contributes nothing 
in the limit |d,e(x)/e(x)| > 0, ¢ will indeed be gauge invariant. 

As an example of necessity of this assumption, let us consider the external 
vacuum polarization, The induced charge and current is calculated by taking 
vacuum expectation value of 7,. As is well known, it is given by 
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<jule)> =f" < LA AY] oo AO) ate! 


= 4e(x) \" e(4)G,, (4—7) A, )d ‘x, (5) 
where 
Guy (+) =9,4 0,4 +.0,4 0,4 —0,,[0,4 0,4 +? dd] (6) 
satisfy the continuity equation 
AG y, (49. (7) 


The gauge invariance of (5) is proved just as we have done in the proof of 
invariance of ¢. Thus, under the transformation (1), <7,(#) >» is transformed into 


aj, (z) > 4 (2) fe Bt Guy (4—2") G(x") \d te’. 


The last integral reduces to zero if the derivative of ¢ can be neglected and ¢ 
was zero in the infinite past. 
According to Schwinger, G,, is simplified to 


Cay (x) = (0,9, a Gale i) G (x) ’ 


1 ° VP? = 
G(4)=— TTS lim fee re) ele) 
1 oP? 1 ) 
= el (78. ——- . 
642° m ( (7) 3 Fa(2) 8) 


As is well known, the first term of G(x) involving 0*(4) gives rise to a current 
and charge proportional to the external one. This is nothing but the charge 
renormalization. But the integral in (5) is extended only over a past half-space, 
and the incomplete integration of the delta-function has no definite value. If the 
integration is stopped just before the region approaches the point x, the value of 
the integral will be zero, Thus we see that the infinite charge renormalization 
is not the necessary conclusion of the theory. What value be given to it, the 
conservation of charge is not destroyed. This problem must be re-examined 


from a wider point of view. 
In this paper we remarked that there is still many problems to be solved 
even in the framework of the present theory. More detailed investigation will 


be made in another occasion. 
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Abstract 


Possible models for the two mesons, z and yp are selected by testing them with the present 
experimental knowledges, concerning the B-decay, the y-meson capture, and the z-m decay. 


1. Introduction. 


After the discoveries of 7 and # mesons, various models for these two mesons 
are discussed extensively by Yukawa,” Taketani,” Wheeler,” etc. Of these the 
Choice of the models I, II, and III will be analysed in this paper. 


2. 8-Decay. (model I) 


The model I proposed by Inoue and Ogawa® following Sakata-Tanikawa’s 
model of the two mesons, is based upon the original Yukawa’s idea; that is the 
beta-decay of the nucleus goes through virtual z mesons. It is generally believed 
that this model has a defect that a free = meson decays faster into the light 


paiticles than into # mesons. So far as the scalar, vector and pseudovector 7 


mesons are concerned, there is no room for doubt. For pseudoscalar z meson, 
as was once pointed out by Ozaki? and Shono® partly, this defect can be removed, 
if the interactions between (t—e,¥) and (z— 4, ¥) could be limited to the 
pseudovector type. But in this case, it is claimed that usual perturbation calcula- 
tion cancels out the matrix elements of the allowed transitions of §-decay through 
m= mesons, and it starts from the matrix elements of j 7;. 

If it is true, the troubles accompanying this result are that the Sargent law 
of the allowed f-decay and the forbidden beta spectra can not consistently be 
reproduced. Meanwhile, the choice of the direct interaction in the original 
Hamiltonian may be adjusted to bring about the allowed type transition, as it 
was proposed by Miyazima” and Sakata,” in which case the model of Inoue and 
Ogawa can escape the difficulty of the Sargent law. Of course, in this case the 


B-decay of the nucleus is to be explained by mixing of meson theory and Fermi 
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theory. In this point, Lagrangian method recently proposed by Koba® will settle 
the ambiguities concerning direct interactions involved in the Hamiltonian. But 
if the experiment now going on the forbidden f-ray spectra requires the interac- 
tion other than that of pseudovector type,” this will not hold good. Anyhow, 
meson theory of $-decay will not conclusively be excluded for the time being. 


3. z-u Decay of Spin 3% meson. (Model I) 


The main problem on the model (II) is which process, (>, v) or (te, ), 
is more predominent if both takes place through virtual nucleon pair. So 
far various authors'?’*”:™, have treated the process (II). According to 
Steinberger,” 

(A) Only if z is pseudoscalar, we have the term (m,+,)? (where m, and 
Mm. are the masses of two particles in the final state) in the matrix element as 
well as in the volume element of the momentum space for the final state. This 
term is 4x 10* times smaller for (7-e, ¥) than for (7-4, ¥), which favors the 
agreement of the theory with the experiment. 

(B) If one disposes of the divergent integral by regulator, the absolute 
value of life time for (7p, ¥) becomes extraordinarily greater than the ex- 
perimental value. Therefore, one cannot take this procedure. 

On the other hand, according to Finkelstein and Ruderman,” the absolute 
life time of (zy, ¥) can be adjusted to the experimental value only in the 
case of pseudoscalar = meson, by cutting off the logarithmic divergent term 
instead of using the regulator. 

Thus, in order to finish Table I. Selection rules for z- decay. (Spin 34 » meson) 
the analysis of this pro- 


lV-e,y or 
blem on the present stage, N-p, v s F ae PS 
we shall check one by r | ey. 


one the life times tz, of >. 7 ; A ; 7 
all kinds of z meson for all 9 
: : oe D D * * 
types of the interactions 
between nucleons and * * * 
i 
(1, ») or (2,0); Te * * * 
hod of | 
mg 10% the metho oe . a : ; 
calculation, we followed the PV 
theory of Tomonaga and WE A : e cE * 
Schwinger. PS ZL * * 
: PS | —<——<—_—_——_ =, 
1) Interaction. re 2 5 2 
The Hamiltonian for 
where Furry’s Theorem 


the direct coupling of light 
particles and nucleons is 
assumed to be the same 


Lorentz Invariance thes 
prohibit the process. 


Parity 
Divergence Theorem 


beh « 
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form as that of # meson and nucleons. As a result of the calculation following 
Tomonaga-Schwinger’s method, we have obtained the following forms (2). The 
quadratically divergent term is caused by the same origin as in the case of the 
self-energy of the photon, which contradicts with the divergent theorem, the 
equivalent theorem and gauge invariance. For these reasons, it can be reasonaly 
dropped off. 

2) Selection rules. 

Taking into consideration various types of Fermi coupling between the 
nucleon, WV, and (¢,v) or WV and (#,¥) and various types of mesons, We have 
the following selection rules. (See Table I) 

This selection rule is exactly the same with that of Finkelstein and Ruderman 
but slightly differs from that of Steinberger. 

3) The life times, Tap, of z- decay are given as follows : 

ie ayy 5 - 
=(£) SV G-A0-L a 


~ 
. 


me 


where L takes the following forms depending on the type of 7 meson. 


Ls=18(1—@) (A A—-B) FSF; 
x =2( — 6") [ (2+) (2BFy +4? AGr) Fr" 


+ 120(2BF, +47 AGz) { A1AF, + (APA+B) Gr} felt 
44(14202) {A AFy + (2A +B) Gr fm 


Lpy= 3.0 -P){ 240") Fhrfr + L420) Ge fe UAA—BY 


Lps=2(1—6"){ fr Fps( 2A + 3B) + Gpyk 1A] @) 
+fpy9Aa" (—Fryst 24"G py) }> 


ga tm yimam {LF 


r re x 


/ 


m,m!': (masses of “& meson and neutrino) xc, 
x nucleon mass X ¢, 
Le: = meson mass X¢, 
1 dv 1-7 
A=2 log be log (1—->"#) 
Le i 
=? | [e.@) ee | ae eee 
og ao ce tins» ‘ (3) 
1 ldy 1—v 1—v* 
B=* log o—| ms 1 ( yo t 4 
3 (98 ) Surg og (1 Z k 
iNay. 1 


50° sgagws” a? (4) 
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eA We At )- rae ey 


The value of log oo cut off at suitably chosen value of & is denoted by A. 


Then the values of 4 and cut-off momentum are shown in the following 
Table II. 


‘ It is obvious from this table that the value of Table II. 
A is sensitively dependent upon the cut-off mo- 
Menta Cut off of 4) x 10x | 100x 


4) The life of 7->(e,v), 7 . A 

If m and wm’ in the above t,, formula is 
substituted by the masses of the electron and the neutrino and Fermi coupling 
term of VV and (p, v) by that of MV and (e,v), the resulting formula gives the 
values for Tx. 


0.18 | 1.77 | 4.1 


Table TI. tay and tap/txe 


spin 4% y» meson 


. Tru (see) 
T Neon rials ie Txp/Txe 
ae Regulator log co=0 log oo=4 
S 6.27 3.26X10-5 =: 11.138 x 10-10.4-2 5.7 
- 4.26 4.26 2.13 x 10-5 4-2 4.4 
V 1.49x 10-2 | 1.49x10-2 5.03x10-§ 4-* 44 
1.06 10-2 | 106x10-2 1.54x 10-8 4-2 2.9 
2.38 1.01x10-4 3.33 10-194 -2 2.7 
PV 17.42 8.13x10-5 2.71 10-2? 4-2 4.4 
21.38 9.98x10-5 3.33 10-10.4-2 2.7 
22.57 3.26x10-4 9.78x10-104-" 5.7 
PS 1.30% 10-2 | 1.30x10-2 4.51x10-§ 4-2 5.7 
2.23x 10-2 | 2.23x10-% 1.89x10-3 4-2 1.3 x 10-4 
2.57 10+! | 1.26x10-4 4.06 10-194 -2 1.3 x 10-4 
Spin 0 # meson 
e | 3 | fe | 12x104 | 1exic | 8xi0-*4-2 | 1.2x10- 
5) Results. 


Substituting the numerical values into the above results of the calculation, 
we obtain the following Table III of t., and tx,/Tx. These should be compared 
with the experimental values 


Tay~lO~ sec., 
-2 
cp hic LI 


where the constants are given as follows: 
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- Ff? Y'=25,63 x 10~, (6) 
oe 94 Qn) 

i SA 5 

An Ar 


2° h? /f 25 —4.4 x 10° sec: which corresponds the characteristic time of 8-decay. 
This is adjusted in agreement with the value obtained by J. A. W heeler and J. 
Tjomno™ for the Fermi coupling constant of f-decay ; 


f=2x10™ g-cm’*. 


The characteristic time of S-decay is usually taken to be 3x10* sec. In this 
case the factor 30/44 must be multiplied to the life time of z-# decay shown in 
the table. 

From this calculation, we have the following conclusions. 

A) Competition of m—>(e,v) and z—> (4, ¥). 

Except the case of pseudoscalar 7 meson and pseudovector Fermi coupling, 
all the results are incompatible with the experiment. (c.f. eyj/taa 10" ia 
Table III) 

B) The life time of 7-p decay. 

Different results are deduced according to the treatment of the divergent 
integrals. 


i) Regulator ) . : ; : : 
_ tgive results which are at variances with the experiments. 
ii) log o= 


iii) cut off 
With the suitable choice the cut-off momentum 4, we can in general deduce 
the results which agree with the experiments. (c.f. log oo=A in Table III). Let 


us examine the case where the agreement with the experiment is exclusively 
attained for the competition of (7—>y,¥) and (ze, ¥). 


a; Pseudoscalar 
Fermi couplings between (.V+se,¥) or (Very, ») 
involves pseudovector. 
If the coupling of 7++V is pseudoscalar, £=100 (7) 


and t,,=107* sec. and if that of z«+/ is 
pseudovector, 4=x and 7,,=1.25x 10~ sec. 
Therefore, it is found out that, in the conclusion of Finkelstein et al, the case 
(7) was overlooked. 
C) Selection Rule for f-decay. 
In the recent analysis” of the forbidden spectrum of 8-decay, it was concluded 
that the Fermi coupling must involve pseudoscalar and pseudovector as well as 
tensor interactions. According to the conclusion of the above section, however, 
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the Fermi couplings can not involve pseudoscalar type in order that with the 
model II we may expect consistency with the empirical result tap/Txe10~’. 
Therefore, taking into consideration on both the two facts, we can conclude : 

In the model IJ, 7 meson must be pseudoscalar and Fermi couplings must 
be pseudovector (for the latters, scalar, tensor, vector are available, but pseudo- 
scalar must be excluded). 


4, 72-2 Decay of Spin 0 # meson (model If) 


# meson of spin O was involved as one of the models in the two meson 
theory put furward by Tanikawa™ in 1942. According to Tiomno,™® the electronic 
spectrum due to the P-decay of # meson can be reproduced by assuming suitable 
interactions between y and the light particles. R. Latter and R. F. Christ” 
takes the same model (III) for the calculation of z-~ decay and p-capture. 

We shall now discuss the validity of assumption of spin 0 # mesons in the 
model IJ. The method of analysis will follow the above procedures taken for the 
# meson of spin 34%. 


1) Probability of w-capture (Spin 0 » meson). 


Capture life time for capturing # meson in the A-shell is calculated. 


nee ZA bog [4G —e*)]"*8 (teat) (dezatar) (8) 
om cap To An P(Qy+ 3) v] € 
5 
where = ahd =, m, is the mass of meson. (9) 
m SPC 


On the other hand, experimental evidences for # capture is given, for Z = 10, as 
follows : 
Fig 1 ADK I10F Weeere” 
If we put 4w=20/276, we have from (8) 
ree la LOS RSC, 

The direct coupling, f, of (W++,¥) derived from the experiment of p-capture 

will be given 
Pile =3.6n x 10? sec”. (10) 
2) z-u decay (Spin 0 »# meson). 


m-t decay of 7-mesons in the case of spin 0 # mesons will be dealt with 
just the same way as in the case of spin 4 ye mesons. Selection rules for the 


processes will be given in Table IV. 
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Table IV. 
Selection rules for m- decay (Spin 0 »# meson) 


According to the table, pseudo- 
scalar x-meson must be elimina- 
ted since a- decay cannot take 
place at all. For the scalar 7, 
the life 7, is given as follows: 


rm ge (1-(Z) KES) * 


x “r yale (11) 
where eee enn 
eae ht E: Equivalence 
Inserting (10) into (11), we, get 
=’ K 10“flog ca] * ‘sec. (12) 


logoo is just the same meaning as before (see Table II). 

As is obvious from this table, the regulator method and log ©=0 procedure 
are at variances with experimental value of ta,- If we cut off this log® at 
k=10x, t2y=10-* sec. But the competition of z-u decay and z-e decay cannot 
agree with the experiment. The analysis for the vector or pseudovector 7-meson 
can be performed in just the same manner as before. In this case, too, the 
competition tay/Txe >1, being contradictory with the experiment. 


3) Results. 


For the spin 0 yw, » meson there remains the following possibilities for the 
type of 7 mesons consistent with experiment, provided the validity of cut off 
procedure, is assumed. 

A) 7: scalar and the Fermi couplings of (V++e,¥) do not involve scalar 
interaction. 

B) 72: vector and the Fermi couplings of (V++e, ¥) do not involve vector and 
tensor interaction. 

For the pseudoscalar 7 mesons, only if either of # and » mesons is scalar 
and pseudoscalar respectively, the selection rule can be satisfied. In this case 
the following condition is also requifed to explain the experiments concerned. 

D) 7 is pseudoscalar and the Fermi couplings of (V++e,¥) do not inyolve 


pseudoscalar interactions. Of course, the cut off procedure is assumed to be 
accepted. 


5. Disscussion of s-capture (Model I, IID) 


For the model I, III some alteration is to be mentioned to ow” previous 
discussion. We have mentioned before? that the nuclear matrix element for 
#-meson capture | J¥O\?< 1. Since every proton in the initial nucleus has 
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chance to capture the #-meson, it should be | [¥@ |?<Z, where Z is the atomic 
number of the nucleus. The important conclusion we can draw from this revision is 
that only the pseudoscalar 7 meson may be not at variances with the requirement 
of explaining p-capture and t- decay by the model II] and I. Another types 


for % meson, i.e. vector, pseudovector and scalar contradicts these experiments 
in explaining by the model III and I. 


model I model II model TIT 
INV N WA r, aX 
ey ge 
™ 
fi X cerns he XK pvd 
2) ae FY HY 


There is no more question in so far as direct interaction between elementary particles is 
assumed. Indirect interactions through virtual Process, such as B-decay and y-capture for 
model I, z-y decay for model II, and y#-Ccapture for model III, are to be studied in the 
light of experimental evidences. 
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